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"La Dynamiqueest lasciencedesforcesaccN6ra-
tricesor retardatrices,et des mouvemensvaries
qu'ellesdoiventproduire.Cette scienceest due
enti_rementauxmodernes,et Galileeest cduiqui
en a jet_les premiersfondemens."LagrangeMec.dad.I.zzl,

TRANSLATORS' PREFACE

OR morethana centuryEnglishspeaking
studentshavebeenplacedin theanomalous
positionof hearingGalileoconstantlyre-
ferredto asthefounderofmodernphysical
science,withouthavinganychanceto read,
in theirownlanguage,whatGalileohimself
has to say. Archimedeshas beenmade
availablebyHeath;Huygens'Lighthasbeen

turnedinto Englishby Thompson,whileMotte has put the
Principiaof Newtonbackintothe languagein whichit was
conceived.To renderthe Physicsof Galileoalsoaccessibleto
EnglishandAmericanstudentsis the purposeofthefollowing
translation.

The lastof the greatcreatorsof the Renaissancewasnot a
prophetwithouthonorin hisowntime;for it wasonlyone
groupofhiscountry-menthat failedto appreciatehim. Even
duringhislifetime,hisMechanicshadbeenrenderedintoFrench
byoneofthe leadingphysicistsoftheworld,Mersenne.

Withintwenty-fiveyearsafterthe deathofGalileo,hisDia-
loguesonAstronomy,andthoseon TwoNewSciences,hadbeen
doneinto Englishby ThomasSalusburyand wereworthily
printed in two handsomequarto volumes. The TwoNew
Sciences,whichcontainspracticallyallthat Galileohastosayon
the subje&ofphysics,issuedfromthe Englishpressin I665.



vi TRANSLATORS'PREFACE
It issupposedthatmostofthecopiesweredestroyedinthegreat
Londonfirewhichoccurredinihe yearfollowing.Weare not
awareofanycopyinAmerica:eventhat belongingtotheBritish
Museumisan imperfecCtone.

Againin 173° the TwoNewScienceswasdoneintoEnglish
by ThomasWeston;but thisbook,nownearlytwo centuries
old, is scarceand expensive.Moreover,the literalnesswith
whichthis translationwasmaderendersmanypassageseither
ambiguousorunintelligibleto themodernreader. Otherthan
thesetwo,noEnglishversionhasbeenmade.

Quite recentlyan eminentItalian scholar,after spending
thirtyofthebestyearsofhislifeuponthe sul_jecCt,hasbrought
to completionthe greatNationalEdition of the Worksof
Galileo.Wereferto the twentysuperbvolumesin whichPro-
fessorAntonioFavaroofPaduahasgivena definitivepresenta-
tionofthelaborsofthe manwhocreatedthemodernscienceof
physics.

The followingrenditionincludesneitherLe Mechanicheof
GalileonorhispaperDeMotuAccelerato,sincethe formerof
thesecontainslittlebut the Staticswhichwascurrentbefore
thetimeofGalileo,andthelatter isessentiallyincludedin the
DialogueoftheThirdDay. Dynamicswasthe onesubjecCtto
whichundervariousforms,suchas Ballistics,Acoustics,As-
tronomy,he consistentlyand persistentlydevotedhis whole
life. Into the one volumehere translatedhe seemsto have
gathered,duringhis last years,pracCticallyall that is of value
either to the engineeror the physicist. The historian,the
philosopher,and the astronomerwillfind the other volumes
repletewithinterestingmaterial.

tt ishardlynecessaryto addthatwehavestric°dyfollowedthe
textofthe NationalEdition---essentiallythe Elzevireditionof
1638.Allcommentsandannotationshavebeenomittedsave
hereandtherea foot-noteintendedto economizethe reader's
time. To eachofthesefootnoteshasbeenattachedthe signa-
ture[Trans.]inorderto preservetheoriginalasnearlyintacCtas
possible.

Muchofthevalueofanyhistoricaldocumentliesin the lan-
guageemployed,andthis is doublytruewhenoneattemptsto
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trace the rise and growthof any set of conceptssuch as those
employedin modem physics. We have thereforemade this
translationasliteral as is consistentwithclearnessandmodem-
ity. In caseswherethere is any importantdeviationfromthis
rule, and in the caseof many technicaltermswherethere is no
deviationfrom it, we have giventhe originalItalian or Latin
phrase in italics enclosedin square brackets. The intention
here is to illustratethe great varietyof termsemployedby the
earlyphysiciststo describea singledefiniteidea,and conversely,
to illustratethe numeroussensesinwhich,then as now,a single
wordis used. For the fewexplanatoryEnglishwordswhichare
placedin squarebrackets without italics,the translatorsalone
are responsible.The pagingofthe NationalEditionis indicated
in squarebrackets inserted alongthe medianlineof the page.

The imperfecCtionsof the followingpageswouldhave been
manymorebut for the aidof threeof our colleagues.Professor
D. R. Curtiss was kind enoughto assist in the translationof
thosepageswhichdiscussthe natureofInfinity:ProfessorO.H.
Basquingavevaluablehelp in the renditionof the chapteron
Strengthof Materials;and ProfessorO. F. Long clearedup the
meaningofa numberof Latin phrases.

To ProfessorA. Favaroof the UniversityofPaduathe trans-
lators share, with every reader, a feelingof sincereobligation
for his IntroducCtion.

H.C.
A. DE S.

EVANSTON)ILLINOIS)
x5February,I9x4.





INTRODUCTION
..................'...............................RITINGto hisfaithfulfriendEliaDiodati,

_ Galileospeaksofthe"NewSciences"which

hehadin mindto printas being"superior
to everythingelseof minehithertopub-
lished";elsewherehe says"they contain
results-whichI considerthemostimportant
ofallmy studies";andthisopinionwhich
he expressedconcerninghisownworkhas

beenconfirmedby posterity:the "NewSciences"are,indeed,
the masterpieceofGalileowhoat the timewhenhemadethe
aboveremarkshadspentuponthemmorethanthirty laborious
years.

Onewhowishesto tracethe historyofthisremarkablework
willfindthat the greatphilosopherlaidits foundationsduring
the eighteenbest yearsof his lifc thosewhichhe spentat
Padua. As welearnfromhis last scholar,VincenzioViviani,
the numerousresultsatwhichGalileohadarrivedwhilein this
city,awakenedintenseadmirationin the friendswhohadwit-
nessedvariousexperimentsby meansof whichhe wasaccus-
tomedto investigateinterestingquestionsinphysics.FraPaolo
Sarpiexclaimed:To giveus the ScienceofMotion,Godand
Naturehavejoinedhandsandcreatedthe intellecCtofGalileo.
Andwhenthe "NewSciences"camefromthe pressoneofhis
foremostpupils,PaoloAproino,wrotethatthevolumecontained
muchwhichhehad "alreadyheardfromhisownlips"during
studentdaysat Padua.

Limitingourselvesto onlythe moreimportantdocuments
whichmightbecitedin supportofourstatement,it willsuffice
to mentionthe letter,writtentoGuidobaldodelMonteon the
29thofNovember,I6O2,concerningthedescentofheavybodies
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alongthearcsofcirclesandthe chordssubtendedbythem;that
to Sarpi,datedI6thofOctober,I6o4,dealingwiththefreefall
of heavybodies;the letterto Afltoniode'Medicion the IIth
ofFebruary,I6o9,in whichhestatesthat hehas"completedall
the theoremsanddemonstrationspertainingto forcesandre-
sistancesof beamsof variouslengths,thicknessesand shapes,
provingthat theyareweakerat the middlethanneartheends,
that theycancarrya greaterloadwhenthat loadisdistributed
throughoutthe lengthof the beamthanwhenconcentratedat
onepoint,demonstratingalsowhatshapeshouldbe givento a
beamin orderthat it mayhavethe samebendingstrengthat
everypoint,"andthat hewasnowengaged"uponsomeques-
tionsdealingwiththemotionofprojeCtiles";andfinallyinthe
letter to BelisarioVinta,dated7th of May, x6IO,concerning
hisreturnfromPaduato Florence,heenumeratesvariouspieces
ofworkwhichwerestillto becompleted,mentioningexplicitly
threebooksonan entirelynewsciencedealingwiththe theory
ofmotion. Althoughat varioustimesafterthe returnto his
nativestatehe devotedconsiderablethoughttotheworkwhich,
evenat that date,he hadin mindas isshownby certainfrag-
mentswhichclearlybelongto differentperiodsof his lifeand
whichhave,for the first time,beenpublishedin the National
Edition;andalthoughthesestudieswerealwaysuppermostin
histhoughtit doesnotappearthat hegavehimselfseriouslyto
themuntilafterthe publicationof the Dialogueandthe com-
pletionof that trialwhichwasrightlydescribedas thedisgrace
ofthecentury. InfaCtaslateasOctober,x63o,he barelymen-
tionsto Aggiuntihisdiscoveriesin the theoryof motion,and
onlytwoyearslater,in alettertoMarsiliconcerningthemotion
ofprojeCtiles,hehintsat abooknearlyreadyforpublicationin
whichhewilltreat alsoofthis subject;andonlya yearafter
thishewritesto Arrighettithat hehas inhandatreatiseonthe
resistanceofsolids.

But the workwasgivendefiniteformby Galileoduringhis
enforcedresidenceat Siena:in thesefivemonthsspentquietly
with the Archbishophe himselfwritesthat he hascompleted
"a treatiseona newbranchofmechanicsfullofinterestingand
usefulideas";sothat a fewmonthslaterhe wasableto send
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wordto Micanziothat the "workwasready";as soonashis
friendslearnedofthis,theyurgeditspublication.It was,how-
ever,no easymatterto print the workofa manalreadycon-
demnedbythe HolyOffice:andsinceGalileocouldnothopeto
printit eitherinFlorenceor inRome,heturnedto the faithful
Micanzioaskinghimto findoutwhetherthiswouldbepossible
inVenice,fromwhencehehadreceivedoffersto printthe Dia-
logueonthePrincipalSystems,as soonasthenewshadreached
therethat hewasencounteringdifficulties.At firsteverything
wentsmoothly;sothat GalileocommencedsendingtoMicanzio
someofthe manuscriptwhichwasreceivedby the latterwith
an enthusiasmin whichhewassecondto noneof thewarmest
admirersof the greatphilosopher.But whenMicanziocon-
sultedthe Inquisitor,he receivedthe answerthat therewas
an expressorderprohibitingthe printingor reprintingof any
workof Galileo,eitherin Veniceor in anyotherplace,hullo
excepto.

As soonasGalileoreceivedthisdiscouragingnewshebegan
to lookwithmorefavoruponofferswhichhadcometohimfrom
Germanywherehisfriend,andperhapsalsohisscholar,Gio-
vanniBattistaPieroni,wasin the serviceof the Emperor,as
militaryengineer;consequentlyGalileogaveto PrinceMattia
de'Mediciwhowasjust leavingforGermanythe firsttwoDia-
loguesto be handedto Pieroniwhowasundecidedwhetherto
publishthemat ViennaorPragueor at someplaceinMoravia;
in themeantime,however,hehadobtainedpermissionto print
bothat Viennaandat Olmtitz.But Galileorecognizeddanger
at everypointwithinreachof the longarmof the Courtof
Rome;hence,availinghimselfoftheopportunityofferedby the
arrivalof LouisElzevirin Italyin 1636,alsoofthe friendship
betweenthe latter and Micanzio,not to mentiona visit at
Arcetri,he decidedto abandonallotherplansandentrustto
the Dutchpublisherthe printingof hisnewworkthe manu-
scriptofwhich,althoughnotcomplete,Elzevirtookwithhim
onhisreturnhome.

In the courseoftheyear1637,theprimingwasfinished,and
at the beginningofthe followingyeartherewaslackingonly
the index,the title-pageand the dedication.This last had,
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throughthegoodofficesofDiodati,beenofferedto theCountof
Noailles,a formerscholarofGalileoat Padua,andsince1634
ambassadorofFranceatRome,amanwhodidmuchto alleviate
the distressingconsequencesof the celebratedtrial; and the
offerwasgratefullyaccepted.The phrasingof the dedication
deservesbriefcomment.SinceGalileowasaware,onthe one
hand,ofthe prohibitionagainstthe printingofhisworksand
since,on theotherhand,he didnotwishto irritatethe Court
ofRomefromwhosehandshewasalwayshopingforcomplete
freedom,he pretendsin the dedicatoryletter (where,probably
throughexcessof caution,he givesonlymainoutlines)that he
hadnothingto dowiththeprintingofhisbook,assertingthat
he willneveragainpublishanyof his researches,andwillat
mostdistributehereandthere a manuscriptcopy. He even
expressesgreatsurprisethat hisnewDialogueshavefalleninto
the handsof the Elzevirsandweresoonto be published;so
that, havingbeenaskedtowritea dedication,hecouldthinkof
no manmoreworthywhocouldalsoon this occasiondefend
himagainsthisenemies.

As to the title whichreads:Discoursesand Mathematical
DemonstrationsconcerningTwoNew SciencespertainingtoMe-
chanicsandLocalMotions,thisonlyisknown,namely,that the
titleisnot theonewhichGalileohaddevisedandsuggested;in
fac_he protestedagainstthe publisherstakingthe libertyof
changingit andsubstituting"a lowandcommontitle forthe
nobleanddignifiedonecarrieduponthetitle-page."

In reprintingthisworkin the NationalEdition,I havefol-
lowedthe Leydentextof 1638faithfullybut notslavishly,be-
causeI wishedto utilizethe largeamountofmanuscriptma-
terialwhichhascomedownto us,forthepurposeof colTeccting
a considerablenumberof errorsin this firstedition,and also
for thesakeofinsertingcertainadditionsdesiredby the author
himself.IntheLeydenEdition,thefourDialoguesarefollowed
by an"Appendixcontainingsometheoremsandtheirproofs,deal-
zngwithcentersof gravityof solidbodies,writtenby thesame
Authorat anearlierdate,"whichhasnoimmediateconnecCtion
withthesubjec°cstreatedintheDialogues;thesetheoremswere
foundby Galileo,as hetellsus, "at the ageoftwenty-twoand
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aftertwoyearsstudyofgeometry"andwerehereinsertedonly
to savethemfromoblivion.

But it wasnot the intentionof Galileothat the Dialogues
ontheNewSciencesshouldcontainonlythefourDaysandthe
above-mentionedappendixwhichconstitutethe LeydenEdi-
tion;while,on the onehand,the Elzevirswerehasteningthe
printingandstrivingto completeit at theearliestpossibledate,
Galileo,on the otherhand,kepton speakingof anotherDay,
besidesthe four,thusembarrassingandperplexingtheprinters.
Fromthe correspondencewhichwenton betweenauthorand
publisher,it appearsthat thisFifthDaywasto havetreated
"of the forceof percussionandthe useofthe catenary";,but
as the typographicalworkapproachedcompletion,the pnnter
becameanxiousfor the bookto issuefromthe presswithout
furtherdelay;and thus it cameto passthat the Discorsie
Dimostrazioniappearedcontainingonlythe fourDaysandthe
Appendix,in spiteof the fact that inApril,I638,Galileohad
plungedmoredeeplythanever"into the profoundquestionof
percussion"and"had almostreacheda completesolution."

The "NewSciences"nowappearin an editionfollowingthe
text whichI, afterthemostcarefulanddevotedstudy,deter-
mineduponfor the NationalEdition. It appearsalsoin that
languageinwhich,aboveallothers,I havedesiredto seeit. In
thistranslation,thelastandripestworkofthegreatphilosopher
makesits first appearancein the NewWorld:if towardthis
importantresultI mayhopetohavecontributedinsomemeas-
ureI shallfeelamplyrewardedforhavinggivento thisfieldof
researchthe bestyearsofmylife. AwroNmFAv_a_o.
UNIVERSITY OF PADUA_

2_ o]October,I9x3.
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' [431
TO THE MOST ILLUSTRIOUS LORD

COUNT OF NOAILLES
CounsellorofhisMostChristianMajesty,KnightoftheOrder

of theHolyGhost,FieldMarshaland Commander,
SeneschalandGovernorofRouergue,andHis

Majesty'sLieutenantinAuvergne,my
LordandFForshipfulPatron

OSTILLUSTRIOUSLORD:-
In the pleasurewhichyou derivefrom

the possessionof thisworkof mineI rec-
i]_/i[ ll_r_-_[_ognizeyourLordship'smagnanimity.The
i[lV/[]_-4_}disappointmentanddiscouragementI have

_'_[,_feltoverthe ill-fortunewhichhasfollowed
__ myotherbooksare alreadyknownto you.

Indeed,I had decidednot to publishany
moreof my work. Andyet in order to save it fromcom-
plete oblivion,it seemedto me wiseto leavea manuscript
copyin someplacewhereit wouldbe availableat leasttothose
who followintelligentlythe subjet% whichI have treated.
AccordinglyI chosefirstto placemyworkin yourLordship's
hands,askingno moreworthydepository,andbelievingthat,
onaccountofyouraffecCtionforme,youwouldhaveat heartthe
preservationof mystudiesand labors.Therefore,whenyou
werereturninghomefromyourmissionto Rome,I cameto pay
myrespecCtsinpersonasI hadalreadydonemanytimesbefore
byletter. At thismeetingI presentedto yourLordshipacopy
ofthesetwoworkswhichat thattimeIhappenedtohaveready.
InthegraciousreceptionwhichyougavetheseI foundassuranceof



xviii TO THE COUNT OF NOAILLES
oftheirpreservation.Thefacetofyourcarryingthemto France
andshowingthemto friendsofyourswhoare skilledin these
sciencesgaveevidencethatmysilencewasnotto beinterpreted
ascompleteidleness.Alittlelater,justasI wasonthepointof

[44]
sendingothercopiesto Germany,Flanders,England,Spainand
possiblyto someplacesin Italy,I wasnotifiedby theElzevirs
that theyhadtheseworksofminein pressandthat I oughtto
decideupona dedicationandsendthema replyat once. This
suddenandunexpecCtednewsledmeto thinkthat theeagerness
of your Lordshipto reviveand spreadmy nameby passing
theseworkson to variousfriendswasthe real causeof their
fallingintothe handsofprinterswho,becausetheyhadalready
publishedotherworksofmine,nowwishedto honormewitha
beautifulandornateeditionofthiswork. Butthesewritingsof
minemusthavereceivedadditionalvaluefromthe criticismof
so excellenta judgeas yourLordship,whoby the unionof
manyvirtueshaswonthe admirationof all. Your desireto
enlargetherenownofmyworkshowsyourunparalleledgeneros-
ity and your zeal for the publicwelfarewhichyou thought
wouldthus be promoted. Under these circumstancesit is
eminentlyfittingthat I should,in unmistakableterms,grate-
fullyacknowledgethisgenerosityon thepartofyourLordship,
whohasgivento myfamewingsthathavecarriedit intoregions
moredistantthanI haddaredto hope. It is,therefore,proper
that I dedicateto yourLordshipthischildof my brain. To
thiscourseI amconstrainednotonlybythe weightof obliga-
tion underwhichyou haveplacedme,but also,if I may so
speak,by the interestwhichI havein securingyourLordship
as the defenderofmyreputationagainstadversarieswhomay
attackit whileI remainunderyourprotecCtion.

Andnow,advancingunderyourbanner,I paymy respecCts
to youbywishingthatyoumayberewardedforthesekindnesses
bythe achievementofthe highesthappinessandgreatness.

I amyourLordship's
Most devotedServant,

GALILEOGALILEn
_lrcetri,6March,I638.



THE PUBLISHER TO THE READER
INCEsocietyisheldtogetherbythemutual
serviceswhichmenrenderoneto another,
andsinceto thisendthe artsandsciences
have largelycontributed,investigationsin
thesefieldshavealwaysbeenheldin great
esteemandhavebeenhighlyregardedbyour
wiseforefathers.Thelargertheutilityand
excellenceofthe inventions,the greaterhas

beenthehonorandpraisebestowedupontheinventors.Indeed,
menhaveevendeifiedthemandhaveunitedin theattemptto
perpetuatethe memoryof theirbenefafftorsbythe bestowalof
thissupremehonor.

Praiseand admirationare likewisedueto thosecleverin-
tellecCtswho, confiningtheir attentionto the known,have
discoveredand corre&edfallaciesand errorsin many and
many a propositionenunciatedby men of distincCtionand
acceptedforagesasfacet.Althoughthesemenhaveonlypointed
outfalsehoodandhavenotreplacedit bytruth,theyarenever-
thelessworthyof commendationwhenweconsiderthe well-
knowndifficultyof discoveringfacet,a difficultywhichledthe
princeof oratorsto exclaim:Utinaratamfacilepossemvera
reperire,quamfalsa convincere.*And indeed,these latest
centuriesmeritthis praisebecauseit is duringthemthat the
artsandsciences,discoveredbytheancients,havebeenreduced
to so great and constantlyincreasingperle&ionthroughthe
investigationsand experimentsof clear-seeingminds. This
developmentis particularlyevidentin the caseof the mathe-
maticalsciences.Here,withoutmentioningvariousmenwho
haveachievedsuccess,wemustwithouthesitationandwiththe

*Cicero.deNaturaDeorum,I, 9I. [Trans.]
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unanimousapprovalof scholarsassignthe first placeto Galileo
Galilei,Memberof theAcademyoftheLincei. Thishedeserves
not only because he has effectivelydemonstratedfallaciesin
many of our current conclusions,as is amply shownby his
publishedworks, but also becauseby means of the telescope
(inventedin this countrybut greatlyperfectedby him) he has
discoveredthe four satellitesof Jupiter, has shownus the true
charaCterof the MilkyWay, and has made us acquaintedwith
spots on the Sun, with the rough and cloudyportionsof the
lunar surface, with the threefold nature of Saturn, with the
phases of Venus and with the physical charaCterof comets.
Thesematterswereentirelyunknownto the ancientastronomers
andphilosophers;so that wemay truly say that he has restored
to the worldthe scienceof astronomyand has presentedit in a
newlight.

Rememberingthat the wisdomand powerand goodnessofthe
Creator are nowhereexhibitedso well as in the heavensand
celestialbodies,we can easilyrecognizethe great merit of him
who has brought these bodies to our knowledgeand has, in
spite of their almost infinite distance, rendered them easily
visible. For, accordingto the commonsaying,sight can teach
moreandwith greatercertaintyina singleday than canprecept
even though repeateda thousand times; or, as another says,
intuitiveknowledgekeepspacewithaccuratedefinition.

But the divine and natural gifts of this man are shownto
best advantage in the present 'workwhere he is seen to have
discovered,though not w_6houtmany labors and long vigils,
twoentirely new sciencesand to have demonstratedthem in a
rigid, that is, geometric,manner: and what is even more re-
markablein this work is the facetthat one of the two sciences
dealswith a subjeCtof never-endinginterest,perhapsthe most
importantin nature, onewhichhas engagedthe mindsof all the
great philosophersand one concerningwhichan extraordinary
number of bookshave been written. I refer to motion [moto
locale],a phenomenonexhibitingvery many wonderfulproper-
ties,noneofwhichhas hithertobeendiscoveredor demonstrated
by any one. The other sciencewhichhehas alsodevelopedfrom

its
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its very foundationsdealswith the resistancewhichsolidbodies
offer to fracture by external forces_er violenza],a subjectof
great utility, especiallyin the sciencesand mechanicalarts,
and onealsoaboundinginpropertiesand theoremsnothitherto
observed.

In this volume one finds the first treatment of these two
sciences,full of propositionsto which,as time goes on, able
thinkers willadd many more;alsoby meansof a largenumber
of clear demonstrationsthe author points the way to many
other theoremsas will be readilyseenandunderstoodby all in-
telligent readers.
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FIRST DAY
INTERLOCUTORS: SALVIATI, SA-

GREDO AND SIMPLICIO
:'..............:'..............................ALV.TheconstantactivitywhichyouVene-

_ tiansdisplayinyourfamousarsenalsuggests

tothestudiousminda largefieldforinvesti-
gation,especiallythat part of the work
whichinvolvesmechanics;forinthisdepart-
mentalltypesofinstrumentsandmachines
are constantlybeingconstrue'tedby many
artisans,amongwhomtheremustbesome

who,partlybyinheritedexperienceandpartlyby theirownob-
servations,havebecomehighlyexpertandcleverin explanation.

SAc_.Youare quitefight. Indeed,I myself,beingcurious
by nature,frequentlyvisitthis placeforthe merepleasureof
observingtheworkofthosewho,onaccountoftheirsuperiority
overotherartisans,wecall"firstrankmen." Conferencewith
themhasoftenhelpedmein the investigationofcertaineffec2s
includingnotonlythosewhicharestriking,butalsothosewhich
arereconditeandalmostincredible.AttimesalsoI havebeen
put to confusionanddrivento despairofeverexplainingsome-
thingforwhichI couldnotaccount,butwhichmysensestold
meto be true. Andnotwithstandingthefadtthat whatthe old
man told us a little whileago is proverbialand commonly
accepted,yet it seemedto mealtogetherfalse,likemanyanother
sayingwhichis currentamongthe ignorant;for I thinkthey
introducetheseexpressionsin orderto givethe appearanceof
knowingsomethingaboutmatterswhichtheydonotunderstand.Salv.
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[3o]

SAJ_v.Yourefer,perhaps,to that lastremarkofhiswhenwe
askedthe reasonwhy they employedstocks,scaffoldingand
bracingoflargerdimensionsforlaunchingabigvesselthanthey
dofora smallone;andheansweredthat theydidthisinorderto
avoidthe dangeroftheshippartingunderitsownheavyweight
[vastamole],a dangertowhichsmallboatsarenotsubject?

SAcR.Yes,that iswhatI mean;andI referespeciallyto his
lastassertionwhichI havealwaysregardedasa false,though
current,opinion;namely,that in speakingof theseandother
similarmachinesonecannotarguefromthe smallto the large,
becausemany deviceswhichsucceedon a smallscaledo not
workona largescale.Now,sincemechanicshasitsfoundation
in geometry,wheremeresizecutsnofigure,I donotseethat the
propertiesof circles,triangles,cylinders,conesandothersolid
figureswillchangewiththeirsize. If, therefore,alargemachine
be construcCtedinsuchaway that itspartsbearto oneanother
thesameratioasinasmallerone,andifthesmallerissufficiently
strongfor the purposeforwhichit wasdesigned,I donot see
whythe largeralsoshouldnotbeableto withstandanysevere
anddestrucCtiveteststowhichit maybesubjected.

SAT.v.Thecommonopinionishereabsolutelywrong.Indeed,
it is sofar wrongthat preciselythe oppositeis true, namely,
thatmanymachinescanbeconstrucCtedevenmoreperfecCtlyona
largescalethanonasmall;thus,forinstance,aclockwhichindi-
catesandstrikesthehourcanbemademoreaccurateona large
scalethan on a small. Thereare someintelligentpeoplewho
maintainthis sameopinion,but on morereasonablegrounds,
whenthey cut loosefromgeometryand arguethat the better
performanceofthe largemachineisowingto the imperfecCtions
andvariationsofthematerial.HereI trustyouwillnotcharge

Is1]
mewith arroganceif I say that imperfectionsin the material,
eventhosewhichare great enoughto invalidatethe clearest
mathematicalproof,arenotsufficientto explainthe deviations
observedbetweenmachinesinthe concreteandinthe abstra_.
Yet I shallsayit andwillaffirmthat,evenif the imperfecCtions

did
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didnotexistandmatterwereabsolutelyperfecCt,unalterableand
freefrom all accidentalvariations,still the merefact that it is
matter makes the larger machine,built of the same material
and in the same proportionas the smaller,correspondwith
exacCtnessto the smallerineveryrespecCtexceptthat it willnot
be so strong or so resistant against violent treatment; the
larger the machine,the greater its weakness. SinceI assume
matter to be unchangeableand alwaysthe same,it is clearthat
weare nolessable to treat this constantandinvariableproperty
in a rigidmannerthan ifit belongedto simpleand puremathe-
matics. Therefore,Sagredo,you woulddo wellto changethe
opinionwhich you, and perhapsalso many other studentsof
mechanics,haveentertainedconcerningthe abilityof machines
and structures to resist external disturbances,thinkingthat
whenthey are builtof the samematerialand maintainthesame
ratio betweenparts, they are able equally,or rather propor-
tionally, to resist or yield to such external disturbancesand
blows. For we can demonstrateby geometrythat the large
machineis notproportionatelystrongerthan thesmall. Finally,
we may say that, for every machineand strucCture,whether
artificialor natural, there is set a necessarylimitbeyondwhich
neitherart nor nature canpass; it is hereunderstood,of course,
that the material is the same and the proportionpreserved.

SAGI_.Mybrain alreadyreels. Mymind,likea cloudmomen-
tarily illuminatedby a lightning-flash,is for an instant filled
withan unusuallight,whichnowbeckonsto meand whichnow
suddenly mingles and obscuresstrange, crude ideas. From
what you have said it appears to me impossibleto build two
similarstrucCturesofthe samematerial,but ofdifferentsizesand
have themproportionatelystrong;and if this wereso, it would

[52]
not be possibleto tind twosinglepolesmade of the same-wood
which shall be alike in strength and resistancebut unlikein
size.

SALv.Soit is,Sagredo. _Andto makesurethat weunderstand
each other, I say that if we take a woodenrod of a certain
length and size, fitted, say, into a wall at right angles, i. e.,

parallel
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parallelto the horizon,it may be reducedto sucha lengththat
it willjust support itself; so that if a ha_r'sbreadthbe addedto
its lengthit willbreakunder its ownweightandwillbe the only
rodof the kind in the world.* Thus if,for instance,its lengthbe
a hundredtimesits breadth,youwillnotbe able to findanother
rodwhoselengthis alsoa hundred timesits breadthand which,
like the former, is just able to sustain its own weight and no
more:all the largeroneswillbreakwhileall the shorteroneswill
be strong enough to support somethingmore than their own
weight. And thiswhichI havesaidabout the abilityto support
itselfmust beunderstoodto applyalsotoother tests; so that if a
pieceof scantling[corrente]willcarrythe weightoften similarto
itself, a beam [trave]having the same proportionswill not be
ableto supportten similarbeams.

Please observe, gentlemen,how faCtswhich at first seem
improbablewill, even on scant explanation,drop the cloak
which has hidden them and stand forth in naked and simple
beauty. Who doesnot knowthat a horsefallingfrom a height
of three or four cubitswill break his bones,whilea dog falling
fromthe sameheightor a cat froma heightof eightor ten cubits
will sufferno injury? Equally harmlesswouldbe the fall of a
grasshopperfrom a toweror the fallof an ant fromthe distance
of the moon. Do not childrenfallwith impunityfromheights
whichwouldcosttheir eldersabroken legor perhapsa fraCtured
skull? And just assmalleranimalsare proportionatelystronger
and more robust than the larger,soalsosmallerplantsare able
to stand upbetter than larger. I amcertainyoubothknowthat
an oak two hundred cubits [braccia]highwouldnot be able to
sustainits ownbranchesif they weredistributedas in a tree of
ordinarysize;and that nature cannotproducea horseas largeas
twenty ordinary horses or a giant ten times taller than an

' [53]
ordinary man unless by miracle or by greatly altering the
proportionsofhis limbsand especiallyofhis bones,whichwould
have to be considerablyenlargedover the ordinary. Likewise
the currentbeliefthat, in the caseof artificialmachinesthevery

*The authorhereapparentlymeansthat the solutionis unique.
[Trans.]



FIRST DAY 5
largeand the smallare equallyfeasibleand lastingis a man_fest
error. Thus, for example,a smallobeliskor columnor other
solidfigurecancertainlybe laiddownor setup without danger
ofbreaking,whilethe very largeoneswillgotopiecesunderthe
slightestprovocation,and that purely on accountof their own
weight. AndhereI must relatea circumstancewhichis worthy
ofyourattention asindeedare alleventswhichhappencontrary
to expecCtation,especiallywhen a precautionarymeasureturns
out to be a causeof disaster. A largemarblecolumnwas laid
out so that its two ends rested each upon a pieceof beam; a
little later it occurredto a mechanicthat, inorderto be doubly
sureof its notbreakingin the middleby its ownweight,it would
be wise to lay a third support midway;this seemedto all an
excellentidea;but the sequelshowedthat it wasquite the oppo-
site, for not many monthspassedbeforethe columnwas found
crackedand brokenexadtlyabovethe newmiddlesupport.

Sn_P.A very remarkableand thoroughlyunexpectedacci-
dent, especiallyif causedby placingthat new support in the
middle.

SALV.Surely this is the explanation,and the moment the
cause is knownour surprisevanishes;for when the two pieces
of the columnwereplacedon levelgroundit wasobservedthat
one of the end beamshad, after a longwhile,becomedecayed
and sunken,but that the middleone remainedhard and strong,
thus causingone halfof the columnto projecCtin the air without
any support. Under these circumstancesthe body therefore
behaveddifferentlyfrom what it wouldhavedoneif supported
only upon the first beams; becauseno matter howmuch they
might have sunken the columnwouldhave gonewith them.
This is an accidentwhichcouldnotpossiblyhavehappenedto a
smallcolumn,eventhoughmadeofthe samestoneand havinga
length correspondingto its thickness,i. e., preservingthe ratio
betweenthicknessand lengthfoundin the largepillar.

[541
SAc_.I am quite convincedofthe fa_s of the case,but I do

not understandwhy the strength and resistanceare not multi-
pliedin the sameproportionas the material;and I am the more

puzzled
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puzzledbecause,on the contrary, I havenoticedin other cases
that the strength and resistanceagainstbreakingincreasein a
largerratio than the amountof material. Thus, for instance,if
two nails be driven into a wall, the one which is twice as big
as the other will supportnot only twiceas muchweightas the
other,but threeor fourtimes asmuch.

SALv.Indeedyouwillnotbe far wrongifyousay eighttimes
as much; nor doesthis phenomenoncontradicCtthe other even
thoughinappearancethey seemsodifferent.

SACR.Will you not then, Salviati,removethese difficulties
and clear awaythese obscuritiesif possible:for I imaginethat
this problemofresistanceopensup a fieldofbeautifuland useful
ideas;and if youare pleasedtomake thisthe subjecCtof to-day's
discourseyou will placeSimplicioand me undermany obliga-
tions.

SALV.I am at your serviceif only I cancall to mindwhat I
learned from our Academician* who had thought much upon
this subjecCtand accordingto his custom had demonstrated
everything by geometricalmethods so that one might fairly
call this a new science. For, althoughsomeof his conclusions
had been reachedby others, first of all by Aristotle,these are
not the most beautiful and, what is more important,they had
not beenproven ina rigidmannerfromfundamentalprinciples.
Now,since I wish to convinceyou by demonstrativereasoning
rather than to persuadeyou by mereprobabilities,I shall sup-
posethat youare familiarwithpresent-daymechanicssofar as
it is needed in our discussion. First of all it is necessary,to
considerwhat happenswhena pieceofwoodor any other solid

. which coheres firmly is broken; for this is the fundamental
facet,involvingthe firstand simpleprinciplewhichwemust take
for grantedas wellknown.

To grasp this more clearly,imaginea cylinderor prism,AB,
made of wood or other solid coherent material. Fasten the
upper end, A, so that the cylinderhangs vertically. To the
lowerend, B, attach the weight C. It is clear that however
great they may be, the tenacity and coherence [tenacit_e

• I. e. Galileo:The authorfrequentlyrefersto himselfunderthis
name. [Tran_r.]
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[55]

eoeren_]betweenthe partsofthissolid,so longastheyarenot
infinite,canbeovercomeby thepullofthe weightC, aweight
whichcanbeincreasedindefinitelyuntilfinallythe solidbreaks
likea rope. Andas in the caseofthe ropewhosestrengthwe
knowto be derivedfroma multitudeof hempthreadswhich
composeit, soin thecaseofthe wood,weobserveitsfibresand
filamentsrunlengthwiseand renderit muchstrongerthan a
hempropeof the samethickness.But in the
caseof a stoneor metalliccylinderwherethe'
coherenceseemsto be stillgreaterthe cement
whichholdsthe parts togethermustbe some-
thingotherthan filamentsand fibres;and yet
eventhiscanbebrokenbya strongpull.

Srme.If thismatterbe asyousay I canwell
understandthat the fibresofthewood,beingas
longas thepieceofwooditself,renderit strong
and resistant againstlargeforcestendingto
breakit. But howcan onemakea ropeone
hundredcubitslongoutofhempenfibreswhich
arenotmorethantwoor threecubitslong,and
stillgiveit somuchstrength? Besides,I should
begladto hearyouropinionas to themannerin
whichthe parts of metal,stone,andotherma-
terialsnot showinga filamentousstrucCtureare Fig.i
put together;for, if I mistakenot, theyexhibitevengreater
tenacity.

SALV.To solvetheproblemswhichyouraiseit willbeneces-
saryto makea digressionintosubjecCtswhichhavelittlebearing
uponourpresentpurpose.

SAcg.But if, by digressions,wecanreachnewtruth, what
harm is there in makingonenow,so that we maynot lose
thisknowledge,rememberingthat suchan opportunity,once
omitted,maynotreturn;rememberingalsothatwearenottied
downtoa fixedandbriefmethodbutthat wemeetsolelyforour
ownentertainment?Indeed,whoknowsbutthat wemaythus

[S6]
frequently
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frequentlydiscoversomethingmore interestingandbeautiful
thanthe solutionoriginallysought._I begofyou,therefore,to
grantthe requestof Simplicio,whichis alsomine;forI amno
lesscuriousanddesirousthanhe to learnwhatis the binding
materialwhichholdstogetherthe partsof solidsso that they
canscarcelybe separated.Thisinformationis alsoneededto
understandthe coherenceof the parts of fibresthemselvesof
Whichsomesolidsarebuiltup.

SAJ_V.I am at yourservice,sinceyou desireit. The first
questionis,Howare fibres,eachnot morethantwo or three
cubitsin length,so tightlyboundtogetherinthe caseof arope
onehundredcubitslongthat greatforce[violent]isrequiredto
breakit?

Nowtellme,Simplicio,canyounotholda hempenfibreso
tightlybetweenyourfingersthat I, pullingby the otherend,
wouldbreakit beforedrawingit awayfromyou? Certainly
youcan. Andnowwhenthefibresofhempareheldnotonlyat
the ends,but aregraspedbythe surroundingmediumthrough-
outtheirentirelengthisit notmanifestlymoredii_cultto tear
themloosefromwhatholdsthemthanto breakthem? Butin
the caseofthe ropethe veryacCtoftwistingcausesthe threads
tobindoneanotherin suchawaythatwhentheropeisstretched
witha greatforcethe fibresbreakratherthan separatefrom
eachother.

At the pointwherea ropepartsthe fibresare,as everyone
knows,veryshort,nothinglikea cubitlong,astheywoaldbeif
the partingof the ropeoccurred,not by the breakingof the
filaments,but bytheirslippingoneovertheother.

SAGR.In confirmationofthis it maybe remarkedthat ropes
sometimesbreak not by a lengthwisepull but by excessive
twisting.This,it seemsto me,isaconclusiveargumentbecause
the threadsbindoneanotherso tightlythat the compressing
fibresdonotpermitthosewhicharecompressedto lengthenthe
spiralseventhat littlebit bywhichit is necessaryfor themto
lengtheninorderto surroundtheropewhich,ontwisting,grows
shorterandthicker.

SALv.Youarequiteright. Nowseehowonefa_ suggests
another
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another. Thethreadheldbetweenthe fingersdoesnot yield

[ST]
to onewhowishesto drawit awayevenwhenpulledwithcon-
siderableforce,but resistsbecauseit is heldbackby a double
compression,seeingthat the upperfingerpressesagainstthe
loweras hamasthe loweragainsttheupper.Now,ifwecould
retainonlyoneof thesepressuresthereis no doubtthat only
half the originalresistancewouldremain;but sincewe are_
not able,by lifting,say, the upperfinger,to removeoneof
thesepressureswithoutalsoremovingthe other,it becomes
necessaryto preserveoneof themby meansof a newdevice
whichcausesthe threadto pressitselfagainstthe fingeror
againstsomeothersolidbodyuponwhichit rests;andthusit is
broughtaboutthat theveryforcewhichpulls
it in orderto snatchit awaycompressesit
moreand moreas the pullincreases.This
is accomplishedby wrappingthe thread
aroundthe solidin the mannerof a spiral; _I_
andwillbebetterunderstoodbymeansofa
figure.LetABandCDbetwocylindersbe-
tweenwhichis stretchedthethreadEF:and _O
for the sakeof greaterclearnesswewillim-
agineit to be a smallcord. If these two
cylindersbe pressedstronglytogether,the
cordEF, whendrawnbytheendF,willun-
doubtedlystanda considerablepullbeforeit
slipsbetweenthe two compressingsolids.
But ifweremoveoneofthesecylindersthe
cord,thoughremainingin contacCtwith the
other, willnot therebybe preventedfrom
slippingfreely. On the other hand,if one
holdsthecordlooselyagainstthe topof the Fig.2
cylinderA, windsit in the spiralformAFLOTR,and then
pullsit by the endR, it is evidentthat the cordwillbeginto
bindthe cylinder;the greaterthe numberof spiralsthe more
tightlywillthe cordbe pressedagainstthe cylinderby any
givenpull. Thusasthe numberof turnsincreases,the lineofcontacCt
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contactbecomeslongerandin consequencemoreresistant;so
that the cordslipsandyieldsto thetractiveforcewithincreas-
ingdifficulty.

[58]
Isitnotclearthatthisispreciselythekindofresistancewhich

onemeetsin thecaseofa thickhempropewherethefibresform
thousandsandthousandsof similarspirals?And,indeed,the

qbindingeffecCtof theseturnsis sogreatthat a fewshortrushes
woventogetherintoa fewinterlacingspiralsformoneof the
strongestof ropeswhichI believetheycallpackrope[susta].

SAoR.Whatyou sayhasclearedup twopointswhichI did
notpreviouslyunderstand.Onefact is howtwo,or at most
three,turnsofa ropearoundtheaxleofa windlasscannotonly
holdit fast,but canalsopreventit fromslippingwhenpulled
by the immenseforceof the weight[forzadelpeso]whichit
sustains;andmoreoverhow,byturningthewindlass,thissame
axle,by merefricCtionof the ropearoundit, canwindup and

lifthugestoneswhilea mereboy i'sableto handle
the slackof therope. TheotherfaCthasto dowith
asimplebutcleverdevice,inventedbyayoungkins-
manof mine,forthe purposeof descendingfroma
windowby meansof a ropewithoutlaceratingthe
palmsofhishands,ashadhappenedto himshortly
beforeandgreatlytohisdiscomfort.Asmallsketch
willmakethis clear. He took a woodencylinder,
AB,aboutasthickasa walkingstickandaboutone
spanlong:on thishe cut a spiralchannelof about
oneturnanda half,andlargeenoughto just receive
theropewhichhewishedtouse. Havingintroduced
theropeat theendAandledit outagainat the end

BB, he enclosedboth the cylinderandthe ropein a
caseofwoodor tin, hingedalongthe 81desothat it

Fig.3 couldbe easilyopenedand closed. After he had
Iastenedtheropeto afirmsupportabove,he could,on grasp-
ingandsqueezingthecasewith bothhands,hangbyhisarms.
The pressureon therope,lyingbetweenthe caseand the cyl-
inder,wassuchthat he could,at will,eithergraspthe case

more
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moretightlyand holdhimselffromslipping,or slackenhis
holdanddescendasslowlyashewished.

IS9]
SALV.A truly ingeniousdevice! I feel,however,that for

a completeexplanationotherconsiderationsmightwellenter;
yet I mustnotnowdigressuponthisparticulartopicsinceyou
arewaitingto hearwhatI thinkaboutthebreakingstrengthof
other materialswhich,unlikeropesandmostwoods,do not
showa filamentousstructure. The coherenceof thesebodies
is,in my estimation,producedby othercauseswhichmaybe
groupedundertwoheads. Oneis that much-talked-ofrepug-
nancewhichnatureexhibitstowardsavacuum;but thishorror
of a vacuumnot beingsufficient,it is necessaryto introduce
anothercausein theformof aglueyor viscoussubstancewhich
bindsfirmlytogetherthecomponentpartsofthebody.

FirstI shallspeakofthe vacuum,demonstratingby definite
experimentthe qualityandquantityofits force[o/rt_].If you
taketwohighlypolishedandsmoothplatesofmarble,metal,or
glassandplacethemfaceto face,onewillslideoverthe other
withthe greatestease,showingconclusivelythat thereisnoth-
ingof aviscousnaturebetweenthem. Butwhenyouattempt
to separatethemandkeepthemat a constantdistanceapart,
youfindtheplatesexhibitsucha repugnanceto separationthat
the upperonewillcarrythe loweronewithit andkeepit lifted
indefinitely,evenwhenthelatterisbigandheavy.

This experimentshowsthe aversionof nature for empty
space,evenduringthebriefmomentrequiredfortheoutsideair
to rush in andfillup theregionbetweenthe twoplates. It is
alsoobservedthat if twoplatesare not thoroughlypolished,
theircontactisimperfectsothat whenyouattemptto separate
them slowlythe onlyresistanceofferedis that of weight;if,
however,the pullbe sudden,then the lowerplate rises,but
quicklyfallsback,havingfollowedtheupperplateonlyforthat
very shortintervalof time requiredfor the expansionof the
smallamountof air remainingbetweenthe plates,in conse-
quenceoftheirnotfitting,andfortheentranceofthesurround-
ingair. This resistancewhichis exhibitedbetweenthe two

plates
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platesisdoubtlesslikewisepresentbetweenthepartsofa solid,
and enters,at leastin par[, as a concomitantcauseof their
coherence.

[6o]
SAGR.Allowme to interruptyoufora moment,please;for

I wantto speakof somethingwhichjustoccursto me,namely,
whenI seehowthe lowerplatefollowsthe upperoneandhow
rapidlyit is lifted,I feelsurethat, contraryto the opinionof
manyphilosophers,includingperhapsevenAristotlehimself,
motionin a vacuumis notinstantaneous.If thiswereso the
two platesmentionedabovewouldseparatewithoutany re-
sistancewhatever,seeingthat the sameinstantof timewould
sufficefor theirseparationandfor the surroundingmediumto
rushin andfillthe vacuumbetweenthem. The fa&that the
lowerplatefollowsthe upperoneallowsus to infer,not only
that motionin a vacuumis not instantaneous,but alsothat,
betweenthe twoplates,a vacuumreallyexists,at leastfora
veryshorttime,sufficientto allowthe surroundingmediumto
rushin andfillthe vacuum;for iftherewerenovacuumthere
wouldbenoneedofanymotioninthemedium.Onemustadmit
thenthat a vacuumis sometimesproducedby violentmotion
[violenza]or contraryto the lawsof nature,(althoughin my
opinionnothingoccurscontraryto natureexcepttheimpossible,
andthat neveroccurs).

But hereanotherdifficultyarises. Whileexperimentcon-
vincesmeofthe correcCtnessof thisconclusion,mymindis not
entirelysatisfiedas to the causeto whichthis effe&is to be
attributed. For the separationof the platesprecedesthe
formationof the vacuumwhichis producedas a consequence
ofthisseparation;andsinceit appearstomethat,in theorderof
nature,the causemustprecedethe effe&,eventhoughit ap-
pearsto followin pointoftime,andsinceeverypositiveeffecCt
musthavea positivecause,I do notseehowthe adhesionof
twoplatesandtheirresistanceto separation--acCrualfa_s---can
be referredto a vacuumas causewhenthisvacuumis yet to
follow.Accordingto the infalliblemaximof the Philosopher,
thenon-existentcanproducenoeffe&.

Simp.
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Sire,. Seeingthat youacceptthis axiomofAristotle,I hardly

thinkyouwillreje_ anotherexcellentand reliablemaximof his,
namely,Nature undertakesonly that which happenswithout
resistance;and in this saying,it appearsto me,youwillfindthe
solutionof your difficulty. Sincenature abhorsa vacuum,she
preventsthat fromwhicha vacuumwouldfollowas a necessary
consequence.Thus it happensthat naturepreventsthe separa-
tion ofthe twoplates.

[6i]
SACR.Nowadmittingthat what Simpliciosaysis an adequate

solutionof my difficulty,it seemsto me, ifI may be allowedto
resume my former argument, that this very resistanceto a
vacuumought to be sufficientto hold togetherthe parts either
of stoneor of metalor the parts of any other solidwhichis knit
togethermorestronglyandwhichismoreresistantto separation.
If for one effe_ there be onlyone cause,or if, more beingas-
signed,they canbe reducedto one, thenwhyis not this vacuum
whichreallyexistsa sufficientcausefor allkinds of resistance?

SALV.I do not wishjust nowto enter this discussionas to
whether the vacuum alone is sufficientto hold together the
separateparts of a solidbody;but I assureyouthat the vacuum
whichacCtsas a sufficientcausein the caseofthetwoplatesisnot
alone sufficientto bind togetherthe parts of a solidcylinderof
marble or metal which, when pulled violently,separates and
divides. Andnow if I finda methodof distinguishingthiswell
known resistance,dependingupon the vacuum, from every
other kind which might increasethe coherence,and if I show
you that the aforesaidresistancealone is not nearlysufficient
for such an effect, will you not grant that we are bound to
introduceanother cause._ Help him, Simplicio,since he does
not knowwhat replytomake.

SIMP.Surely,Sagredo'shesitationmust be owingto another
reason,for therecanbe nodoubtconcerninga conclusionwhich
isat oncesoclearandlogical.
SACra.Youhaveguessedrightly,Simplicio. I waswondering

whether, if a millionof gold each year from Spain were not
sufficientto pay the army, it might not be necessary to

make
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make provisionother than small coin for the pay of the
soldiers.*

But go ahead,Salviati;assumethat I admityour conclusion
and showusyourmethodof separatingtheacCtionof thevacuum
from other causes;and by measuringit showus how it is not
sufficientto producethe effectin question.

SALV.Your good angel assist you. I will tell you how to
separate the force of the vacuum from the others, and a{ter-
wards how to measure it. For this purposelet us considera
continuoussubstancewhoseparts lack all resistanceto separa-
tion exceptthat derivedfroma vacuum,suchas is the casewith
water,a fact fullydemonstratedbyourAcademicianinoneof his
treatises. Whenevera cylinderofwaterissubjectedto apull and

[62]
offersa resistanceto the separationof itsparts this canbe attrib-

uted tonoothercausethantheresistanceof the

/k_j vacuum. In orderto try suchan experiment

I have invented a devicewhichI can better
explainby meansof a sketch than by mere
words. Let CABDrepresentthe crosssection
of a cylindereither of metal or, preferably,
of glass,hollowinsideand accuratelyturned.

G I-I Into this is introduced a perfec°dyfittingi
C . Dcylinderof wood,representedin crosssection

by EGHF, and capableof up-and-downmo-
tion. Through the middleof this cylinderis
boreda holeto receivean ironwire,carrying
a hook at the end K, while the upper end
of the wire, I, is providedwith a conical
head. The wooden cylinder is countersunk

Fig.4 at the top so as to receive,witha perfect
fit, the conicalhead I of the wire,IK,when pulleddown by
theendK.

NowinsertthewoodencylinderEH in the hollowcyllnderAD,
soas not to touchtheupperend of the latterbut to leavefree a
spaceof two or three finger-breadths;this spaceis to be filled

*ThebearingofthisremarkbecomesclearonreadingwhatSalviati
saysonp. 18below.[Trans.]
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withwaterbyholdingthevesselwiththemouthCD upwards,
pushingdownonthestopperEH,andat thesametimekeeping
theconicalheadofthewire,I, awayfromthe hollowportionof
thewoodencylinder.Theairisthusallowedtoescapealongside
the ironwire(whichdoesnotmakea closefit) assoonas one
pressesdownon the woodenstopper. The air havingbeen
allowedto escapeand theironwirehavingbeendrawnbackso
that it fits snuglyagainstthe conicaldepressionin the wood,
invertthevessel,bringingitmouthdownwards,andhangonthe
hookK a vesselwhichcanbe filledwith sandor anyheavy
materialin quantity sufficientto finallyseparatethe upper
surfaceofthe stopper,EF, fromthelowersurfaceofthewater
to whichit wasattachedonlyby theresistanceofthevacuum.
Next weighthe stopperandwiretogetherwith the attached
vesseland its contents;we shallthenhave the forceof the
vacuum[forzaddvacuo].Ifoneattachestoacylinderofmarble

[63]
or glassa weightwhich,togetherwiththe weightofthemarble
or glassitself,is just equalto the sumof the weightsbefore
mentioned,andifbreakingoccursweshallthenbejustifiedin
sayingthat thevacuumaloneholdsthepartsofthe marbleand
glasstogether;but ifthisweightdoesnotsufficeandifbreaking
occursonlyafteradding,say,fourtimesthisweight,weshall
thenbe compelledto say that the vacuumfurnishesonlyone
fifthofthetotalresistance[resf._ema].

SLurP.No onecandoubtthe clevernessofthe device;yet it
presentsmanydifficultieswhichmakemedoubtits reliability.
Forwhowillassureus thattheair doesnotcreepinbetweenthe
glassandstopperevenif it is wellpackedwith towor other
yieldingmaterial._I questionalsowhetheroilingwithwaxor
turpentinewillsufficeto makethecone,I, fit snuglyonitsseat.
Besides,maynot the parts of the waterexpandand dilate?
Whymaynotthe airorexhalationsorsomeothermoresubtile
substancespenetratetheporesofthewood,orevenoftheglass
itself?

SAT.v.WithgreatskillindeedhasSimpliciolaidbeforeus the
difficulties;andhehasevenpartlysuggestedhowtopreventthe

air
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airfrompenetratingthewoodor passingbetweenthewoodand
the glass. Butnowletmepoifitoutthat, asourexperiencein-
creases,weshalllearnwhetheror nottheseallegeddifficulties
reallyexist. For if, as is the casewithair,wateris bynature
expansible,althoughonlyunderseveretreatment,weshallsee
the stopperdescend;and ifweput a smallexcavationin the
upperpart ofthe glassvessel,suchas indicatedbyV, thenthe
air or anyother tenuousandgaseoussubstance,whichmight
penetratethe poresof glassor wood,wouldpassthroughthe
waterandcolle&inthisreceptacleV. Butifthesethingsdonot
happenwemayrestassuredthat ourexperknenthasbeenper-
formedwithpropercaution;andweshalldiscoverthat water
doesnot dilate and that glassdoesnot allowany material,
howevertenuous,to penetrateit.

SAGmThanksto thisdiscussion,Ihavelearnedthecauseofa
certaineffe&whichI havelongwonderedat anddespairedof
understanding.I oncesawa cisternwhichhadbeenprovided
with a pumpunderthe mistakenimpressionthat the water
mightthusbedrawnwithlesseffortorin greaterquantitythan
bymeansofthe ordinarybucket. Thestockofthe pumpcar-

[64]riedits suckerandvalveintheupperpartsothatthewaterwas
liftedby attra&ionandnotbya pushasisthe casewithpumps
in whichthe suckerisplacedlowerdown.Thispumpworked
peffedtlysolongasthewaterinthecisternstoodaboveacertain
level;but belowthis levelthe pumpfailedto work. WhenI
firstnoticedthisphenomenonI thoughtthemachinewasoutof
order;but the workmanwhomI calledin to repairit toldme
the defecCtwasnot in the pumpbut in the waterwhichhad
fallentoolowto beraisedthroughsucha height;andheadded
that it wasnot possible,eitherby a pumpor by any other
machineworkingon the principleof attra&ion,to liftwatera
hair's breadthaboveeighteencubits;whetherthe pump be
largeor smallthis is the extremelimitof the lift. Up to this
timeI hadbeensothoughtlessthat,althoughI knewa rope,or
rodofwood,orof iron,if sufficientlylong,wouldbreakby its
ownweightwhenheldbytheupperend,it neveroccurredto me

" that
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that the samethingwouldhappen,onlymuchmoreeasily,to a
columnof water. And reallyis not that thing whichis at-
tra_ed in the pumpa columnofwaterattachedat the upper
endandstretchedmoreandmoreuntilfinallyapointisreached
whereit breaks,likea rope,onaccountofits excessiveweight?

SALV.That ispreciselythe wayit works;thisfixedelevation
ofeighteencubitsistrueforanyquantityofwaterwhatever,be
the pumplargeor smallor evenasfineas a straw. Wemay
thereforesay that, onweighingthe watercontainedin a tube
eighteencubitslong,no matterwhat the diameter,we shall
obtainthevalueoftheresistanceofthevacuumina cylinderof
anysolidmaterialhavinga boreof thissamediameter.And
havinggonesofar, let us seehoweasyit is to findto what
lengthcylindersofmetal,stone,wood,glass,etc.,ofanydiam-
eter canbe elongatedwithoutbreakingby theirownweight.

[6S]
Takefor instancea copperwireofanylengthandthickness;

fixthe upperend andto the otherend attacha greaterand
greaterloaduntilfinallythewirebreaks;letthemaximumload
be, say,fiftypounds. Then it is clearthat if fiftypoundsof
copper,in additionto the weightofthe wireitselfwhichmay
be, say,z/sounce,is drawnout intowireof thissamesizewe
shallhavethegreatestlengthofthiskindofwirewhichcansus-
tain its ownweight. Supposethewirewhichbreaksto beone
cubitin lengthandI/souncein weight;thensinceit supports
5olbs.in additionto its ownweight,i.e.,48ooeighths-of-an-
ounce,it followsthat allcopperwires,independentofsize,can
sustainthemselvesup to a lengthof48Olcubitsandnomore.
Sincethen a copperrod can sustainits ownweightup to a
lengthof48Olcubitsit followsthat that part ofthe breaking
strength[resistenza]whichdependsuponthevacuum,comparing
itwiththe remainingfacetorsofresistance,isequalto theweight
ofa rodofwater,eighteencubitslongandasthickasthecopper
rod. If,forexample,copperisninetimesasheavyaswater,the
breakingstrength[resistenzaallostrappars.z]of anycopperrod,
insofarasit dependsuponthevacuum,asequalto theweight
of twocubitsof thissamerod. By a similarmethodonecan

find
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findthe maximumlengthofwireorrodofanymaterialwhich
willjust sustainits ownweight,andcanat the sametimedis-
coverthe partwhichthevacuumplaysinits breakingstrength.

SACR.It stillremainsforyouto tellus uponwhatdepends
theresistanceto breaking,otherthanthatofthevacuum;what
is the glueyor viscoussubstancewhichcementstogetherthe
partsof the solid? For I cannotimaginea gluethat willnot
burnup in a highlyheatedfurnacein twoor threemonths,or
certainlywithintenor a hundred.Forifgold,silverandglass
are keptfora longwhilein the moltenstateandare removed
fromthe furnace,theirparts,on cooling,immediatelyreunite
and bind themselvestogetheras before. Not only so, but
whateverdifficultyariseswithrespe_to thecementationofthe
partsof the glassarisesalsowithregardto thepartsoftheglue;
in otherwords,whatisthat whichholdsthesepartstogetherso
firmly?

[661
SALv.A littlewhileago,I expressedthehopethatyourgood

angelmightassistyou. I nowfindmyselfin the samestraits.
Experimentleavesno doubtthat the reasonwhytwo plates
cannotbe separated,exceptwithviolenteffort,isthat theyare
heldtogetherby the resistanceofthe vacuum;andthe same
canbe saidof two largepiecesof a marbleor bronzecolumn.
Thisbeingso,I donotseewhythissamecausemaynotexplain
the coherenceofsmallerpartsandindeedof the verysmallest
particlesof thesematerials.Now,sinceeacheffe_musthave
onetrueandsufficientcauseandsinceI findnoothercement,am
I notjustifiedintryingto discoverwhetherthevacuumisnot a
sufficientcause?

S_. But seeingthat youhavealreadyprovedthat the re-
sistancewhichthe largevacuumoffersto the separationof
twolargepartsofa solidisreallyverysmallin comparisonwith
thatcohesiveforcewhichbindstogetherthemostminuteparts,
whydo you hesitateto regardthis latter as somethingvery
differentfromtheformer?

S_v. Sagredohasalready[p.I3 above]answeredthisques-
tionwhenhe remarkedthat eachindividualsoldierwasbeing

paid
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paidfromcoincoiled-tedby a generaltaxofpenniesandfarth-
ings,whileevena millionofgoldwouldnot sufficeto paythe
entirearmy. Andwhoknowsbut that theremay be other
extremelyminutevacuawhichaffecCtthe smallestparticlesso
that that whichbindstogetherthe contiguouspartsisthrough-
outofthesamemintage? Letmetellyousomethingwhichhas
justoccurredto meandwhichI donotofferasanabsolutefacet,
but ratheras a passingthought,stillimmatureandcallingfor
morecarefulconsideration.Youmaytakeofit whatyoulike;
andjudgethe restasyouseefit. SometimeswhenI haveob-
servedhowfirewindsits way in betweenthe mostminute
particlesofthisorthatmetaland,eventhoughthesearesolidly
cementedtogether,tearsthemapartandseparatesthem,and
whenI haveobservedthat,onremovingthefire,theseparticles
reunitewiththe sametenacityas at first,withoutany lossof
quantityin the caseofgoldandwithlittlelossin the caseof
othermetals,eventhoughthesepartshavebeenseparatedfora
longwhile,I havethoughtthat theexplanationmightlieinthe
fact that the extremelyfineparticlesof fire,penetratingthe
slenderporesof the metal(toosmallto admiteventhe finest
particlesof air or of manyother fluids),wouldfill the small
interveningvacuaandwouldsetfreethesesmallparticlesfrom
the attracCtionwhichthesesamevacuaexertuponthemand
whichpreventstheirseparation.Thustheparticlesareableto

[671
movefreelysothat the mass[rnassa]becomesfluidandremains
soaslongastheparticlesoffireremaininside;butiftheydepart
andleavethe formervacuathentheoriginalattraction[attraz-
zione]returnsandthepartsareagaincementedtogether.

In replytothe questionraisedbySimplicio,onemaysaythat
althougheachparticularvacuumis exceedinglyminuteand
thereforeeasilyovercome,yettheirnumberissoextraordinarily
greatthat theircombinedresistanceis,so to speak,multipled
almostwithoutlimit. The nature and the amountof force
[forza]whichresults[risulta]fromaddingtogetheran immense
numberof smallforces[debolissimirnornent_]is clearlyillus-
tratedbythefa_ that aweightofmillionsofpounds,suspended

by
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by great cables,is overcomeand lifted, when the south wind
carries innumerableatoms of water, suspendedin thin mist,
whichmovingthroughthe air penetratebetweenthefibresof the
tense ropes in spite of the tremendousforce of the hanging
weight. When these particles enter the narrow pores they
swell the ropes, thereby shorten them, and perforcelift the
heavymass[mole].

SAcR.There canbe no doubt that any resistance,so longas
it is not infinite,may be overcomeby a multitudeof minute
forces. Thus a vast numberof ants might carry ashorea ship
laden with grain. And since experienceshowsus daily that
one ant caneasilycarry onegrain,it is clearthat the numberof
rains in the ship is not infinite,but fallsbelowa certainlimit.
you take anothernumber four or six times as great, and if

you set to work a correspondingnumberof ants theywillcarry
the grain ashoreand the boat also. It is true that thiswill call
for a prodigiousnumberof ants, but in my opinionthis is pre-
ciselythe casewith the vacua which bind together the least
particlesofa metal.

SALV.But even if this demandedan infinitenumberwould
you still think it impossible?

SACR.Not if the mass [mole]of metal were infinite;other-
wise....

[68]
SAT.V.Otherwise what? Now since we have arrived at

paradoxeslet us see if we cannot provethat within a finiteex-
tent it ispossibletodiscoveran infinitenumberofvacua. Atthe
sametimewe shallat least reacha solutionof the mostremark-
able of all that list of problemswhichAristotle himselfcalls
wonderful;I referto his Questionsin Mechanics.This solution
may be no lessclearand conclusivethan that whichhe himself
givesand quitedifferentalsofromthat socleverlyexpoundedby
themostlearnedMonsignordiGuevara.*

First it is necessaryto considera proposition,not treated by
others,but uponwhichdependsthe solutionofthe problemand
from which, if I mistake not, we shallderiveother new and
remarkable facts. For the sake of clearnesslet us draw an

*BishopofTeano;b. x56x, d.I64I. [Trans.]
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accuratefigure. AboutG as a centerdescribean equiangular
andequilateralpolygonofanynumberofsides,saythehexagon
ABCDEF. Similarto this and concentricwith it, describe
anothersmalleronewhichweshallcallHIIZT.MN.Prolongthe

F , .....ff"i............4 , , .
T

-- ,,I ! t , I

( .":iim]
B

Fig.5
sideAB,of the largerhexagon,indefinitelytowardS; in like
mannerprolongthe correspondingsideHI ofthe smallerhex-
agon,in the samedirecCtion,so that the lineHT isparallelto
AS;andthroughthe centerdrawthe lineGVparallelto the
othertwo. Thisdone,imaginethe largerpolygonto rollupon

[69]
thelineAS,carryingwithit thesmallerpolygon.It isevident
that,if thepointB,the endofthesideAB,remainsfixedat the
beginningofthe rotation,thepointAwillriseandthe pointC
willfalldescribingthearc CQuntilthesideBCcoincideswith
thelineBQ,equaltoBC. ButduringthisrotationthepointI,
onthe smallerpolygon,willriseabovethelineIT becauseIBis
obliquetoAS;andit willnotagainreturnto thelineITuntilthe
pointC shallhavereachedthepositionQ. ThepointI, having
describedthe arcIO abovethe lineHT,willreachtheposition

Oat
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0 at the sametime the sideIK assumesthe position0P; but in
the meantimethe centerG has traverseda path aboveGVand
doesnot return to it until it has _ompletedthe arc GC. This
stephavingbeentaken,the largerpolygonhas beenbroughtto
rest with its sideBC coincidingwith the lineBQwhilethe side
IK of the smallerpolygonhas beenmade to coincidewith the
lineOP,havingpassedoverthe portionI0 withouttouchingit;
alsothe centerG willhavereachedthe positionC after having
traversed all its courseabovethe parallellineGV. Andfinally
the entire figurewill assumea positionsimilarto the first, so
that ifwe continuethe rotationand cometo the next step, the
sideDC of the largerpolygonwillcoincidewith the portionQX

, and the sideKL of the smallerpolygon,havingfirstskippedthe
arc PY,will fallon YZ, whilethe centerstillkeepingabovethe
lineGV will return to it at R after havingjumpedthe interval
CR. At the endofonecompleterotationthe largerpolygonwill
have traced upon the lineAS,without break, six linestogether
equal to its perimeter; the lesserpolygonwill likewisehave
imprintedsix linesequal to its perimeter,but separatedby the
interpositionof five arcs, whose chords represent the parts
of HT not touchedby the polygon:the centerG neverreaches
the lineGV exceptat sixpoints. From this it is clearthat the
spacetraversedby the smallerpolygonis almostequal to that
traversed by the larger, that is, the lineHT approximatesthe
lineAS,differingfrom it onlyby the lengthof one chordof one
ofthese arcs,providedwe understandthe lineI-ITto includethe
fiveskippedarcs.

Now this expositionwhichI have givenin the caseof these
hexagonsmust be understoodto be applicable to all other
polygons,whateverthe numberof sides,providedonlytheyare

[70]
similar, concentric,and rigidly connecCted,so that when the
greateronerotates the lesserwillalsoturn howeversmallit may
be. Youmust alsounderstandthat the linesdescribedby these
two are nearlyequal providedwe includein the spacetraversed
by the smallerone the intervalswhichare not touchedby any
part ofthe perimeterofthis smallerpolygon.

Let
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Let a largepolygonof, say, one thousandsides make one

completerotationand thus layoff a lineequal to its perimeter;
at the sametime the smallonewillpassoveran approximately
equal distance, made up of a thousand small portions each
equal to oneof its sides,but interruptedby a thousandspaces
which,in contrastwith the portionsthat coincidewith the sides
of the polygon,we may call empty. So far the matter is free
fromdifficultyor doubt.

But nowsupposethat about any center,say A, we describe
two concentricand rigidlyconneCtedcircles;and supposethat
from the points C and B, on their radii, there are drawn the
tangentsCEand BF and that throughthe centerAthe lineAD
is drawnparallel to them, then if the large circlemakes one
completerotation alongthe lineBF, equal notonly to its cir-
cumferencebut alsoto the other two linesCE andAD, tellme
what the smallercirclewilldoand alsowhat the centerwilldo.
Asto the center it will certainlytraverseand touch the entire
lineAD whilethe circumferenceof the smallercirclewillhave
measuredoffby its pointsof contaCtthe entire lineCE,just as
wasdoneby theabovementionedpolygons.The onlydifference
is that the lineI-ITwas not at everypoint in contactwith the
perimeterof the smallerpolygon,but therewereleftuntouched
as manyvacant spacesas therewerespacescoincidingwith the
sides. But herein the caseofthe circlesthe circumferenceofthe
smalleroneneverleavesthe lineCE, sothat nopart of the latter
isleftuntouched,noris thereevera timewhensomepointonthe
circleis not in contaCtwith the straightline. Hownowcanthe
smallercircletraverse a lengthgreater than its circumference
unlessit goby jumps?

8AGmIt seemsto methat onemaysaythat just as thecenter
ofthe circle,by itself,carriedalongthe lineAD is constantlyin
contac2with it, althoughit isonlya singlepoint,sothepointson
the circumferenceof the smaller circle,carried alongby the
motionof the largercircle,wouldslideover somesmallparts of
the lineCE.

: [7I]
: SALV.There are two reasonswhy this cannot happen. First

because

?
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becausethereis nogroundforthinkingthat onepointof con-
taCt,suchas that at C, ratherthan another,shouldslipover
certainportionsofthe lineCE. Butif suchslidingsalongCE
didoccurtheywouldbe infinitein numbersincethe pointsof
contaCt(beingmerepoints)are infinitein number:an infinite
numberoffiniteslipswillhowevermakeaninfinitelylongline,
whileasamatteroffaCtthelineCEisfinite. Theotherreason
isthat asthe greatercircle,in its rotation,changesitspointof
contactcontinuouslythe lessercirclemustdothe samebecause
BistheonlypointfromwhichastraightlinecanbedrawntoA
andpassthroughC. Accordinglythesmallcirclemustchange
itspointofcontactwheneverthelargeonechanges:nopointof
the smallcircletouchesthe straightlineCE in morethanone
point. Not onlyso,but evenin the rotationof the polygons
therewasnopointon theperimeterofthe smallerwhichcoin-
cidedwithmorethanonepointonthe linetraversedby that
perimeter;this is at onceclearwhenyou rememberthat the
lineIK isparallelto BCandthatthereforeIK willremainabove
IPuntilBCcoincideswithBQ,andthatIK willnotlieuponIP
exceptat theveryinstantwhenBCoccupiesthepositionBQ;at
thisinstanttheentirelineIK coincideswithOPandimmediatelyafterwardsrisesaboveit.

SAOl_.Thisisaveryintricatematter. I seenosolution.Pray
explainit to us.

SALV.Let usreturnto the considerationofthe abovemen-
tionedpolygonswhosebehaviorwealreadyunderstand.Now
in the caseofpolygonswith IOOOOOsides,thelinetraversedby
the perimeterof the greater,i. e., the line laid downby its
IOOCXX)sidesoneafteranother,isequalto thelinetracedoutby
the IOCX:_sidesofthe smaller,providedweincludethe IO(Xx_
vacantspacesinterspersed.Soin thecaseofthe circles,poly-
gonshavingan infinitudeof sides,the linetraversedby the
continuouslydistributed[continuamentedispostz]infinitudeof
sidesisin the greatercircleequalto thelinelaiddownby the
infinitudeof sidesin the smallercirclebut withthe exception
that these latter alternatewith emptyspaces;and sincethe
sidesarenotfinitein number,butinfinite,soalsoaretheinter-

vening



FIRST DAY 25
veningempty spacesnot finitebut infinite. The linetraversed
by the largercircleconsiststhen of an infinitenumberof points
whichcompletelyfillit; whilethat whichistracedbythe smaller
circleconsistsof an infinitenumberof pointswhichleaveempty
spacesand only partly fill the line. And here I wishyou to
observethat after dividingand resolvinga line into a finite
numberof parts, that is,into a numberwhichcanbecounted,it

[72]
is notpossibleto arrangethem again intoa greaterlengththan
that whichthey occupiedwhen they formeda continuum[con-
tinuate]and were conne_ed without the interpositionof as
many empty spaces. But if we considerthe lineresolvedinto
an infinitenumberof infinitelysmalland indivisibleparts, we
shallbe ableto conceivethe lineextendedindefinitelyby the
interposition,not of a finite, but of an infinitenumberof in-
finitelysmallindivisibleemptyspaces.

Nowthiswhichhasbeensaidconcerningsimplelinesmust be
understoodto holdalsoin the caseof surfacesand solidbodies,
it being assumedthat they are made up of an infinite,not a
finite, number of atoms. Such a body once divided into a
finitenumberofparts it is impossibletoreassemblethemsoas to
occupymore space than before unless we interpose a finite
number of empty spaces,that is to say, spacesfree from the
substanceof whichthe solidis made. But if we imaginethe
body, by someextreme and final analysis, resolvedinto its
primaryelements,infinitein number,then we shallbe able to
think of them as indefinitelyextended in space, not by the
interpositionof a finite, but of an infinitenumber of empty
spaces. Thus one can easilyimaginea smallball of goldex-
panded into a very largespacewithout the introducCtionof a
finite number of empty spaces,alwaysprovided the gold is
madeupof aninfinitenumberof indivisibleparts.

SIM1,.It seemsto me that you are travellingalongtoward
thosevacuaadvocatedby a certainancientphilosopher.

SAzv.But youhavefailedto add,"whodeniedDivineProvi-
dence,"an inapt remarkmade on a similaroccasionby a cer-
tain antagonistofour Academician.

Simp.
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Sr_P.I noticed,andnotwithoutindignation,the rancorof

this ill-naturedopponent;furtherreferencesto theseaffairsI
omit,not onlyas a matterof goodform,but alsobecauseI
knowhowunpleasanttheyareto the goodtemperedandwell
orderedmindof oneso religiousand pious,soorthodoxand
God-fearingasyou.

Butto returnto our subject,yourpreviousdiscourseleaves
with me manydifficultieswhichI am unableto solve. First
amongtheseis that,if the circumferencesofthe twocirclesare
equalto the two straightlines,CE and BF, the latter con-
sideredasa continuum,the formeras interruptedwith an in-
finityofemptypoints,I donotseehowit ispossibleto saythat
thelineADdescribedbythecenter,andmadeupofan infinity
ofpoints,isequalto thiscenterwhichisa singlepoint. Besides,
thisbuildingupof linesoutofpoints,divisiblesoutofindivisi-
bles,andfinitesoutofinfinites,offersmeanobstacledifficultto
avoid;andthe necessityof introducinga vacuum,soconclu-
sivelyrefutedbyAristotle,presentsthesamedifficulty.

[73]
SAr.V.Thesedifficultiesare real;andtheyare not the only

ones. But let us rememberthat weare dealingwithinfinities
and indivisibles,both of whichtranscendour finiteunder-
standing,the formeron accountoftheirmagnitude,the latter
becauseoftheirsmallness.In spiteofthis,mencannotrefrain
fromdiscussingthem,eventhoughit mustbe donein a round-
aboutway.

ThereforeI alsoshouldliketo takethelibertyto presentsome
of my ideaswhich,thoughnot necessarilyconvincing,would,
onaccountof theirnovelty,at least,provesomewhatstartling.
But sucha diversionmightperhapscarryus toofarawayfrom
the subjectunderdiscussionandmightthereforeappearto you
inopportuneandnotverypleasing.

SACR.Prayletusenjoythe advantagesandprivilegeswhich
comefromconversationbetweenfriends,especiallyuponsub-
jects freelychosenand not forceduponus, a matter vastly
differentfromdealingwithdeadbookswhichgiveriseto many
doubtsbutremovenone. Sharewithus,therefore,thethoughts

which
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whichourdiscussionhassuggestedto you;forsincewearefree
fromurgentbusinesstherewillbe abundanttimeto pursuethe
topics alreadymentioned;and in particularthe obje£tions
raisedbySimpliciooughtnotinanywisetobenegle&ed.

S_J_v.Granted,sinceyousodesire.Thefirstquestionwas,
Howcana singlepointbe equalto a line? SinceI cannotdo
moreat presentI shallattemptto remove,orat leastdiminish,
oneimprobabilityby introducinga similaror a greaterone,
justas sometimesawonderisdiminishedbyamiracle.*

AndthisI shalldoby showingyoutwo equalsurfaces,to-
getherwithtwoequalsolidslocateduponthesesamesurfaces
asbases,allfourofwhichdiminishcontinuouslyanduniformly
in sucha waythat theirremaindersalwayspreserveequality
amongthemselves,andfinallyboththe surfacesandthe solids
terminatetheirpreviousconstantequalityby degenerating,the
onesolidandthe onesurfaceintoa verylongline,the other
solidand the other surfaceinto a singlepoint;that is, the
latterto onepoint,theformerto aninfinitenumberofpoints.

[74]
SACR.This propositionappearsto me wonderfial,indeed;

butletusheartheexplanationanddemonstration.
SALV.Sincethe proofis purelygeometricalwe shallneed

a figure. Let_FB be a semicirclewithcenterat C; aboutit
describethe re&angleADEBand fromthe centerdrawthe
straightlinesCDandCEto thepointsD andE. Imaginethe
radiusCFto bedrawnperpendicularto eitherofthelinesABor
DE, andtheentirefigureto rotateaboutthisradiusasanaxis.
It isclearthatthere&angleADEBwillthusdescribeacylinder,
thesemicircleAFBahemisphere,andthetriangleCDE,a cone.
Nextletus removethe hemispherebut leavethe coneandthe
restofthecylinder,which,onaccountofitsshape,wewillcalla
"bowl." Firstweshallprovethat the bowlandthe coneare
equal;thenweshallshowthataplanedrawnparalleltothecircle
whichformsthebaseofthebowlandwhichhasthelineDEfor
diameterandF foracenterwaplanewhosetraceisGN---cuts
thebowlinthepointsG,I, O,N,andtheconeinthepointsI-I,L,
sothat thepartofthe coneindicatedbyCHLisalwaysequalto

*Cf.p.3obelow.[Trans.]
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thepartofthebowlwhoseprofileisrepresentedbythetriangles
GAIandBON. Besidesthisweshallprovethat thebaseofthe
cone,i.e.,thecirclewhosediameterisHL,isequaltothecircular

A C 5 surfacewhichformsthebaseof

___ thisportionof the bowl,or as

onemightsay,equaltoa ribbon
G Nwhosewidthis OI. (Noteby

the waythe natureof mathe-
maticaldefinitionswhichcon-

. sistmerelyin the impositionof
D F _ namesor,ifyouprefer,abbrevi-

Fig.6 ationsofspeechestablishedand
introducedin orderto avoidthe tediousdrudgerywhichyou
and I now experiencesimplybecausewe have not agreed
to call this surfacea "circularband" and that sharpsolid
portionof the bowla "round razor.") Now call them by

[75]
whatnameyouplease,itsufficesto understandthat theplane,
drawnat any heightwhatever,so longas it is parallelto
the base,i.e., to the circlewhosediameterisDE, alwayscuts
thetwosolidssothattheportionCHLoftheconeisequalto the
upperportionofthebowl;likewisethetwoareaswhicharethe
basesofthesesolids,namelythebandandthecircleI-IL,arealso
equal. Herewehavethemiraclementionedabove;asthe cut-
tingplaneapproachesthe lineABthe portionsofthe solidscut
offarealwaysequal,soalsotheareasoftheirbases.Andasthe
cuttingplanecomesnearthe top,thetwosolids(alwaysequal)
aswellastheirbases(areaswhicharealsoequal)finallyvanish,
onepairofthemdegeneratingintothecircumferenceofa circle,
theotherintoasinglepoint,namely,theupperedgeofthebowl
andthe apexof the cone. Now,sinceas thesesolidsdiminish
equalityismaintainedbetweenthemupto theverylast,weare
justifiedin sayingthat, at the extremeandfinalendof this
diminution,theyare still equaland that oneis not infinitely
greaterthan the other. It appearsthereforethat we may
equatethecircumferenceofa largecircleto asinglepoint. And
thiswhichistrueofthe solidsistruealsoofthe surfaceswhich

form
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formtheirbases;forthese alsopreserveequalitybetweenthem-
selvesthroughout their diminutionand in the end vanish, the
one into the circumferenceof a circle,the other into a single
point. Shallwenot then callthemequalseeingthattheyarethe
last tracesand remnantsof equalmagnitudes? Note alsothat,
even if these vesselswere large enoughto contain immense
celestialhemispheres,both their upperedgesand the apexesof
the cones therein containedwould always remainequal and
wouldvanish,the formerinto circleshavingthe dimensionsof
the largestcelestialorbits, the latter into singlepoints. Hence
in conformitywith the precedingwe may say that all circum-
ferencesof circles,howeverdifferent,are equal to each other,
andareeachequalto a singlepoint.

SAtin.This presentationstrikes me as so clever and novel
that, even if I were able, I wouldnot be willingto opposeit;
for to defacesobeautifula stru_ure by a bluntpedanticattack
wouldbe nothingshortofsinful. But for our completesatisfac-

[76]
tion pray give us this geometricalproof that there is always
equality between these solidsand between their bases; for it
cannot,I think, fail to be very ingenious,seeinghow subtle is
the philosophicalargumentbaseduponthis result.

SAJ_v.The demonstrationis both short and easy. Referring
to the precedingfigure,sinceIPC is a rightanglethe squareof
the radiusIC is equalto the sumofthe squareson thetwo sides
IP, PC; but the radiusIC is equalto ACand alsoto GP, while
CP isequalto PH. Hencethe squareof the lineGP is equalto
the sumof the squaresof IP andPH, ormuklplyingthroughby
4,wehave thesquareof the diameterGN equalto the sumofthe
squareson IO and HL. And, sincethe areasof circlesare to
eachother as the squaresof their diameters,it followsthat the
areaofthe circlewhosediameterisGN isequalto the sumofthe
areasof circleshavingdiametersIO andI-i-L,sothat ifweremove
the commonarea of the circlehavingIO for diameterthe re-
mainingarea of the circleGN willbe equal to the area of the
circlewhosediameterisHL. Somuchfor thefirstpart. Asfor
the otherpart, weleaveitsdemonstrationforthe present,partly

because
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becausethosewhowishto followit willfindit in the twelfth
propositionofthesecondbookofDecentrogravitatissolidorum
bytheArchimedesofourage,LucaValerio,*whomadeuseofit
fora differentobjec°c,andpartlybecause,forourpurpose,it
sufficesto have seenthat the above-mentionedsurfacesare
alwaysequalandthat, as theykeepon diminishinguniformly,
theydegenerate,the oneintoa singlepoint,theotherintothe
circumferenceofa circlelargerthananyassignable;in thisfa&
liesourmiracle.t

SACR.The demonstrationis ingeniousand the inferences
drawnfromit areremarkable.Andnowletushearsomething
concerningthe otherdifficultyraisedby Simplicio,ifyouhave
anythingspecialto say,which,however,seemsto me hardly
possible,sincethe matterhasalreadybeensothoroughlydis-
cussed.

S_mv.ButI dohavesomethingspecialto say,andwillfirst
of all repeatwhatI saida littlewhileago,namely,that in-
finityandindivisibilityarein theirverynatureincomprehensi-
bleto us; imaginethenwhattheyarewhencombined.Yet if

[77]
wewishto buildup a lineout of indivisiblepoints,wemust
take an infinitenumberof them,andare,therefore,boundto
understandboth the infiniteand the indivisibleat the same
time. Manyideashavepassedthroughmymindconcerningthis
subjecCt,someofwhich,possiblythemoreimportant,I maynot
be ableto recallonthe spurof themoment;but in thecourse
ofourdiscussionit mayhappenthat I shallawakeninyou,and
especiallyin Simplicio,objecCtionsand difficultieswhichin
turn willbringto memorythat which,withoutsuchstimulus,
wouldhavelaindormantinmymind. Allowmethereforethe
customarylibertyofintroducingsomeofourhumanfancies,for
indeedwemayso callthemin comparisonwith supernatural
truth whichfurnishesthe onetrue andsaferecoursefordeci-
sionin ourdiscussionsandwhichis an infallibleguidein the
darkanddubiouspathsofthought.

*DistinguishedItalianmathematician;bornat FerraraaboutI5S2;
admittedtotheAccademiadeiLincelI612;diedI618.[Trans.]

JfCf.p.27above.[Trans.]
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Oneof the mainobjec°cionsurgedagainstthis buildingup

of continuousquantitiesout of indivisiblequantities[continuo
d' Cndivisibih]is that the additionof one indivisibleto an-
othercannotproducea divisible,for if thiswereso it would
renderthe indivisibledivisible.Thusif twoindivisibles,say
twopoints,canbe unitedto forma quantity,saya divisible
line,thenan evenmoredivisiblelinemightbe formedby the
unionofthree,five,seven,or anyotheroddnumberofpoints.
Sincehowevertheselinescanbe cut intotwo equalparts,it
becomespossibleto cutthe indivisiblewhichliesexac°dyin the
middleoftheline. In answerto thisandotherobjec°donsofthe
sametypewereplythat a divisiblemagnitudecannotbe con-
stru(tedoutoftwoortenorahundredorathousandindivisibleS,
butrequiresaninfinitenumberofthem.

Sire,.Herea difficultypresentsitselfwhichappearsto me
insoluble.Sinceit is clearthat wemayhaveonelinegreater
than another,eachcontainingan infinitenumberof points,
we are forcedto admitthat, withinoneand the sameclass,
wemayhavesomethinggreaterthaninfinity,becausethe in-
finityof pointsin the longlineis greaterthan the infinityof
pointsin theshortline. Thisassigningto an infinitequantity
avaluegreaterthaninfinityisquitebeyondmycomprehension.

SALv.This is oneof the difficultieswhicharisewhenwe
attempt,withourfiniteminds,to discussthe infinite,assigning
to itthosepropertieswhichwegivefothefiniteandlimited;but[78]
thisI thinkiswrong,forwecannotspeakofinfinitequantities
as beingtheonegreaterorlessthanorequalto another.To
provethisI haveinmindanargumentwhich,forthe sakeof
clearness,I shallput intheformofquestionsto Simpliciowho
raisedthisdifficulty.

I takeit forgrantedthatyouknowwhichofthenumbersare
squaresandwhicharenot.

Sn_P.I amquiteawarethatasquarednumberisonewhichre-
sultsfromthemultiplicationof anothernumberbyitself;thus
4,9,etc.,aresquarednumberswhichcomefrommultiplying2,3,
etc.,bythemselves. Salv.
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SALV.Very well;and youalsoknowthat just as the products

are calledsquaresso the favors are calledsidesor roots;while
on the other hand those numberswhichdo not consistof two
equal facCtorsare not squares. Thereforeif I assert that all
numbers, includingboth squares and non-squares,are more
than the squaresalone, I shall speak the truth, shall I not?

Snvn,.Most certainly.
SALV.If t shouldask furtherhowmanysquaresthereareone

might reply truly that there are as many as file corresponding
numberof roots,sinceeverysquarehas its own rootand every
root its own square, whileno squarehas more than one root
and norootmorethan onesquare.

SIMP.Preciselyso.
SALV.But if I -inquirehowmany roots there are, it cannot

be deniedthat there are as manyas there are numbersbecause
every number is a root of some square. This beinggranted
we must say that there are as many squaresas there are num-
bers becausethey are just as numerousas their roots, and all
the numbers are roots. Yet at the outset we said there are
many more numbersthan squares, sincethe largerportion of
them are not squares. Not only so, but the proportionate
number of squares diminishesas we pass to larger numbers.
Thusup to IoowehaveIOsquares,that is,the squaresconstitute
I/IO part of all the numbers;up to IOOOO,we findonly I/IO0

[79]
part to be squares;and up to a milliononly I/IOOOpart; on the
otherhand in an infinitenumber,ifone couldconceiveof sucha
thing, he wouldbe forced to admit that there are as many
squaresas therearenumbersall taken together.

SAGR.What then must one concludeunder these circum-
stances?

SALV.So far as I seewe can only infer that the totality of
all numbersis infinite,that the number of squares is infinite,
and that the number of their roots is infinite; neither is the
number of squaresless than the totality of all numbers,nor
the latter greater than the former; and finally the attributes
"equal," "greater," and "less," are not applicableto infinite,

but
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but only to finite, quantkies. When thereforeSimpllc[oin-
troducesseverallinesof differentlengthsand asksme how it
is possible that the longerones do not contain more points
than the shorter,I answerhim that one linedoesnot contain
more or lessor just as many points as another,but that each
line containsan infinitenumber. Or if I had repliedto him
that the pointsinone llnewereequalin numberto the squares;
inanother,greaterthan thetotality ofnumbers;andin the little
one,asmany asthe numberof cubes,mightI not, indeed,have
satisfiedhim by thus placingmore points in one line than in
another and yet maintainingan infinitenumberin each? So
muchforthe firstdifficulty.

SAGg.Pray stop a momentand let me add to what has al-
readybeen said an idea whichjust occursto me. If the pre-
cedingbe true, it seemsto me impossibleto say either that one
infinitenumberis greater than anotheror eventhat it isgreater
than a finitenumber,becauseifthe infinitenumberweregreater
than, say, a millionit wouldfollowthat on passingfrom the
millionto higher and highernumberswe wouldbe approach-
ing the infinite;but this is not so; on the contrary, the lar-
ger the number to which we pass, the more we recedefrom
[thispropertyof]infinity,becausethe greater the numbersthe
fewer [relatively]are the squarescontained in them; but the
squaresin infinity cannot be lessthan the totality of all the
numbers,as we havejust agreed;hencethe approachto greater
and greaternumbersmeansa departurefrominfinity.*

SAT.v.And thus fromyour ingeniousargumentwe areled to[8o]
concludethat the attributes "larger," "smaller,"and "equal"
have no placeeither in comparinginfinitequantitieswith each
other or in comparinginfinitewith finitequantities.

I pass now to another consideration. Sincelines and all
continuousquantitiesare divisibleinto parts whichare them-
selvesdivisiblewithout end, I do not see how it is possible

*Acertainconfusionofthoughtappearstobeintroducedherethrough
a failuretodistinguishbetweenthenumbern andtheclassofthefirstn
numbers;andlikewisefroma failuretodistinguishinfinityasa number
frominfinityastheclassofallnumbers.[Trans.]
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to avoidthe conclusionthat theselinesare builtup of an in-
finitenumberofindivisiblequantitiesbecausea divisionanda
subdivisionwhichcan be carriedon indefinitelypresupposes
that theparts areinfinitein number,otherwisethe subdivision
wouldreachan end;andif thepartsareinfinitein number,we
mustconcludethat theyare not finitein size,becausean in-
finitenumberoffinitequantitieswouldgivean infinitemagni-
tude. Andthuswehavea continuousquantitybuiltupof an
infinitenumberof indivisibles.

Shay.But if wecan carryon indefinitelythe divisioninto
finiteparts what necessityis therethen for the introduction
ofnon-finlteparts?

SALV.The very facetthat oneis ableto continue,without
end,the divisionintofiniteparts[inpattiquante]makesit nec-
essaryto regardthe quantityas composedof an infinitenum-
ber of immeasurablysmallelements[di infinitinon quanta].
Nowin orderto settlethismatterI shallaskyou to tellme
whether,in youropinion,a continuumis madeup of a finite
orofaninfinitenumberoffiniteparts[partiquante].

SIMI,.My answeris that their numberis both infiniteand
finite;potentiallyinfinitebut afftuallyfinite[infinite,in po..
tenza;efinite,in atto];that is to say,potentiallyinfinitebefore
divisionandactuallyfiniteafterdivision;becausepartscannot
be saidto existin a bodywhichis notyet dividedor at least
markedout;ifthisisnotdonewesaythattheyexistpotentially.

SALV.So that a linewhichis, for instance,twentyspans
longis notsaidto containafftuallytwentylineseachonespan
in lengthexceptafterdivisionintotwentyequalparts; before
divisionit is saidto containthemonlypotentially.Suppose
thefacetsareasyousay;tellmethenwhether,whenthedivision
is oncemade,the sizeof the originalquantityis therebyin-
creased,diminished,orunaffecCted.

SIMV.It neitherincreasesnordiminishes.
SALV.That is my opinionalso. Thereforethe finiteparts

[pattiquante]in a continuum,whethera&uallyor potentially
present,donotmakethe quantityeitherlargeror smaller;but
it is perfecCtlyclearthat, if thenumberoffiniteparts aCtually

contained
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containedin thewholeisinfinitein number,theywillmakethe
magnitudeinfinite.Hencethenumberoffiniteparts,although
existingonlypotentially,cannotbeinfiniteunlessthemagnitude
containingthembeinfinite;andconverselyif themagnitudeis

finiteit cannotcontainan infinitenumberoffinitepartseither
actuallyor potentially.

SAGe.Howthenisit possibleto dividea continuumwithout
limitintopartswhicharethemselvesalwayscapableofsubdivi-
sion?

SAT.V.ThisdistinCtionofyoursbetweenactualandpotential
appearsto rendereasybyonemethodwhatwouldbeimpossible
by another. But I shallendeavorto reconcilethesematters
in anotherway;and as to the querywhetherthe finiteparts
of a limitedcontinuum[continuoterminato]are finiteor in-
finitein numberI will,contraryto the opinionof Simplicio,
answerthattheyareneitherfinitenorinfinite.

SIMP.Thisanswerwouldneverhaveoccurredto mesinceI
didnotthinkthat thereexistedanyintermediatestepbetween
the finiteandthe infinite,so that the classificationor distinc-
tionwhichassumesthat a thingmustbeeitherfiniteor infinite
isfaultyanddefective.

SALv.Soit seemstome. Andifweconsiderdiscretequanti-
ties I thinkthereis, betweenfiniteandinfinitequantities,a
third intermediatetermwhichcorrespondsto everyassigned
number;so that if asked,as in the presentcase,whetherthe
finitepartsof a continuumarefiniteor infinitein numberthe
best replyisthat theyareneitherfinitenorinfinitebut corre-
spondto everyassignednumber. In orderthat thismaybe
possible,it isnecessarythat thosepartsshouldnotbeincluded
withina limitednumber,forin that casetheywouldnotcorre-
spondto a numberwhichisgreater;norcantheybeinfinitein
numbersincenoassignednumberis infinite;andthus at the
pleasureofthe questionerwemay,to anygivenline,assigna
hundredfiniteparts,a thousand,ahundredthousand,or indeed
anynumberwemaypleasesolongasit benotinfinite.I grant,
therefore,to the philosophers_that the continuumcontainsas

many
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manyfinitepartsas theypleaseandI concedealsothat it con-
tainsthem,eitheraCtuallyor potentially,astheymaylike;but
I mustaddthat justasalineten fathomsJeanne]inlengthcon-
tainsten lineseachof onefathomandfortylineseachof one
cubit[braccia]andeightylineseachof halfa cubit,etc.,soit
containsan infinitenumberof points;callthemaCtualor po-
tential,asyoulike,foras to thisdetail,Simplicio,Ideferto your
opinionandto yourjudgment.

[821
SL_P.I cannothelp admiringyour discussion;but I fear

that this parallelismbetweenthe pointsand the finiteparts
containedina linewillnotprovesatisfaCtory,andthat youwill
notfindit soeasyto dividea givenlineintoan infinitenum-
berofpointsasthe philosophersdoto cut it intotenfathomsor
fortycubits;notonlyso,butsucha divisionis quiteimpossible
to realizein praCtice,sothat thiswillbe oneof thosepoten-
tialitieswhichcannotbereducedto actuality.

SALV.Thefact that somethingcanbe doneonlywitheffort
ordiligenceorwithgreatexpenditureoftimedoesnotrenderit
impossible;for I thinkthat youyourselfcouldnoteasilydivide
a lineinto a thousandparts,andmuchlessif the numberof
parts were937or any other largeprimenumber. But if I
wereto accomplishthisdivisionwhichyoudeemimpossibleas
readilyas anotherpersonwoulddividethe lineintofortyparts
wouldyouthenbemorewilling,inourdiscussion,toconcedethe
possibilityofsuchadivision?

Snvn,.In generalI enjoygreatlyyourmethod;andreplying
to yourquery,I answerthat it wouldbe morethansufficient
if it provenotmoredifficultto resolvea lineintopointsthanto
divideit intoa thousandparts.

SALv.I willnowsaysomethingwhichmayperhapsastonish
you; it refersto the possibilityof dividinga lineinto its in-
finitelysmallelementsby followingthe sameorderwhichone
employsin dividingthesamelineintoforty,sixty,ora hundred
parts,that is,bydividingit intotwo,four,etc. Hewhothinks
that, byfollowingthismethod,hecanreachan infinitenumber
ofpointsisgreatlymistaken;forif thisprocesswerefollowedto

etemiw
/

7
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eternity there wouldstill remain finiteparts whichwere un-
divided.

Indeedby such a methodone is very far from reachingthe
goal of indivisibility;on the contrary he recedesfrom it and
whilehe thinksthat, by continuingthis divisionand by multi-
plying the multitude of parts, he will approachinfinity,he is,
inmy opinion,getting farther and farther awayfromit. My
reasonis this. In the precedingdiscussionwe concludedthat,
inan infinitenumber,it is necessarythat the squaresand cubes
shouldbe as numerousas the totality of the natural numbers
[tuttii numerz],becauseboth of these are as numerousas their
roots which constitute the totality of the natural numbers.
Nextwe sawthat thelargerthe numberstakenthemoresparsely
distributedwerethe squares,and stillmore sparselythe cubes;
thereforeit is clearthat the largerthe numbersto whichwepass
the farther we recedefromthe infinitenumber;henceit follows

[8S]
that, sincethis processcarriesus fartherand fartherfromthe
endsought, if on turningback we shallfindthat any number
can be said to be infinite,it mustbe unity. Here indeedare
satisfiedall those conditionswhichare requisiteforan infinite
number;I meanthat unity containsin itselfasmanysquaresas
therearecubesandnaturalnumbers[tuttii numen].

SIMP.I donotquitegraspthemeaningofthis.
SALV.There is no difficultyin the matter becauseunity is at

once a square, a cube, a squareof a squareand all the other
powers[dignity];noris thereany essentialpeculiarityinsquares
or cubeswhichdoesnot belongto unity; as, for example,the
propertyof twosquarenumbersthat they havebetweenthema
mean proportional;take any squarenumberyou pleaseas the
first term and unity for the other, then youwill alwaysfind a
numberwhichis a meanproportional. Considerthe twosquare
numbers,9 and 4; then 3 is the mean proportionalbetween
9 and I ;while2is ameanproportionalbetween4and I; between
9 and 4 we have6 as a mean proportional.A propertyof cubes
is that they must have betweenthem two mean proportional
numbers; take 8 and 27; betweenthem lie IZ and 18;while

between
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betweenIand8wehave2 and4 intervening;andbetweenI and
27therelie3 and9. Thereforeweconcludethat unity is the
onlyinfinitenumber.Thesearesomeofthemarvelswhichour
imaginationcannotgraspandwhichshouldwarnusagainstthe
seriouserror of thosewhoattempt to discussthe infiniteby
assigningto it the samepropertieswhichweemployfor the
finite,thenaturesofthetwohavingnothingincommon.

Withregardto thissubjecCtI musttellyouof a remarkable
propertywhichjustnowoccursto me andwhichwillexplain
thevastalterationandchangeofcharacCterwhicha finitequan-
tity wouldundergoin passingto infinity.Let us drawthe
straightlineABofarbitrarylengthandlet the pointC divide
it into twounequalparts;thenI saythat,ifpairsoflinesbe
drawn,onefromeachof the terminalpointsA andB, andif
theratiobetweenthelengthsoftheselinesisthe sameas that
betweenACandCB,theirpointsofinterse&ionwillalllieupon
the circumferenceof oneandthe samecircle. Thus,for ex-

[84]
ample,ALandBLdrawnfromAandB,meetingat thepointL,
beatingto oneanotherthe sameratioasACto BC, andthe

pair AK and BK

meetingat K also
beatingto one an-
otherthesameratio,
andlikewisethepairs

A 6 _c B-ii"-"""_ EM, BI,AH,BH,AG,BG, AF, BF, AE,
BE,havetheirpoints
ofintersec°donL, K,
I,H,G,F,E,allly-

Fig.7 inguponthecircum-
ferenceofoneandthesamecircle. Accordinglyifweimagine
thepointCtomovecontinuouslyinsuchamannerthatthelines
drawnfromittothefixedterminalpoints,AandB,alwaysmain-
tainthesameratiobetweentheirlengthsasexistsbetweenthe
originalparts,ACandCB,thenthepointC will,as I shallpres-
entlyprove,describeacircle.And thecirclethusdescribedwill

_crcase

r



FIRST DAY 39
increasein sizewithoutlimitas the pointC approachesthemid-
dlepoint whichwe may callO; but it willdiminishinsizeas C
approachesthe endB. So'thatthe infinitenumberof pointslo-
catedinthe lineOBwill,if the motionbeasexplainedabove,de-
scribecirclesofeverysize,somesmallerthan thepupilofthe eye
ofa flea,otherslargerthanthe celestialequator. Nowifwemove
anyof the pointslying betweenthe two endsO and B they will
all describecircles,thosenearestO, immensecircles;but if we
move the point O itself,and continueto moveit accordingto
the aforesaidlaw,namely,that the linesdrawnfrom O to the
terminalpoints,A andB, maintainthesameratioasthe original
linesAOandOB,what kindof a linewillbe produced? A circle
willbe drawnlargerthan the largestof the others,a circlewhich
isthereforeinfinite. But fromthepointOa straightlinewillalso
be drawnperpendicularto BA and extendingto infinitywith-
out ever turning, as did the others, to join its lastend with its
first; for the point C, with its limitedmotion,havingdescribed

[85]
the upper semi-circle,CHE, proceedsto describe the lower
semicircleEMC, thus returning to the startingpoint. But the
point O havingstarted to describeits circle,as didall the other
points in the lineAB, (for the points in the other portionOA
describetheir circlesalso, the largest beingthose nearest the
point O) is unable to return to its startingpoint becausethe
circleit describes,beingthe largestof all, is infinite;in fact, it
describesan infinitestraight lineas circumferenceof its infinite
circle. Thinknowwhat a differencethereisbetweena finiteand
an infinitecirclesince the latter changescharacter in such a
mannerthat it losesnotonly its existencebut alsoits possibility
of existence;indeed,we alreadyclearlyunderstandthat there
canbe nosuch thingas an infinitecircle;similarlytherecanbe
no infinitesphere, no infinitebody, and no infinitesurfaceof
anyshape. Nowwhat shallwesayconcerningthismetamorpho-
sisin the transition fromfiniteto infinite? Andwhy shouldwe
feel greater repugnance,seeing that, in our search after the
infiniteamongnumberswe foundit in unity? Having broken
up a solidinto many parts, havingreducedit to the finestof

powder
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powderandhavingresolvedit intoitsinfinitelysmallindivisible
atomswhymaywenotsaythat thissolidhasbeenreducedto a
singlecontinuum[unsolocontinuo]perhapsa fluidlikewateror
mercuryor evena liquifledmetal? Anddowenotseestones
meltintoglassandtheglassitselfunderstrongheatbecomemore
fluidthanwater?

SAtin.Arewethento believethat substancesbecomefluidin
virtueof beingresolvedinto their infinitelysmallindivisible
components?

SALv.I amnot ableto findanybettermeansofaccounting
forcertainphenomenaofwhichthe followingisone. WhenI
takea hardsubstancesuchasstoneormetalandwhenI reduce
it by meansof a hammeror finefileto the mostminuteand
impalpablepowder,it is clearthat itsfinestparticles,although
whentakenoneby oneare,onaccountoftheirsmallness,im-
perceptibleto our sightandtouch,are neverthelessfinitein
size,possessshape,andcapabilityof*beingcounted. It is also
truethatwhenonceheapeduptheyremainin aheap;andifan
excavationbemadewithinlimitsthecavitywillremainandthe
surroundingparticleswillnot rushin to fill it; if shakenthe
particlescometo restimmediatelyaftertheexternaldisturbing
agentis removed;the sameeffecCtsareobservedin allpilesof

[86]
largerandlargerparticles,ofanyshape,evenif spherical,asis
thecasewithpilesofmillet,wheat,leadshot,andeveryother
material. But if weattempt to discoversuchpropertiesin
waterwedonotfindthem;forwhenonceheapedup it imme-
diatelyflattensoutunlessheldupbysomevesselorotherexter-
nalretainingbody;whenhollowedout it quicklyrushesintofill
the cavity;and whendisturbedit flu&uatesfora longtime
andsendsoutitswavesthroughgreatdistances.

Seeingthat waterhas less firmness[consistenza]than the
finestofpowder,infa_ hasnoconsistencewhatever,wemay,
it seemsto me, very reasonablyconcludethat the smallest
particlesintowhlchit canbe resolvedarequitedifferentfrom
finiteanddivisibleparticles;indeedthe onlydifferenceI am
abletodiscoveristhattheformerareindivisible.Theexquisite

transparency
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transparencyofwateralsofavorsthisview;forthemosttrans-
parentcrystalwhenbrokenandgroundandreducedto powder
losesitstransparency;thefinerthegrindingthegreatertheloss;
but in the caseof waterwherethe attritionis of the highest
degreewehaveextremetransparency.Goldandsilverwhen
pulverizedwithacids[acquefortz]morefinelythanis possible
with anyfilestill remainpowders,*anddonotbecomefluids
untilthe finestparticles[gl'indivisibih]offireorofthe raysof
thesundissolvethem,asI think,intotheirultimate,indivisible,
andinfinitelysmallcomponents.

SACR.Thisphenomenonof lightwhichyoumentionis one
whichI havemanyti.mesremarkedwithastonishment.I have,
for instance,seenleadmeltedinstantlybymeansofa concave
mirroronly threehands[palmz]in diameter.HenceI think
that if themirrorwereverylarge,well-polishedandofa para-
bolicfigure,it wouldjustas readilyandquicklymeltanyother
metal,seeingthat thesmallmirror,whichwasnotwellpolished
andhadonlya sphericalshape,wasablesoenergeticallyto melt
lead andburn everycombustiblesubstance.Sucheffe&sas
theserendercredibleto me the marvelsaccomplishedby the
mirrorsofArchimedes.

SALV.Speakingof the effe&sproducedby the mirrorsof
Archimedes,it washisownbooks(whichI hadalreadyreadand
studiedwithinfiniteastonishment)that renderedcredibletome
allthemiraclesdescribedbyvariouswriters.Andifanydoubt
hadremainedthe bookwhichFatherBuonaventuraCavalierit

[87]
has recentlypublishedon the subjec°cof the burningglass
[speccMoustorfo]andwhichI havereadwithadmirationwould
haveremovedthelastdifficulty.

SAGR.I alsohaveseenthis treatiseand havereadit with
* It is not clear what Galileohere meansby sayingthat gold and

silverwhentreated withacidsstillremainpowders. [Trans.]
OneofthemostactiveinvestigatorsamongGalileo'scontemporaries;

bornatMilanI598;diedatBologna_647;aJesuitfather,firsttointro-
ducetheuseoflogarithmsintoItalyandfirsttoderivetheexpressionfor
thefocallengthofalenshavingunequalradiiofcurvature.His"method
ofindivisibles"is to bereckonedasa precursorof theinfinitesimal
calculus. [Trans.]
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pleasureand astonishment;and knowingthe author I was con-
firmed in the opinionwhichI had alreadyformedof him that
he was destinedto becomeone of the leadingmathematicians
of our age. But now, with regard to the surprisingeffect of
solarrays inmeltingmetals,must webelievethat sucha furious
adtionis devoidofmotionor that it is accompaniedbythe most
rapid ofmotions?

SALv.We observethat other combustionsand resolutionsare
accompaniedby motion,and that, the most rapid; note the ac-
tion of lightningand of powderas used in minesand petards;
note alsohowthe charcoalflame,mixedas it is with heavy and
impurevapors, increasesits powerto liquify metalswhenever
quickenedby a pair ofbellows. HenceI donotunderstandhow
the action oflight, althoughverypure, can be devoidof motion
and that ofthe swiftesttype.

SAGR.But of what kindand howgreatmust we considerthis
speedof lightto be? Is it instantaneousor momentaryor does
it likeother motionsrequiretime? Can we not decidethis by
experiment?

Sn_P.Everyday experienceshowsthat the propagationof
light is instantaneous;for whenwe seea pieceof artilleryfired,
at great distance,the flash reachesour eyes without lapse of
time; but the sound reachesthe ear only after a noticeable
interval.

SAGR.Well,Simplicio,the only thing I am able to inferfrom
this familiarbit of experienceis that sound, in reachingour
ear,travelsmoreslowlythanlight;it doesnot informmewhether
the comingof the light is instantaneousor whether, although
extremelyrapid, it still occupiestime. An observationof this
kind tells us nothingmorethan one in whichit is claimedthat
"As soonas the sun reachesthe horizonits light reachesour
eyes"; but whowill assureme that these rays had not reached
this limitearlierthan they reachedour vision?

SAT.v.The small conclusivenessof these and other similar
observationsonceledmeto devisea methodbywhichonemight
accuratelyascertainwhetherillumination,i. e.,the propagation
of light, is really instantaneous. The fac2that the speed of

sound
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[88]

soundis as high as it is, assuresus that the motionof light
cannotfailto beextraordinarilyswift.TheexperimentwhichI
devisedwasasfollows:

Leteachoftwopersonstakea lightcontainedina lantern,or
otherreceptacle,suchthatbythe interpositionofthehand,the
onecanshutoffor admitthelightto the visionof theother.
Nextlet themstandoppositeeachotherat a distanceofa few
cubitsandprac°dceuntiltheyacquiresuchskillinuncovering
andoccultingtheirlightsthattheinstantoneseesthelightofhis
companionhe willuncoverhisown. Aftera fewtrialsthe
responsewillbe sopromptthat withoutsensibleerror[svario]
theuncoveringofonelightis immediatelyfollowedby theun-
coveringoftheother,sothatassoonasoneexposeshislighthe
willinstantlyseethatoftheother. Havingacquiredskillatthis
shortdistancelet the two experimenters,equippedasbefore,
takeuppositionsseparatedby a distanceoftwoor threemiles
andlet themperformthesameexperimentatnight,notingcare-
fullywhethertheexposuresandoccultationsoccurinthe same
mannerasat shortdistances;iftheydo,wemaysafelyconclude
that the propagationof lightis instantaneous;butif timeis
requiredat a distanceof threemileswhich,consideringthe
goingofonelightandthe comingoftheother,reallyamounts
to six,thenthe delayoughtto be easilyobservable.If the
experimentis to be madeat stillgreaterdistances,sayeight
or ten miles,telescopesmaybe employed,eachobserverad-
justingoneforhimselfat the placewhereheis to makethe
experimentat night;thenalthoughthelightsarenotlargeand
arethereforeinvisibleto the nakedeyeat sogreata distance,
theycanreadilybecoveredanduncoveredsincebyaidofthe
telescopes,onceadjustedandfixed,they willbecomeeasily
visible.

SAGa.Thisexperimentstrikesmeasa cleverandreliablein-
vention.But tellus whatyouconcludefromtheresults.

SALV.In fadt I havetriedtheexperimentonlyat a short
distance,lessthan a mile,fromwhichI havenotbeenableto
ascertainwith certaintywhetherthe appearanceof the o19_

posite
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ix)sitelight was instantaneousor not; but if not instantaneous
it is extraordinarilyrapid--I shoialdcall it momentary;and for
the present I shouldcompareit to motionwhichwe see in the
lightningflashbetweencloudseightor ten milesdistant fromus.
We see the beginningof this light--I might say its head and

[89]
source--locatedat a particular placeamongthe clouds;but it
immediatelyspreadsto the surroundingones,whichseemsto be
an argumentthat at least sometime is requiredforpropagation;
for if the illuminationwere instantaneousand not gradual,we
should not be able to distinguishits orlgin--its center,so to
speak--from its outlyingportions. What a seawe are grad-
ually slippinginto without knowingit! With vacua and in-
finities and indivisiblesand instantaneousmotions, shall we
everbe able,evenby meansof a thousanddiscussions,to reach
dry land?

SAGR.Really these matters lie far beyondour grasp. Just
think; whenwe seek the infiniteamongnumberswe find it in
unity; that whichis ever divisibleis derivedfrom indivisibles;
the vacuum is found inseparablyconnectedwith the plenum;
indeedthe viewscommonlyheld concerningthe natureof these
matters are soreversedthat eventhe circumferenceof a circle
turns out to be an infinitestraight line, a fact which, if my
memory servesme correctly,you, Salviati,were intending to
demonstrategeometrically. Please thereforeproceedwithout
furtherdigression.

SAr.V.I am at your service;but for the sakeof greater clear-
nesslet mefirstdemonstratethe followingproblem:

Given a straight linedividedinto unequalparts whichbear
to eachother any ratio whatever,to describea circlesuch
that two straight lines drawn from the ends of the given
line to any point on the circumferencewill bear to each
other the sameratio asthe twoparts of the givenline,thus
makingthoselineswhichare drawnfromthe sameterminal
pointshomologous.

LetABrepresentthe givenstraight linedividedinto any two
unequalparts by the point C; the problemis to describea circle

such
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suchthat twostraightlinesdrawnfromthe terminalpoints,
A andB, to anypointon thecircumferencewillbearto each
otherthesameratioasthepartACbearsto BC,sothat lines
drawnfromthesameterminalpointsarehomologous.About
C as centerdescribea circlehavingthe shorterpartCBofthe
givenline,asradius.ThroughAdrawa straightlineADwhich

[90]
shallbe tangentto the circleat D andindefinitelyprolonged
towardE. Drawthe radiusCDwhichwillbe perpendicular
to AE. At ]3erecta perpendicularto AB;thisperpendicular
willintersectAE at
somepointsincethe
angleat A is acute;
callthis pointof in-
tersecCtionE, and
fromit drawa per- (I
pendicular to AE
whichwillintersecCt
AB prolongedin F.
NowI say the two
straightlinesFEand
FC are equal. For _I""_Lifwejoin E and C,
we shall have two Fig.8
triangles,DECand BEC,in whichthe twosidesof the one,
DE and EC, are equal to the two sidesof the other,BE
andEC, both DE andEB beingtangentsto the circleDB
whilethe basesDC and CB are likewiseequal;hencethe
two angles,DEC and BEC, willbe equal. Nowsincethe
angleBCEdiffersfroma rightanglebytheangleCEB,andthe
angleCEFalsod_ffersfromarightanglebytheangleCED,and
sincethesedifferencesareequal,it followsthat the angleFCE
is equalto CEF;consequentlythesidesFE andFCare equal.
If wedescribea circlewithF as centerandFE asradiusit will
passthroughthepointC;letCEGbesuchacircle.Thisisthe
circlesought,forifwedrawlinesfromtheterminalpointsAand
B to anypointonitscircumferencetheywillbearto eachotherthe
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thesameratioasthetwoportionsACandBCwhichmeetat the
pointC. Thisismanifestin the caseof the twolinesAEand
BE,meetingat thepointE, becausetheangleEofthe triangle
AEBisbise_edbythelineCE,andthereforeAC:CB=AE:BE.
ThesamemaybeprovedofthetwolinesAGandBGterminat-
ingin thepointG. For sincethe trianglesAFEandEFBare
similar,wehaveAF:FE=EF:FB, or AF:FC=CF:FB, and
dividendoAC:CF=CB:BF, or AC:FG=CB:BF; alsocom-
ponendowehavebothAB:BG=CB:BFandAG:GB=CF:FB
=AE:EB=AC:BC. Q.E.D.

[9_]
Take now any other point in the circumference,say H,

wherethe twolinesAH andBH intersect;in likemannerwe
shallhaveAC:CB=AH:I-lB.ProlongHB untilit meetsthe
circumferenceat I and join IF; and sincewe havealready
foundthat AB:BG=CB:BF it followsthat the recCtangle
AB.BFis equalto therecCtangleCB.BGorIB.BH. HenceAB:
BH--IB:BF. But the anglesat B are equalandtherefore
AH:HB=IF:FB=EF:FB=AE:EB.

Besides,I mayadd,that it isimpossibleforlineswhichmain-
tain this sameratioandwhichare drawnfromthe terminal
points,AandB,to meetat anypointeitherinsideoroutsidethe
circle,CEG. Forsupposethiswerepossible;letALandBLbe
two suchlinesintersec°dngat the pointL outsidethe circle:
prolongLBtill it meetsthe circumferenceat M andjoinMF.
If AL:BL=AC:BC=MF:FB,then we shallhave two tri-
anglesAI.R and MFB whichhave the sidesaboutthe two
anglesproportional,the anglesat the vertex,B,equal,andthe
two remainingangles,FMB andLAB,lessthanrightangles
(becausetherightangleatMhasforitsbasetheentirediameter
CGandnotmerelya partBF: andtheotherangleat thepoint
AisacutebecausethelineAL,thehomologueofAC,isgreater
thanBL,the homologueofBC). Fromthisit followsthat the
trianglesABLandMBF are similarandthereforeAB:BL=
MB:BF, makingthe recCtangleAB.BF=MB.BL;but it has
beendemonstratedthat therecCtangleAB.BFisequaltoCB.BG;
whenceit wouldfollowthat thereeCtangleMB.BLisequalto the

rectangle
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recCtangleCB.BGwhichisimpossible;thereforetheintersecCtion
cannotfalloutsidethecircle.Andinlikemannerwecanshow
thatit cannotfallinside;hencealltheseintersectionsfallonthe
circumference.

But nowit istimeforus to gobackandgranttherequestof
Simplicioby showinghimthat it is notonlynotimpossibleto
resolvea lineintoan infinitenumberofpointsbut that thisis
quiteaseasyasto divideit intoitsfiniteparts. ThisI willdo
underthe followingconditionwhichI am sure,Simplicio,you
willnot denyme,namely,that youwillnot requiremeto sep-
aratethe points,onefromthe other,andshowthemto you,[92]
oneby one,on this paper;for I shouldbe contentthat you,
withoutseparatingthe fouror sixpartsof a linefromonean-
other,shouldshowmethemarkeddivisionsorat mostthatyou
shouldfoldthemat anglesforminga squareor a hexagon:for,
then, I am certainyou wouldconsiderthe divisiondistin_ly
andactuallyaccomplished.

S_P. I certainlyshould.
SALv.If nowthechangewhichtakesplacewhenyoubenda

lineat anglessoasto formnowa square,nowanoctagon,nowa
polygonof forty,a hundredor a thousandangles,is sufficient
to bring into acCtualitythe four,eight, forty,hundred,and
thousandpartswhich,accordingto you,existedat firstonly
potentiallyin thestraightline,mayI notsay,withequalright,
that,whenI havebentthestraightlineintoa polygonhavingan
infinitenumberof sides,i. e., intoa circle,I havereducedto
actualitythat infinitenumberofpartswhichyouclaimed,while
itwasstraight,werecontainedin it onlypotentially? Norcan
onedenythat thedivisionintoan infinitenumberofpointsis
justastrulyaccomplishedas theoneintofourpartswhenthe
squareisformedor intoa thousandpartswhenthemillagonis
formed;forinsuchadivisionthesameconditionsaresatisfiedas
in the caseof a polygonofa thousandor a hundredthousand
sides. Sucha polygonlaidupona straightlinetouchesitwith
oneof its sides,i. e.,withoneof its hundredthousandparts;
whilethecirclewhichisapolygonof aninfinitenumberofsidestouches
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touches the same straight linewith one of its sideswhich is a
singlepoint differentfrom all its neighborsand thereforesep-
arate and distincCtinno lessdegreethan is onesideof a polygon
fromthe other sides. Andjust as a polygon,whenrolledalong
a plane,marks out upon this plane,by the successivecontac%
of its sides,a straight lineequal to its perimeter,so the circle
rolleduponsuch a plane alsotracesby its infinitesuccessionof
contadtsa straight lineequal in lengthto its owncircumference.
I amwilling,Sirnplicio,at the outset,to grantto thePeripatetics
the truth of their opinionthat a continuousquantity [if con-
tinuo]is divisibleonlyinto parts whichare still further divisible
so that howeverfar the divisionand subdivisionbe continuedno
end will be reached;but I am not so certain that they will
concedeto me that noneof these divisionsof theirs can be a
finalone, as is surely the facCt,becausethere alwaysremains
"another"; the final and ultimate divisionis rather one which
resolvesa continuousquantity into an infinitenumber of in-
divisiblequantities,a resultwhichI grant canneverbe reached
by successivedivisioninto an ever-increasingnumber of parts.
But if they employthe methodwhichI proposefor separating

[931
and resolvingthe wholeof infinity[tuttala infini_], at a single
stroke (an artificewhich surely ought not to be deniedme),
I think that theywouldbe contentedto admitthat a continuous
quantity is built up out of absolutelyindivisibleatoms, es-
pecially since this method, perhaps better than any other,
enablesus to avoidmany intricate labyrinths,suchas cohesion
in solids,alreadymentioned,and the questionof expansionand
contra_ion,withoutforcinguponus the objectionableadmission
ofemptyspaces[insolids]whichcarrieswith it the penetrability
of bodies. BothoftheseobjecCfions,it appearstome, areavoided
if we accept the above-mentionedview of indivisiblecon-
stituents.

Stop. I hardly knowwhat the Peripateticswouldsay since
the viewsadvancedby youwouldstrikethemasmostlynew,and
as suchwemust considerthem. It ishowevernot unlikelythat
they wouldfindanswersand solutionsfor theseproblemswhich

I,
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I, forwantoftimeandcriticalability,amat presentunableto
solve. Leavingthis to onesideforthemoment,I shouldlike
to hearhowthe introductionof these indivisiblequantities
helpsus to understandcontractionandexpansionavoidingat
thesametimethevacuumandthepenetrabilityofbodies.

Sacg.I alsoshalllistenwithkeeninteresttothissamematter
whichis farfromclearin mymind;providedI amallowedto
hearwhat,amomentago,Simpliciosuggestedweomit,namely,
the reasonswhichAristotleoffersagainstthe existenceof the
vacuumandtheargumentswhichyoumustadvanceinrebuttal.

SALv.I willdoboth. Andfirst,just as,forthe production
of expansion,weemploythe linedescribedby the smallcircle
duringonerotationof the largeone--alinegreaterthan the
circumferenceof the smallcircle--so,in orderto explaincon-
traction,wepointout that,duringeachrotationofthe smaller
circle,the largeronedescribesa straightlinewhichis shorter
thanitscircumference.

For thebetterunderstandingof thisweproceedto the con-
siderationofwhathappensin thecaseofpolygons.Employing

[941
a figuresimilarto the earlierone,construcCtthetwohexagons,
ABCandHIK, aboutthe commoncenterL, andlet themroll
alongtheparallellinesHOMandABc. Nowholdingthevertex
I fixed,allowthe smallerpolygonto rotateuntilthe sideIK
liesuponthe parallel,duringwhichmotionthe pointK will
describethe arcKM, andthe sideKI willcoincidewithIM.
Let us seewhat,in the meantime,the sideCBof the larger
PheOlygonhasbeendoing.SincetherotationisaboutthepointI,

terminalpointB, of the lineIB, movingbackwards,will
describethearcBbunderneaththeparallelcAsothat whenthe
sideKI coincideswiththelineMI,thesideBCwillcoincidewith
bc,havingadvancedonlythroughthe distanceBc,but having
retreatedthrougha portionofthe lineBAwhichsubtendsthe
arcBb.Ifweallowtherotationofthesmallerpolygonto goon
it willtraverseanddescribealongits parallela lineequalto its
perimeter;whilethe largeronewilltraverseanddescribea line
lessthanitsperimeterbyasmanytimesthelengthbBasthereare
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are sides lessone; this line is approximatelyequal to that de-
scribedby the smallerpolygonexceedingit onlyby the distance
bB. Here now we see, without any difficulty,why the larger

polygon,whencarriedby
the smaller, d oe s not
measureoffwith its sides
a line longer than that
traversed by the smaller
one;this isbecausea por-
tion ofeach sideis super-
posed upon its immedi-
ately precedingneighbor.

......" " ' Let us next consider
twocircles,havinga com-
moncenter at A, ly-and

I_ I ingupontheir respedtive

parallels,the smallerbe-
ing tangentto its parallel

2k at the point B; the larger,
at thepoint C.Herewhen
the smallcirclecommen-
ces to roll the point B

does not remainat rest
{:: "for a whileso as to allow

Fig.9 BC to move backward
and carry with it the point C, as happenedin the caseof the
polygons,where the point I remainedfixeduntil the sideKI
coincidedwithMI and the lineIB carriedthe terminalpoint B
backwardas far asb, so that the sideBCfelluponbc,thus super-
posinguponthe lineBA, the portionBb,and advancingby an
amount Bc, equal to MI, that is, to one sideof the smaller
polygon. On account of these superpositions,which are the
excessesof the sidesof the largerover the smallerpolygon,each
net advanceis equalto onesideof the smallerpolygonand,dur-
ingone completerotation, theseamountto a straight lineequal
in lengthto the perimeterof the smallerpolygon.

But
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But nowreasoningin the samewayconcerningthe circles,

wemustobservethat whereasthenumberofsidesinanypoly-
gonis comprisedwithina certainlimit,thenumberofsidesina
circleis infinite;the formerare finiteanddivisible;the latter
infiniteandindivisible.In thecaseofthepolygon,thevertices
remainat restduringan intervalof timewhichbearsto the
periodofonecompleterotationthe sameratiowhichoneside
bearsto the perimeter;likewise,in the caseof the circles,the
delayof eachof the infinitenumberof verticesis merelyin-
stantaneous,becausean instantis sucha fracCtionof a finite
intervalasa pointisofa linewhichcontainsaninfinitenumber
ofpoints.Theretrogressionofthesidesofthelargerpolygonis
not equalto the lengthofoneof its sidesbut merelyto the
excessof sucha sideoveronesideof the smallerpolygon,the
netadvancebeingequalto thissmallerside;butinthecircle,the
pointorsideC,duringtheinstantaneousrestofB,recedesbyan
amountequalto itsexcessoverthesideB,makinganetprogress
equalto B itself. In shortthe infinitenumberof indivisible
sidesofthegreatercirclewiththeirinfinitenumberofindivisible
retrogressions,madeduringtheinfinitenumberofinstantaneous
delaysof the infinitenumberof verticesof the smallercircle,
togetherwiththe infinitenumberof progressions,equalto the
infinitenumberof sidesin the smallercircle•all these,I say,
addup to.a lineequalto that describedby the smallercircle,
a line whichcontainsan infinitenumberof infinitelysmall
superpositions,thusbringingabouta thickeningor contracCtion
withoutany overlappingor interpenetrationof finiteparts.
Thisresultcouldnot beobtainedin thecaseofa linedivided

[96]
intofinitepartssuchas istheperimeterofanypolygon,which
whenlaldoutin a straightlinecannotbe shortenedexceptby
theoverlappingandinterpenetrationofitssides.Thiscontrac-
tionofan infinitenumberofinfinitelysmallpartswithoutthe
interpenetrationoroverlappingoffinitepartsandthepreviously
mentioned[p.7o,Nat.Ed.]expansionof an infinitenumberof
indivisiblepartsby the interpositionof indivisiblevacuais,in
myopinion,themostthat canbesaidconcerningthecontrac°donand
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and rarefacCtionof bodies,unlesswe giveup the impenetrability
ofmatter and introduceemptyspacesof finitesize. If youfind
anything herethat you considerworthwhile,pray use it; ifnot
regard it, together with my remarks, as idle talk; but this
remember,we are dealingwith the infiniteand the indivisible.

SAGR.I franklyconfessthat your idea is subtle and that it
impressesme as new and strange; but whether, as a matter of
facet,nature actually behaves accordingto such a law I am
unable to determine;however,until I find a more satisfacCtory
explanationI shall hold fast to this one. Perhaps Sirnplicio
can tell us somethingwhichI havenot yet heard, namely,how
to explainthe explanationwhich the philosophershave given
of this abstruse matter; for, indeed,all that I have hitherto
read concerningcontracCtionis so denseand that concerningex-
pansionso thin that my poor brain canneither penetrate the
formernorgraspthe latter.

SIMP.I am all at sea and finddiflicultlesin followingeither
path, especiallythis newone; becauseaccordingto this theory
an ounceof goldmight be rarefiedand expandeduntil its size
wouldexceedthat of theearth, whilethe earth, in turn, mightbe
condensedand reduceduntil it wouldbecomesmallerthan a
walnut, somethingwhichI donot believe;nor doI believethat
youbelieve it. The argumentsand demonstrationswhichyou
have advancedare mathematical,abstracCt,and far removed
fromconcretematter; and I do notbelievethat whenappliedto
the physicaland naturalworldtheselawswillhold.

SALV.I am not able to render the invisiblevisible,nor do
I think that youwillask this. But nowthat youmentiongold,
donot our sensestell us that that metal canbe immenselyex-
panded? I donot knowwhetheryouhaveobservedthe method

[97]
employedby thosewhoare skilledindrawinggoldwire,ofwhich
reallyonly the surfaceis gold,the insidematerialbeing silver.
The way they drawit is as follows:they take a cylinderor, if
you please,a rod of silver,about half a cubit longand three or
four times as wide as one's _daumb;this rod they coverwith
gold-leafwhichis so thin that it almostfloatsin air, puttingon

not
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notmorethaneightorten thicknesses.Oncegildedtheybegin
to pullit, withgreatforce,throughtheholesofa draw-plate;
againandagainit ismadeto passthroughsmallerandsmaller
holes,until, aftervery many passages,it is reducedto the
finenessofa lady'shair,or perhapsevenfiner;yet the surface
remainsgilded.Imaginenowhowthesubstanceofthisgoldhas
beenexpandedandtowhatfinenessit hasbeenreduced.

Sire,.I do not seethat this processwouldproduce,as a
consequence,that marvellousthinningof the substanceofthe
goldwhichyousuggest:first,becausetheoriginalgildingcon-
sistingoftenlayersofgold-leafhasasensiblethickness;secondly,
becausein drawingoutthe silverit growsin lengthbut at the
sametime diminishesproportionallyin thickness;and, since
onedimensionthuscompensatestheother,theareawillnotbe
soincreasedasto makeitnecessaryduringtheprocessofgilding
to reducethe thinnessof the goldbeyondthat oftheoriginal
leaves.

SALV.You are greatlymistaken,Simplicio,becausethe sur-
faceincreasesdirectlyas the squarerootof the length,a facCt
whichI candemonstrategeometrically.

SAGR.Pleasegiveus the demonstrationnotonlyformyown
sakebut alsoforSimplicioprovidedyou thinkwecanunder-
standit.

SALV.I'llseeif I can recallit on the spurof the moment.
.Attheoutset,it is clearthat theoriginalthickrodofsilverand
the wiredrawnout to an enormouslengtharetwocylindersof
the samevolume,sincetheyare the samebodyof silver. So

[981
that,if I determinetheratiobetweenthesurfacesofcylindersof
the samevolume,theproblemwillbesolved.I saythen,

The areasof cylindersof equalvolumes,neglectingthe
bases,bearto eachothera ratiowhichisthesquareroot
oftheratiooftheirlengths.

Taketwo cylindersof equalvolumehavingthe altitudesAB
andCD,betweenwhichthelineEisameanproportional.Then
I claimthat,omittingthebasesofeachcylinder,the surfaceof
the cylinderABis to that ofthecylinderCDasthelengthABis
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is to the lineE, that is,as the squarerootofAB isto the square
root of CD. Now cut off the cylinderAB at F sothat the alti-
tude AF is equal to CD. Then sincethe basesof cylindersof
equal volume bear to one another the inverseratio of their
heights, it followsthat the area of the circular base of the
cylinderCD willbe to the area of the circularbaseof ABas the
altitudeBAistoDC:moreover,sincecirclesare to one another
as the squares of their diameters,the said squareswill be to
eachother as BAis to CD. But BAis to CD as the squareof

E BA is to the squareof E: and, therefore,these
_-_ 1 four squareswill form a proportion;and like-I wise their sides; so the lineAB is to E as the

diameterof circle C is to the diameter of the
circleA. But the diametersare proportional
to the circumferencesand the circumferences
are proportionalto the areas of cylinders of

"-F equalheight; hencethe lineAB is to E as the
surfaceof the cylinderCD is to the surfaceof
the cylinderAF. Nowsincethe heightAF is to
AB asthe surfaceofAF is to the surfaceof AB;
and sincethe heightAB is to the lineE as the
surfaceCD is to AF, it follows,ex _equaliin

Fig.io proportioneperturbata,*that the height AF is
to E as the surfaceCD is to the surfaceAB, and con$ertendo,
the surfaceof the cylinderAB is to the surfaceof the cyl-
inder CD as the line E is to AF, i. e., to CD, or as AB is to
E which is the squareroot of the ratio of AB to CD. q.E.D.

If nowwe apply these resultsto the casein hand,and assume
that the silver cylinderat the time of gildinghad a length of
only half a cubit and a thicknessthree or four times that of

[99]
one's thumb,we shallfindthat, whenthe wirehasbeenreduced
to the finenessof a hair and has been drawnout to a lengthof
twenty thousand cubits (and perhaps more), the area of its
surface will have been increasednot less than two hundred
times. Consequentlythe ten leavesof goldwhichwerelaidon

*SeeEuclid,BookV,Def.2o.,Todhunter'sEd.,p.I37(London,I877.)
[Trans.]
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have beenextendedover a surfacetwohundred timesgreater,
assuringus that the thicknessofthe goldwhichnowcoversthe
surfaceof somany cubitsof wirecannot be greater than one
twentieth that of an ordinary leaf of beaten gold. Consider
nowwhat degreeof finenessit musthaveandwhetherone could
conceiveit to happenin any other way than by enormousex-
pansionof parts; consideralsowhetherthisexperimentdoesnot
suggest that physicalbodies [rnateriefisiche]are composedof
infinitelysmall indivisibleparticles,a viewwhichis supported
byothermorestrikingand conclusiveexamples.

SACR.Thisdemonstrationis sobeautifulthat, evenif it does
not have the cogencyoriginally intended,--althoughto my
mind, it is very forceful--the short time devoted to it has
neverthelessbeenmosthappilyspent.

SAT.v.Sinceyou are so fondof thesegeometricaldemonstra-
tions, which carry with them distinctgain, I will give you a
companiontheorem which answersan extremelyinteresting
query. Wehaveseenabovewhat relationsholdbetweenequal
cylindersof differentheightor length;let usnowseewhat holds
when the cylindersare equal in area but unequal in height,
understandingarea to includethe curvedsurface,but not the
upperandlowerbases. The theoremis:

The volumesof right cylindershavingequal curvedsur-
facesareinverselyproportionalto theiraltitudes.

Let the surfacesof the twocylinders,AlEand CF, be equalbut
let the height of the latter, CD, be greater than that of the
former,AB: then I say that the volumeof the cylinderAE is
to that of the cylinderCF as the heightCD is to AB. Now
since the surfaceof CF is equal to the surfaceof AE, it fol-
lowsthat the volumeof CF is lessthan that of_ALE;for, if they
wereequal, the surfaceof CF would,by the precedingproposi-
tion, exceedthat of AE, and the excesswouldbe so muchthe
greaterif the volumeof the cylinderCF weregreaterthan that[ ool
ofAE. Let usnowtake a cylinderID havinga volumeequalto
that o_?_; then, accordingto the precedingtheorem,the sur-
face of the cylinder'ID is to the surfaceof _ as the altitudeIF
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IF isto themeanproportionalbetweenIF andAB. Butsince
onedatumof the problemis that the surfaceof AEis equal
to that of CF, andsincethe surfaceID is to the surfaceCF
asthe altitudeIF isto thealtitudeCD,it followsthat CDisa

meanproportionalbetweenIF andAB.
""i Not onlyso,but sincethe volumeof thecylinderID is equalto that ofAE, each

willbearthe sameratioto the volumeof
the cylinderCF;but the volumeID is to
the volumeCF asthealtitudeIF is to the
altitudeCD; hencethe volumeof AE isc
to the volumeof CF as the lengthIF is
to thelengthCD,thatis,asthelengthCD

A is to thelengthAB. q.E.D.
Thisexplainsaphenomenonuponwhich

Ithe commonpeople alwayslook with
Iwonder,namely,ifwehavea pieceofstuff
!whichhasone sidelongerthanthe other,
!wecanmakefromit a cornsack,usingthe

E B ]customarywoodenbase,whichwiltholdI . .
m Fimorewhenthe shortsldeof the clothis

usedfortheheightofthesackandthelong
Fig.n sideis wrappedaroundthe woodenbase,

thanwith the alternativearrangement.Sothat, forinstance,
froma pieceofclothwhichissixcubitsononesideandtwelve
ontheother,a sackcanbemadewhichwillholdmorewhenthe
sideoftwelvecubitsis wrappedaroundthewoodenbase,leav-
ing the sacksix cubitshighthan whenthe sixcubitside is
putaroundthebasemakingthe sacktwelvecubitshigh. From
whathasbeenprovenabovewelearnnotonlythegeneralfa_
that onesackholdsmorethantheother,butwealsogetspecific
and particularinformationas to how muchmore,namely,
just in proportionas the altitudeof the sackdiminishesthe
contentsincreaseand viceversa. Thus if weuse the figures
givenwhichmakethe clothtwiceaslongaswideandifweuse
the longsideforthe seam,the volumeof the sackwillbejust
one-halfasgreatas withthe oppositearrangement.Likewise

if



FIRST DAY 57
[ioI]

if we havea pieceof mattingwhichmeasures7 x 25cubitsand
makefromit a basket,the contentsof thebasketwill,whenthe
seamislengthwise,be sevenas comparedwith twenty-fivewhen
the seamrunsendwise.

SAGI_.It is with great pleasurethat we continuethus to ac-
quire new and usefulinformation. But as regardsthe subjecCt
just discussed,I reallybelievethat, amongthosewho are not
alreadyfamiliarwithgeometry,youwouldscarcelyfindfourper-
sonsina hundredwhowouldnot,at firstsight,makethemistake
ofbelievingthat bodieshavingequalsurfaceswouldbe equalin
other respecCts.Speakingof areas,the sameerror ismadewhen
oneattempts,as oftenhappens,to determinethe sizesofvarious
cities by measuringtheir boundary lines, forgettingthat the
circuit of one may be equalto the circuitof anotherwhilethe
area of the one is much greater than that of the other. And
this is true not only in the caseof irregular,but alsoof regular
surfaces,,wherethe polygonhavingthe greaternumberof sides
alwayscontainsa largerarea than the onewith the lessnumber
of sides,so that finallythe circlewhich is a polygonof an in-
finitenumberof sidescontainsthe largestarea ofallpolygonsof
equal perimeter. I rememberwith particularpleasurehaving
seen this demonstrationwhen I was studying the sphere of
Sacrobosco*with the aidofa learnedcommentary.

SALV.Very true! I too cameacrossthe samepassagewhich
suggestedto me a method of showinghow, by a singleshort
demonstration,one can prove that the circlehas the largest
content of all regular isoperimetricfigures;and that, of other[io ]
figures,the onewhichhasthe largernumberof sidescontainsa
greater areathan that whichhasthe smallernumber.

SAGR.Beingexceedinglyfondofchoiceanduncommonpropo-
sitions,I beseechyouto letushaveyourdemonstration.

SALV. I cando this in a fewwordsby provingthe following
theorem:

The area of a circleis a mean proportionalbetweenany
• Seeinterestingbiographicalnoteon Sacrobosco[JohnHolywood]

inEncy.,grit.,Ilth Ed. [Trans.]
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two regularand similarpolygonsof whichonecircum-
scribesit andtheotherisisoperimetricwithit. Inaddition,
the areaofthecircleislessthanthat ofanycircumscribed
polygonandgreaterthanthat ofanyisoperimetricpolygon.
Andfurther,ofthesecircumscribedpolygons,theonewhich
hasthegreaternumberofsidesissmallerthantheonewhich
has a lessnumber;but, on the otherhand,that isoperi-
metricpolygonwhichhas the greaternumberof sidesis
the larger.

LetA andB betwosimilarpolygonsofwhichA circumscribes
thegivencircleandB isisoperimetricwithit. Theareaofthe
circlewillthenbeameanproportionalbetweenthe areasofthe
polygons.For ifweindicatetheradiusofthecirclebyAC and
ifwerememberthat the areaof thecircleisequaltothat ofa
right-angledtrianglein whichoneof the sidesaboutthe right
angleis equalto the radius,AC,andthe otherto the circum-
ference;andif likewisewerememberthat theareaofthe poly-
gonA is equalto the area of a right-angledtriangleoneof

[io31
whosesidesabouttherightanglehasthesamelengthasACand
theotherisequalto theperimeterofthepolygonitself;it isthen

1

c o
Fig.IZ

manifestthat the circumscribedpolygonbearsto the circlethe
sameratiowhichitsperimeterbearsto the circumferenceofthe
circle,or to theperimeterofthepolygonB whichis,byhypoth-
esis,equalto the circumferenceof the circle. But sincethe
polygonsAandB aresimilartheirareasareto eachotherasthe
squaresoftheirperimeters;hencethe areaofthe circleA is a

mean
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meanproportionalbetweenthe areasofthe twopolygonsA and
B. And sincethe area of the polygonA is greaterthan that of
the circleA, it is clearthat the area of the circleA is greater
than that of the isoperimetricpolygonB, and is thereforethe
greatest of all regular polygonshavingthe same perimeteras
the circle.

We now demonstratethe remainingportionof the theorem,
whichis to prove that, in the caseof polygonscircumscribing
a givencircle,the one havingthe smallernumberof sideshas
a larger area than one having a greaternumberof sides;but
that on the other hand, in the caseof isoperimetricpolygons,
the one having the more sideshas a larger area than the one
with lesssides. To the circlewhich has O for center and OA
for radius draw the tangent AD; and on this tangent lay off,
say,AD whichshallrepresentone-halfof the sideof a circum-
scribedpentagonand AC whichshall representone-halfof the
sideofa heptagon;drawthe straight linesOC_ and OFD; then
withO as a center and OC as radius drawthe arcECI. Now
sincethe triangleDOCis greaterthan the sectorEOCand since
the sectorCOI is greaterthan the triangleCOAL,it followsthat
the triangleDOCbearsto the triangleCO.A_a greaterratiothan
the sectorEOCbearsto the secCtorCOI,that is, than thesector

- FOG bears to the secCtorGOA. Hence, componendoet per-
mutando,the triangleDOA bears to the secCtorFOAa greater
ratio than that which the triangle COA bears to the sector
GOA,and also IOsuch trianglesDOA bear to IOsuch secCtors
FOAa greaterratio than 14suchtrianglesCOAbear to 14such
sectorsGOA, that is to say, the circumscribedpentagonbears
to the circlea greater ratio than doesthe heptagon. Hencethe
pentagonexceedsthe heptagoninarea.

But nowlet us assumethat both the heptagoilandthe penta-
gonhave the sameperimeteras that of a givencircle. Then I
say the heptagonwillcontaina largerarea than the pentagon.
For sincethe area of the circleis a mean proportionalbetween
areas of the circumscribedand of the isoperimetricpentagons,

[ o4]
and since likewiseit is a mean proportionalbetween the cir-

cumscribed
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cumscribedandisoperimetricheptagons,andsincealsowehave
provedthat the circumscribedpentagonis largerthan the
circumscribedheptagon,it followsthat thiscircumscribedpen-
tagonbearsto the circlea largerratiothandoesthe heptagon,
that is, the circlewill bear to its isoperimetricpentagona
greaterratio than to its isoperimetricheptagon. Hencethe
pentagonis smallerthan its isoperimetricheptagon.Q._. D.

SAGR.Averycleverandelegantdemonstration!Buthowdid
wecometo plungeintogeometrywhilediscussingtheobjections
urgedbySimplicio,objecCtionsofgreatmoment,especiallythat
onereferringtodensitywhichstrikesmeasparticularlydifficult?

SALV.If contracCtionand expansion[condensazionee rare-
fa_ione]consistin contrarymotions,oneoughtto findforeach
greatexpansiona correspondinglylargecontracCtion.Butour
surpriseis increasedwhen,everyday,weseeenormousexpan-
sions taking pLce almostinstantaneously.Think what a
tremendousexpansionoccurswhena smallquantityof gun-
powderflaresup intoa vastvolumeoffire! Thinktooofthe
almost limitlessexpansionof the light whichit produces!
ImaginethecontracCtionwhichwouldtakeplaceif thisfireand
this lightwereto reunite,which,indeed,isnot impossiblesince
onlya lktle whileagotheywerelocatedtogetherin thissmall
space. Youwillfind,uponobservation,athousandsuchexpan-
sionsfor theyare moreobviousthan contracCtionssincedense
matterismorepalpableandaccessibleto our senses.Wecan
takewoodandseeit goup infireandlight,but wedonotsee

[IoSl
themrecombineto formwood;weseefruitsandflowersanda
thousandothersolidbodiesdissolvelargelyintoodors,but we
do not observethesefragrantatomscomingtogetherto form
fragrantsolids. But wherethe sensesfailus reasonmuststep
in; forit willenableusto understandthemotioninvolvedinthe
condensationof extremelyrarefiedandtenuoussubstancesjust
as clearlyas that involvedin the expansionanddissolutiono_
solids.Moreoverwearetryingto findouthowit ispossibleto
produceexpansionandcontracCtionin bodieswhicharecapable
of suchchangeswithoutintroducingvacuaandwithoutgiving

up
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up the impenetrabilityofmatter;but thisdoesnotexcludethe
possibilityoftherebeingmaterialswhichpossessnosuchprop-
ertiesand do not, therefore,carry with them consequences
whichyou call inconvenientand impossible.And finally,
Simplicio,I have,forthe sakeofyouphilosophers,takenpains
to findan explanationof howexpansionandcontra_ioncan
takeplacewithoutouradmittingthepenetrabilityofmatterand
introducingvacua,propertieswhichyou denyand dislike;if
youwereto admitthem,I shouldnotopposeyousovigorously.
NoweitheradmitthesediflScultiesor acceptmyviewsor sug-
gestsomethingbetter.

SACR.I quite agreewith the peripateticphilosopherskn
denyingthe penetrabilityofmatter. Asto thevacuaI should
liketo heara thoroughdiscussionof Aristotle'sdemonstration
inwhichheopposesthem,andwhatyou,Salviati,haveto sayin
reply. I begof you, Simplicio,that you giveus the precise
proofof the Philosopherand that you, Salviati,giveus the
reply.

SnaP.So far as I remember,Aristotleinveighsagainstthe
ancientviewthat a vacuumis a necessaryprerequisitefor
motionandthat the lattercouldnotoccurwithouttheformer.
In oppositionto thisviewAristotleshowsthat it is precisely
the phenomenonof motion,as we shall see,whichrenders
untenablethe ideaof a vacuum. Hismethodisto dividethe
argumentintotwoparts. Hefirstsupposesbodiesofdifferent
weightstomoveinthesamemedium;thensupposes,oneandthe
samebodyto movein differentmedia. In the first case,he

[_o61
supposesbodiesofdifferentweightto moveinoneandthesame
mediumwithdifferentspeedswhichstandto oneanotherin the
sameratioastheweights;sothat,forexample,abodywhichis
tentimesasheavyas anotherwillmovetentimesasrapidlyas
theother. In thesecondcaseheassumesthatthe speedsofone
and the samebodymovingin differentmediaare in inverse
ratioto the densitiesof thesemedia;thus,for instance,if the
densityofwaterweretentimesthatofair,thespeedinairwould
be ten timesgreaterthanin water. Fromthissecondsupposi-

tion,
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ti0n,he showsthat, sincethe tenuityof a vacuumdiffersin-
finitelyfromthat of anymediumfilledwith matterhowever
rare, any bodywhichmovesin a plenumthrougha certain
spacein a certaintimeoughtto movethrougha vacuumin-
stantaneously;but instantaneousmotionis an impossibility;
it isthereforeimpossiblethat avacuumshouldbeproducedby
motion.

SALV.Theargumentis,asyousee,adhorninem,that is,it is
directedagainstthosewhothoughtthe vacuuma prerequisite
formotion.Nowif I admittheargumentto be conclusiveand
concedealsothat motioncannottakeplacein a vacuum,the
assumptionof a vacuumconsideredabsolutelyand not with
referencetomotion,isriottherebyinvalidated.But to tellyou
whatthe ancientsmightpossiblyhaverepliedandin orderto
betterunderstandjust howconclusiveAristotle'sdemonstra-
tionis,wemay,in my opinion,denybothofhisassumptions.
Andasto thefirst,I greatlydoubtthatAristotleevertestedby
experimentwhetherit betruethat twostones,oneweighingten
timesas muchas the other,ff allowedto fall,at the samein-
stant,froma heightof,say,Ioocubits,wouldsodifferin speed
that whenthe heavierhadreachedtheground,theotherwould
nothavefallenmorethanIOcubits.

SIMI'.Hislanguagewouldseemto indicatethat hehadtried
the experiment,becausehe says:Weseetheheavier;nowthe
wordseeshowsthat hehadmadethe experiment.

SACR.But I, Simplicio,whohavemadethe test canassure
[lO7]

youthat a cannonballweighingoneortwohundredpounds,or
evenmore,willnotreachthegroundbyasmuchasaspanahead
ofa musketballweighingonlyhalfa pound,providedbothare
droppedfromaheightof2oocubits.

SALV.But, evenwithoutfurtherexperiment,it ispossibleto
proveclearly,by meansof a shortand conclusiveargument,
that a heavierbodydoesnotmovemorerapidlythana lighter
oneprovidedbothbodiesareof thesamematerialandin short
suchas thosementionedby Aristotle.But tellme,Simplicio,
whetheryou admitthat eachfallingbodyacquiresa definite

speed
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speed fixedby nature, a velocitywhichcannot be increasedor
diminishedexcept by the use of force[violenza]or resistance.

SIMP.Therecanbe nodoubtbut that oneand the samebody
movingin a singlemediumhas a fixedvelocitywhichis deter-
minedby nature and whichcannot be increasedexceptby the
additionof momentum [impeto]or diminishedexceptby some
resistancewhichretardsit.

SALV.If then we take two bodieswhosenaturalspeedsare
different,it is clearthat onunitingthe two,the morerapidone
will be partly retardedby the slower,and the slowerwill be
somewhathastenedby the swifter. Do you not agreewithme
in this opinion?

SIMP.You are unquestionablyright.
SALV.But if this is true, and if a largestone moveswith a

speedof, say,eightwhilea smallermoveswitha speedof four,
then when theyare united, the systemwillmovewith a speed
less than eight;but the two stoneswhen tied togethermake a
stonelargerthan that whichbeforemovedwitha speedofeight.
Hencethe heavierbodymoveswith lessspeedthan the lighter;
an effe_ whichis contraryto yoursupposition. Thus you see

[ oS]
how,from your assumptionthat the heavierbody movesmore
rapidlythan the lighterone,I inferthat the heavierbody moves
moreslowly.

SIM1,.I am allat seabecauseit appearsto methat the smaller
stonewhenaddedtothe largerincreasesitsweightandby adding
weightI do not seehow it canfail to increaseits speedor, at
least, not to diminishit.

SaLv.Here again you are in error, Simplicio,becauseit is
nottrue that the smallerstoneaddsweightto the larger.

SIM1,.This is, indeed,quitebeyondmy comprehension.
SALV.It willnotbe beyondyouwhenI haveonceshownyou

the mistake under which you are laboring. Note that it is
necessaryto distinguishbetweenheavybodiesinmotionand the
samebodiesat rest. A largestoneplacedina balancenotonly
acquiresadditionalweightby havinganotherstoneplacedupon
it, but evenby the additionof a handfulof hemp its weightis

augmented
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augmentedsixto tenouncesaccordingto thequantityofhemp.
But if you tie the hempto the stoneandallowthemto fall
freelyfromsomeheight,do you believethat the hempwill
pressdownuponthe stoneandthusaccelerateitsmotionor do
you think the motionwillbe retardedby a partialupward
pressure? Onealwaysfeelsthe pressureuponhis shoulders
whenhepreventsthemotionofa loadrestinguponhim;but if
onedescendsjust asrapidlyasthe loadwouldfallhowcan it
gravitateorpressuponhim? Doyounotseethat thiswouldbe
thesameastryingto strikeamanwitha lancewhenheisrun-
ningawayfromyou witha speedwhichis equalto, or even
greater,thanthatwithwhichyouarefollowinghim? Youmust
thereforeconcludethat, duringfreeandnaturalfall,the small
stonedoesnotpressuponthe largerandconsequentlydoesnot
increaseitsweightasit doeswhenatrest.

Sn_P.But what if we shouldplacethe largerstoneuponthesmaller?
[109]

SALV.Itsweightwouldbeincreasedifthelargerstonemoved
morerapidly;but wehavealreadyconcludedthat whenthe
smallstonemovesmoreslowlyit retardsto someextentthe
speedofthelarger,sothat thecombinationofthe two,whichis
aheavierbodythanthelargerofthetwostones,wouldmoveless
rapidly,a conclusionwhichis contraryto your hypothesis.
Weinferthereforethat largeand smallbodiesmovewiththe
samespeedprovidedtheyareofthesamespecificgravity.

SIMP.Yourdiscussionisreallyadmirable;yet I donotfindit
easyto believethat a bird-shotfallsas swiftlyasa cannonball.

SAT.v.Whynotsayagrainofsandasrapidlyasa grindstone?
But,Simplicio,I trustyouwillnotfollowtheexampleofmany
otherswhodivertthe discussionfromitsmainintentandfasten
uponsomestatementofminewhichlacksa hair's-breadthofthe
truthand,underthishair,hidethe faultofanotherwhichis as
bigas a ship'scable. Aristotlesaysthat "an ironballof one
hundredpoundsfallingfroma heightof onehundredcubits
reachesthe groundbeforea one-poundballhas fallena single
cubit." I saythat theyarriveat thesametime. Youfind,on

making
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makingthe experiment,that the largeroutstripsthe smallerby
two finger-breadths,that is, when the larger has reached the
ground,the other is shortof it by twofinger-breadths;nowyou
wouldnothidebehindthesetwofingersthe ninety-ninecubitsof
Aristotle,norwouldyoumentionmysmallerrorandat the same
time passover in silencehis very largeone. Aristotledeclares
that bodiesof differentweights, in the same medium,travel
(in so far as their motion dependsupon gravity) with speeds
whichareproportionalto theirweights;thishe illustratesbyuse
of bodiesin which it is possibleto perceivethe pure and un-
adulterated effectof gravity, eliminatingother considerations,
for example,figureas being of small importance[minimirno-
znentz],influenceswhicharegreatlydependentuponthe medium
whichmodifiesthe singleeffec°cof gravity alone. Thus weob-
servethat gold,the densestof all substances,when beatenout
into a very thin leaf, goesfloatingthrough the air; the same
thing happenswith stonewhengroundinto a very finepowder.
But if you wish to maintain the generalpropositionyou will
have to showthat the sameratio of speedsis preservedin the

[ Io]
caseof all heavy bodies, and that a stone of twenty pounds
movesten times as rapidlyas one of two;but I claimthat this
is falseand that, if they fallfrom a heightof fiftyor a hundred
cubits,theywillreachthe earthat the samemoment.

SnuP.Perhaps the result wouldbe differentif the fall took
placenot from a fewcubitsbut fromsomethousandsof cubits.

S_v. If this were what Aristotlemeant you wouldburden
him with another error which wouldamount to a falsehood;
because,sincethereis no suchsheerheightavailableon earth, it
is clearthat Aristotle couldnot havemade the experiment;yet
he wishesto giveus the impressionof his havingperformedit
whenhe speaksof suchan effecCtasonewhichwe see.

S_rP.In fact, Aristotle doesnot employthis principle,but
usesthe other onewhichis not, I believe,subjecCtto thesesame
difficulties.

SALv.But the oneis as falseas the other;and I amsurprised
that you yourselfdo not see the fallacyand that you do not

perceive
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perceivethat ifit weretruethat,in mediaofdifferentdensities
and differentresistances,suchas waterand air, oneandthe
samebodymovedin air morerapidlythaninwater,inpropor-
tionas the densityofwateris greaterthanthat ofair,thenit
wouldfollowthat anybodywhichfallsthroughair oughtalso
to fallthroughwater. But thisconclusionisfalseinasmuchas
manybodieswhichdescendin air not onlydo notdescendin
water,but agtuallyrise.

Sn_P.I do not understandthe necessityof yourinference;
andin additionI willsay that Aristotlediscussesonly those
bodieswhichfallin bothmedia,not thosewhichfallin air but
riseinwater.

SAT.V.The argumentswhichyou advancefor the Philos-
opheraresuchashehimselfwouldhavecertainlyavoidedsoas
notto aggravatehisfirstmistake.Buttellmenowwhetherthe
density[corpulenza]of the water,or whateverit maybe that

[III]
retardsthe motion,bearsa definiteratioto the densityof air
whichis lessretardative;andif so fixa valuefor it at your
pleasure.

SIv_P.Sucha ratiodoesexist;letusassumeitto beten;then,
forabodywhichfallsinboththesemedia,thespeedinwaterwill
betentimesslowerthanin air.

SALV.I shallnowtakeoneofthosebodieswhichfallin air
butnotinwater,sayawoodenball,andI shallaskyouto assign
toit anyspeedyoupleaseforitsdescentthroughair.

SIMP.Letussupposeit moveswitha speedoftwenty.
SAT.V.Verywell. Then it is clearthat thisspeedbearsto

somesmallerspeedthe sameratioasthedensityofwaterbears
to that of air; andthe valueof thissmallerspeedis two. So
that reallyif wefollowexa_lythe assumptionofAristotlewe
oughtto inferthat the woodenball whichfallsin air, a sub-
stancetentimesless-resistingthanwater,withaspeedoftwenty
wouldfallinwaterwithaspeedoftwo,insteadofcomingto the
surfacefromthe bottomasit does;unlessperhapsyouwishto
reply,whichI donotbelieveyouwill,that therisingofthewood
throughthewateristhesameasits fallingwitha speedoftwo.

But
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Butsincethewoodenballdoesnotgotothebottom,I thinkyou
willagreewithme that wecanfinda ballofanothermaterial,
notwood,whichdoesfallinwaterwitha speedoftwo.

SIMP.Undoubtedlywecan;but it mustbe of a substance
considerablyheavierthanwood.

SAT.V.Thatisit exa_ly. But ifthissecondballfallsinwater
witha speedof two,whatwillbe ks speedofdescentin air?
If youholdto the ruleofAristotleyoumustreplythat it will
moveat the rateoftwenty;buttwentyisthe speedwhichyou
yourselfhavealreadyassignedto the woodenball;hencethis
andtheotherheavierballwilleachmovethroughairwiththe
samespeed. But nowhowdoesthe Philosopherharmonize
thisresultwithhisother,namely,that bodiesofdifferentweight
movethroughthe samemediumwithdifferentspeeds--speeds
whichareproportionalto theirweights?But withoutgoing
into the mattermoredeeply,howhave thesecommonand

[II2]

obviouspropertiesescapedyournotice?Haveyounotobserved
that twobodieswhichfallin water,onewitha speeda hundred
timesasgreatasthatOftheother,willfallinairwithspeedsso
nearlyequalthat onewillnotsurpasstheotherby asmuchas
onehundredthpart? Thus,forexample,aneggmadeofmarble
willdescendin wateronehundredtimesmorerapidlythana
hen'segg,whilein airfallingfroma heightoftwentycubitsthe
onewillfallshortof theotherby lessthanfourfinger-breadths.
In short,aheavybodywhichsinksthroughtencubitsofwater
in threehourswilltraversetencubitsofair inoneortwopulse-
beats;and if the heavybodybe a ball of leadit willeasily
traversethe ten cubitsof waterin lessthan doublethe time
requiredfor tencubitsofair. Andhere,I amsure,Simplicio,
youfindno groundfordifferenceor objecCtion.Weconclude,
therefore,that theargumentdoesnotbearagainsttheexistence
ofa vacuum;but if itdid,itwouldonlydoawaywithvacuaof
considerablesizewhichneitherI nor,inmyopinion,theancients
everbelievedto existinnature,althoughtheymightpossiblybe
producedbyforce[_olenza]asmaybegatheredfromvariousex-
perimentswhosedescriptionwouldhereoccupytoomuchtime.

Sagr.
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SAGR.Seeingthat Simplicioissilent,I willtaketheopportu-

nityofsayingsomething.Sinceyou'haveclearlydemonstrated
that bodiesofdifferentweightsdonotmoveinoneandthesame
mediumwithvelocitiesproportionalto theirweights,but that
they allmovewith the samespeed,understandingof course
that theyare of the samesubstanceor at leastof the same
specificgravity;certainlynotofdifferentspecificgravities,forI
hardlythink youwouldhaveus believea ballof corkmoves

[II3l
withthe samespeedas oneoflead;andagainsinceyouhave
clearlydemonstratedthat one and the same body moving
throughdifferentlyresistingmediadoesnotacquirespeedswhich
are inverselyproportionalto the resistances,I am curiousto
learnwhataretheratiosa_uallyobservedin thesecases.

SAT.V.Theseare interestingquestionsand I have thought
muchconcerningthem. Iwillgiveyouthemethodofapproach
andthe resultwhichI finallyreached.Havingonceestablished
thefalsityofthepropositionthatoneandthesamebodymoving
throughdifferentlyresistingmediaacquiresspeedswhichare
inverselyproportionalto the resistancesof thesemedia,and
havingalsodisprovedthe statementthat in the samemedium
bodiesofdifferentweightacquirevelocitiesproportionalto their
weights(understandingthat this appliesalsoto bodieswhich
differmerelyinspecificgravity),I thenbeganto combinethese
twofa_s andto considerwhatwouldhappenifbodiesofdiffer-
entweightwereplacedinmediaofdifferentresistances;andI
foundthat the differencesin speedweregreaterin thosemedia
whichweremoreresistant,thatis,lessyielding.Thisdifference
wassuchthat twobodieswhichdifferedscarcelyat allin their
speedthroughair would,inwater,falltheonewitha speedten
timesas greatas that ofthe other. Further,thereare bodies
whichwillfallrapidlyin air,whereasifplacedinwaternotonly
willnotsinkbut willremainat restor willevenriseto the top:
for it ispossibleto findsomekindsofwood,suchasknotsand
roots,whichremainat restin waterbut fallrapidlyin air.

SAcg.I haveoftentried with the utmostpatienceto add
grainsofsandto a ballofwaxuntilit shouldacquirethe same

specific
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specificgravityas water and wouldthereforeremainat rest in
this medium. But with allmy care I was neverable to accom-
plish this. Indeed, I do not knowwhetherthere is any solid
substancewhosespecificgravity is, by nature, so nearlyequal
to that ofwater that ifplacedanywhereinwater it willremain
at rest.

SALV.In this, as in a thousand other operations,men are
surpassedby animals. In this problemof yoursonemay learn
much fromthe fishwhich are veryskillfulin maintainingtheir
equilibriumnot only in one kind of water, but also in waters
whichare notably differenteither by their own nature or by

[II41
someaccidentalmuddinessor through salinity,each of which
producesa markedchange. So perfectlyindeedcan fishkeep
their equilibriumthat they are ableto remainmotionlessin any
position. This they accomplish,I believe, by means of an
apparatus especiallyprovided by nature, namely, a bladder
located in the body and communicatingwith the mouth by
meansof a narrowtube throughwhichthey are able,at will,to
expela portionof the air containedin the bladder:by risingto
the surfacetheycantake inmoreair; thus theymakethemselves
heavieror lighterthan water at will and maintain equilibrium.

SAOl<.By meansofanotherdeviceI was ableto deceivesome
Mendsto whomI had boasted that I couldmake up a ball of
wax that wouldbe in equilibriuminwater. In the bottom of a
vesselI placedsomesaltwater and uponthis somefreshwater;
then I showedthem that the ball stoppedin the middleof the
water, and that, when pushed to the bottom or lifted to the
top, wouldnot remainineitherof theseplacesbut wouldreturn
to the middle.

SALV.This experimentis not withoutusefulness. For when
physiciansare testing the variousqualitiesof waters,especially
their specificgravities,they employa ball of this kind so ad-
justed that, in certainwater, it willneitherrise nor fall. Then
in testing another water, differingever so slightlyin specific
gravity [peso],the ballwill sink ifthis waterbe lighterand rise
if it be heavier. And soexact is this experimentthat the addi-

tion
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tionoftwograinsof saltto sixpoundsofwaterissufficientto
maketheballriseto thesurfacefromthebottomtowhichit had
fallen.Toillustratetheprecisionofthisexperimentandalsoto
clearlydemonstratethe non-resistanceof water to division,
I wishto addthat thisnotabledifferencein specificgravitycan
be producednot onlyby solutionof someheaviersubstance,
but alsobymerelyheatingor cooling;andsosensitiveis water
to thisprocessthat bysimplyaddingfourdropsofanotherwater
whichis slightlywarmeror coolerthanthe sixpoundsonecan
causetheballto sinkorrise;itwillsinkwhenthewarmwateris
pouredinandwillriseupontheadditionofcoldwater. Nowyou

[II5]
canseehowmistakenarethosephilosopherswhoascribeto water
viscosityorsomeothercoherenceofpartswhichoffersresistance
to separationofpartsandto penetration.

SAoR.Withregardto thisquestionI havefoundmanycon-
vincingargumentsinatreatisebyourAcademician;butthereis
onegreatdifficultyofwhichI havenotbeenableto ridmyself,
namely,iftherebenotenacityorcoherencebetweentheparticles
ofwaterhowisit possibleforthoselargedropsofwaterto stand
outinreliefuponcabbageleaveswithoutscatteringorspreading
out?

SALV.Althoughthosewhoarein possessionofthe truthare
ableto solveallobje_ionsraised,I wouldnotarrogateto myself
suchpower;neverthelessmyinabilityshouldnotbe allowedto
becloudthe truth. To beginwithletme confessthat I donot
understandhowtheselargeglobulesofwaterstandoutandhold
themselvesup, althoughI knowfora certainty,that it is not
owingto any internaltenacityactingbetweenthe particlesof
water;whenceit must followthat the causeof this effe_ is
external.Besidetheexperimentsalreadyshownto provethat
the causeis not internal,I canofferanotherwhichisverycon-
vincing.If theparticlesofwaterwhichsustainthemselvesina
heap,whilesurroundedby air, didso in virtueof an internal
causethentheywouldsustainthemselvesmuchmoreeasilywhen
surroundedbya mediumin whichtheyexhibitlesstendencyto
fall than they do in air; sucha mediumwouldbe any fluid

heavier
&
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heavierthanair, as, for instance,wine:and thereforeif some
winebepouredaboutsucha dropofwater,thewinemightrise
until the dropwasentirelycovered,withoutthe particlesof
water,heldtogetherby this internalcoherence,everparting
company. But this is not the fa_; foras soonas the wine
touchesthe water,the latter withoutwaitingto be covered
scattersandspreadsoutunderneaththe wineifit be red. The
causeof thiseffed'tis thereforeexternaland is possiblyto be
foundin the surroundingair. Indeedthereappearsto be a
considerableantagonismbetweenair andwateras I haveob-
servedin thefollowingexperiment.Havingtakena glassglobe
whichhada mouthof aboutthe samediameteras a straw,I
filledit withwaterandturnedit mouthdownwards;neverthe-

[II6l
less,thewater,althoughquiteheavyandproneto descend,and
the air, whichis very lightand disposedto risethroughthe
water,refused,the one to descendand the other to ascend
throughtheopening,but both remainedstubbornanddefiant.
On the otherhand,as soonas I applyto thisopeninga glass
of redwine,whichis almostinappreciablylighterthanwater,
redstreaksareimmediatelyobservedto ascendslowlythrough
thewaterwhilethewaterwithequalslownessdescendsthrough
the winewithoutmixing,untilfinallythe globeis completely
filledwithwineandthewaterhasallgonedownintothevessel
below.Whatthencanwesayexceptthat thereexists,between
waterandair,a certainincompatibilitywhichI donotunder-
stand,but perhaps....

S_P. I feelalmostlikelaughingat thegreatantipathywhich
Salviatiexhibitsagainsttheuseof thewordantipathy;andyet
it isexcellentlyadaptedto explainthe difficulty.

8_v. Alright,if it pleaseSimplido,let thiswordantipathy
bethesolutionofourdifficulty.Returningfromthisdigressmn,
let usagaintakeupourproblem.Wehavealreadyseenthat
the differenceof speedbetweenbodiesof differentspecific
gravitiesis mostmarkedin thosemediawhicharethe most
resistant:thus, in a mediumof quicksilver,goldnotmerely
sinksto the bottommorerapidlythanleadbutit is the only

substance
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substancethat willdescendatall;allothermetalsandstonesrise
to the surfaceandfloat. On the otherhandthe variationof
speedin airbetweenballsof gold,lead,copper,porphyry,and
otherheavymaterialsis soslightthat in a fallof IOOcubitsa
ballofgoldwouldsurelynotoutstriponeofcopperby asmuch
asfourfingers.HavingobservedthisI cameto the conclusion
that in a mediumtotallydevoidofresistanceallbodieswould
fallwiththesamespeed.

Smm.Thisis a remarkablestatement,Salvlati.But I shall
neverbelievethat evenin a vacuum,ifmotionin sucha place
werepossible,a lockofwoolanda bit ofleadcanfallwith the
samevelocity.

SAT.v.Alittlemoreslowly,Simplicio.Yourdifficultyis not
so reconditenor am I so imprudentas to warrant you in
believingthat I havenot alreadyconsideredthismatterand
foundthe propersolution. Hencefor my justificationand

[117]
foryourenlightenmenthearwhatI haveto say. Ourproblem
isto findoutwhathappensto bodiesofdifferentweightmoving
in a mediumdevoidofresistance,so that theonlydifferencein
speedisthat whicharisesfrominequalityofweight. Sinceno
mediumexceptoneentirelyfreefromairandotherbodies,be it
everso tenuousandyielding,can furnishour senseswith the
evidencewe are lookingfor,and sincesucha mediumis not
available,we shallobservewhat happensin the rarest and
leastresistantmediaas comparedwithwhathappensin denser
andmoreresistantmedia.Becauseifwefindasa facetthat the
variationofspeedamongbodiesofdifferentspecificgravitiesis
lessandlessaccordingasthe mediumbecomesmoreandmore
yielding,andif finallyin a mediumof extremetenuity,though
nota perfectvacuum,wefindthat, inspiteofgreatdiversityof
specificgravity[peso],the differencein speedisverysmalland
almostinappreciable,thenwearejustifiedin believingit highly
probablethat in a vacuumallbodieswouldfallwith the same
speed. Letus, inviewofthis,considerwhattakesplacein air,
whereforthesakeofa definitefigureandlightmaterialimagine
aninflatedbladder.Theairinthisbladderwhensurroundedby

air
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airwillweighlittleornothing,sinceit canbeonlyslightlycom-
pressed;its weightthenis smallbeingmerelythat of the skin
whichdoesnot amountto the thousandthpart of a massof
leadhavingthe samesizeas the inflatedbladder.Now,Sim-
plicio,ifweallowthesetwobodiestofallfroma heightoffour
or sixcubits,by what distancedoyou imaginethe lead will
anticipatethe bladder?Youmaybe surethat theleadwillnot
travel three times,or eventwice,as swiftlyas the bladder,
althoughyou wouldhavemadeit movea thousandtimesas
rapidly.

Sire,.It maybe asyousayduringthefirstfourorsixcubits
ofthe fall;but afterthe motionhascontinueda longwhile,I
believethat the leadwillhaveleftthe bladderbehindnotonly
six out of twelveparts of the distancebut eveneightor
ten.

SAzv.I quiteagreewith you and doubtnot that,in very
longdistances,theleadmightcoveronehundredmileswhilethe

bladderwastraversingone;but,mydearSimpliclo,thisphenom-
enonwhichyouadduceagainstmypropositionis preciselythe
one whichconfirmsit. Let me oncemoreexplainthat the
variationofspeedobservedinbodiesofdifferentspecificgravi-
ties is not causedby the differenceof specificgravitybut de-
pendsuponexternalcircumstancesand,in particular,uponthe
resistanceof the medium,sothat if this is removedallbodies
wouldfallwith the samevelocity;and this resultI deduce
mainlyfromthefacetwhichyouhavejustadmittedandwhichis
very true, namely,that, in the caseof bodieswhichdiffer
widelyin weight,theirvelocitiesdiffermoreandmoreas the
spacestraversedincrease,somethingwhichwouldnotoccurif
the effe_ dependedupondifferencesof specificgravity. For
sincethesespecificgravitiesremainconstant,the ratiobetween
the distancestraversedoughtto remainconstantwhereasthe
facetis that this ratiokeepson increasingas the motioncon-
tinues. Thusa veryheavybodyin a fallofonecubitwillnot
anticipatea verylightonebysomuchasthetenthpartofthis
space;but in a falloftwelvecubitstheheavybodywouldout-

strip
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striptheotherbyone-third,andin.afallofonehundredcubits
by9o/Ioo,etc.

Sn_. Verywell:but,followingyourownlineofargument,
ifdifferencesofweightin bodiesofdifferentspecificgravities
cannotproducea changein theratiooftheirspeeds,on the
groundthat theirspecificgravitiesdo not change,howis it
possibleforthemedium,whichalsowesupposeto remaincon-
stant,tobringaboutanychangeintheratioofthesevelocities?

S_v. Thisobjedtionwithwhichyouopposemystatement
isclever;andI mustmeetit. I beginbysayingthata heavy
bodyhasaninherenttendencyto movewitha constantlyand
uniformlyacceleratedmotiontowardthe commoncenterof
gravity,thatis,towardthecenterofourearth,sothatduring
equalintervalsoftimeitreceivesequalincrementsofmomentum
andvelocity.This,youmustunderstand,holdswheneverall
externalandaccidentalhindranceshavebeenremoved;butof
thesethereis onewhichwecanneverremove,namely,the
mediumwhichmustbe penetratedandthrustasideby the
fallingbody.Thisquiet,yielding,fluidmediumopposesmotion

[II9]
throughitwitharesistancewhichisproportionaltotherapidity
withwhichthemediummustgivewayto thepassageof the
body;whichbody,as I havesaid,isby naturecontinuously
acceleratedsothat itmeetswithmoreandmoreresistancein
themediumandhencea diminutionin itsrateofgainofspeed
untilfinallythespeedreachessucha pointandtheresistanceof
themediumbecomessogreatthat,balancingeachother,they
preventanyfurtheraccelerationandreducethemotionofthe
bodytoonewhichisuniformandwhichwillthereaftermaintain
a constantvalue.Thereis,therefore,anincreaseintheresist-
anceofthemedium,notonaccountofanychangeinitsessential
properties,butonaccountofthechangeinrapiditywithwhich
itmustyieldandgivewaylaterallytothepassageofthefalling
bodywhichisbeingconstantlyaccelerated.

Nowseeinghowgreatistheresistancewhichtheairoffersto
theslightmomentum[momento]of thebladderandhowsmall
thatwhichit offersto the largeweight[peso]of the lead,I

am
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am convincedthat, if the mediumwereentirelyremoved,the
advantagereceivedby the bladderwouldbe sogreatandthat
comingto theleadsosmallthat theirspeedswouldbeequalized.
Assumingthis principle,that all fallingbodiesacquireequal
speedsina mediumwhich,onaccountofavacuumorsomething
else,offersnoresistanceto the speedofthe motion,weshallbe
ableaccordinglyto determinethe ratiosof the speedsof both
similaranddissimilarbodiesmovingeitherthroughoneandthe
samemediumor throughdifferentspace-filling,andtherefore
resistant,media. Thisresultwemayobtainbyobservinghow
muchtheweightofthemedilmldetractsfromtheweightofthe
movingbody,whichweightisthemeansemployedbythefalling
bodytoopena pathforitselfandto pushasidethepartsofthe
medium,somethingwhichdoesnothappenina vacuumwhere,
therefore,no difference[ofspeed]is to be expectedfroma
differenceof specificgravity. Andsinceit is knownthat the
effecCtofthemediumistodiminishtheweightof.thebodybythe
weightofthemediumdisplaced,wemayaccomplishourpurpose
bydiminishingin just thisproportionthe speedsof the falling
bodies,whichina non-resistingmediumwehaveassumedto be
equal.

Thus,forexample,imagineleadto beten thousandtimesas
heavyas air whileebonyisonlyonethousandtimesasheavy.

[12o]
Herewehavetwosubstanceswhosespeedsoffallin a medium
devoidofresistanceareequal:but,whenairis themedium,it
willsubtra_fromthe speedoftheleadonepartintenthousand,
and fromthe speedofthe ebonyonepart inonethousand,i.e.
ten parts in ten thousand. Whilethereforeleadand ebony
wouldfall fromanygivenheightin the sameintervalof time,
providedthe retardingeffe_of the airwereremoved,the lead
will,inair,loseinspeedonepartintenthousand;andtheebony,
tenpartsintenthousand.Inotherwords,iftheelevationfrom
whichthe bodiesstartbe dividedintoten thousandparts,the
leadwillreachthe groundleavingtheebonybehindby asmuch
asten,orat leastnine,oftheseparts. Is it notclearthenthat a
leadenball allowedto fall froma towertwo hundredcubits

high
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highwilloutstrip'anebonyballby,lessthanfourinches? Now
ebonyweighsa thousandtimesasmuchasair but thisinflated
bladderonlyfourtimesas much;thereforeair diminishesthe
inherentandnaturalspeedofebonybyonepart in athousand;
whilethat of the bladderwhich,if freefromhindrance,would
be the same,experiencesa diminutionin air amountingto one
part in four. So that whenthe ebonyball,fallingfrom the
tower,has reachedthe earth, the bladderwillhave traversed
onlythree-quartersof this distance.Leadis twelvetimesas
heavyaswater;but ivoryisonlytwiceasheavy. Thespeedsof
thesetwosubstanceswhich,whenentirelyunhindered,areequal
willbe diminishedin water,that of leadbyonepart in twelve,
that of ivoryby half. Accordinglywhenthe lead has fallen
throughelevencubitsofwatertheivorywillhavefallenthrough
onlysix. Employingthisprincipleweshall,I believe,finda
muchcloseragreementofexperimentwithourcomputationthan
withthat ofAristotle.

In a similarmannerwemayfindtheratioofthespeedsofone
andthesamebodyindifferentfluidmedia,notbycomparingthe
differentresistancesofthemedia,but byconsideringthe excess
of the specificgravityof the bodyabovethoseof the media.
Thus, forexample,fin is onethousandtimesheavierthan air
andten timesheavierthanwater;hence,if wedivideits un-
hinderedspeedinto IOOOparts,air willrob it of oneof these
partsso that it willfallwitha speedof999,whilein waterits
speedwillbe9oo,seeingthat waterdiminishesitsweightbyone
partintenwhileairbyonlyonepartin athousand.

Againtakea solida littleheavierthanwater,suchasoak,a
ball ofwhichwillweighlet us say IOOOdrachms;supposean

[i2i]
equalvolumeofwaterto weigh95o,andanequalvolumeofair,
2;thenit isclearthat if theunhinderedspeedoftheballisIooo,
its speedin airwillbe998,but inwateronly5o,seeingthat the
waterremoves950of the IOOOparts whichthe bodyweighs,
leavingonly50.

Sucha solidwouldthereforemovealmosttwentytimesas
fast in air asin water,sinceits specificgravityexceedsthat of

water
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waterby onepart in twenty. Andherewemustconsiderthe
fa_ that onlythosesubstanceswhichhavea specificgravity
greaterthanwatercanfallthroughit--substanceswhichmust,
therefore,behundredsoftimesheavierthanair;hencewhenwe
try to obtainthe ratioofthe speedin air to that in water,we
may,withoutappreciableerror,assumethatairdoesnot,to any
considerableextent,diminishthe freeweight[assolutagravita],
andconsequentlytheunhinderedspeed[assolutavelocitY]ofsuch
substances.Havingthuseasilyfoundtheexcessoftheweightof
thesesubstancesoverthat ofwater,wecansaythat theirspeed
inairisto theirspeedinwaterastheirfreeweight[totalegravitY]
isto the excessofthisweightoverthat ofwater. Forexample,
a ball of ivoryweighs20 ounces;an equalvolumeof water
weighs17ounces;hencethe speedof ivoryin air bearsto its
speedinwatertheapproximateratioof20:3.

SAGR.I havemadeagreatstepforwardinthistrulyinterest-
ingsubjecCtuponwhichI have longlaboredin vain. In order
to put these theoriesinto practicewe needonlydiscovera
methodof determiningthe specificgravityofair withreference
to waterandhencewith referenceto otherheavysubstances.

Sr_P.But if we find that air has levityinsteadof gravity
what then shallwe sayof the foregoingdiscussionwhich,in
otherrespecCts,isveryclever?

SAT.v.I shouldsay that it was empty,vain,and trifling.
Butcanyoudoubtthat airhasweightwhenyouhavetheclear
testimonyofAristotleaffirmingthatalltheelementshaveweight
includingair, and exceptingonlyfire? As evidenceof thishe
citesthe fa_ that a leatherbottleweighsmorewheninflated
than whencollapsed.

Snvn,.I am inclinedto believethat the increaseof weight
observedintheinflatedleatherbottleorbladderarises,notfrom
the gravityofthe air,but fromthemanythickvaporsmingled
with it in theselowerregions.To this I wouldattributethe
increaseofweightintheleatherbottle.

S_mv.I wouldnot haveyousaythis,andmuchlessattribute
it to Aristotle;because,ifspeakingoftheelements,hewishedto

persuade
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persuademeby experimentthat air hasweightandwereto say
to me:"Takea leatherbottle,filliiwithheavyvaporsandob-
servehowits weightincreases,"I wouldreplythat the bottle
wouldweighstillmoreif filledwithbran;andwouldthenadd
that thismerelyprovesthat branandthickvaporsareheavy,
but in regardto air I shouldstillremainin the samedoubtas
before.However,the experimentofAristotleis goodandthe
propositionistrue. ButI cannotsayasmuchofacertainother
consideration,takenat facevalue;this considerationwasof-
feredbyaphilosopherwhosenameslipsme;but I knowI have
readhisargumentwhichisthat airexhibitsgreatergravitythan
levity,becauseit carriesheavybodiesdownwardmoreeasily
thanit doeslightonesupward.

SAcR.Fineindeed! Soaccordingto thistheoryair ismuch
heavierthanwater,sinceallheavybodiesarecarrieddownward
moreeasilythroughair thanthroughwater,andalllightbodies
buoyedup moreeasilythroughwaterthanthroughair;further
thereis an infinitenumberof heavybodieswhichfallthrough
air but ascendinwaterandthereis an infinitenumberof sub-
stanceswhichrisein waterandfallin air. But,Simplicio,the
questionasto whetherthe weightofthe leatherbottleis owing
to thickvaporsor to pureair doesnotaffecCtourproblemwhich
isto discoverhowbodiesmovethroughthisvapor-ladenatmos-
phereofours. Returningnowto thequestionwhichinterestsme
more,I shouldlike,forthesakeofmorecompleteandthorough
knowledgeof thismatter,notonly to be strengthenedin my
beliefthat airhasweightbut alsoto learn,ifpossible,howgreat

.itsspecificgravityis. Therefore,Salviati,ifyoucansatisfymy
curiosityonthispointpraydoso.

SALv.The experimentwith the inflatedleatherbottle of
Aristotleprovesconclusivelythat air possessespositivegravity
andnot, as somehavebelieved,levity,a propertypossessed
possiblyby nosubstancewhatever;for if air didpossessthis
qualityofabsoluteandpositivelevity,it shouldoncompression

[I 31
exhibitgreaterlevityand,hence,a greatertendencyto rise;
butexperimentshowspreciselytheopposite.

As
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As to the otherquestion,namely,howto determinethe

specificgravityofair,I haveemployedthefollowingmethod.
I tooka ratherlargeglassbottlewitha narrowneckandat-
tachedtoit aleathercover,bindingit tightlyabouttheneckof
thebottle:inthetopofthiscoverI insertedandfirmlyfastened
thevalveofa leatherbottle,throughwhichI forcedintothe
glassbottle,by meansof a syringe,a largequantityof air.
Andsinceair iseasilycondensedonecanpumpintothebottle
twoorthreetimesitsownvolumeofair. AfterthisI tookan
accuratebalanceandweighedthisbottleofcompressedairwith
theutmostprecision,adjustingtheweightwithfinesand. I
nextopenedthevalveandallowedthecompressedairtoescape;
thenreplacedtheflaskuponthe balanceandfoundit per-
ceptiblylighter:fromthesandwhichhadbeenusedasa counter-
weightI nowremovedandlaidasideasmuchaswasnecessary
to againsecurebalance.Undertheseconditionstherecanbeno
doubtbutthattheweightofthesandthuslaidasiderepresents
theweightoftheairwhichhadbeenforcedintotheflaskandhad
afterwardsescaped.But afterall this experimenttellsme
merelythattheweightofthecompressedairisthesameasthat
ofthesand'removedfromthebalance;whenhoweveritcomesto
knowingcertainlyanddefinitelytheweightofairascompared
withthatofwateroranyotherheavysubstancethisI cannot
hopeto do withoutfirstmeasuringthevolume[quantitY]of
compressedair;forthismeasurementI havedevisedthe two
followingmethods.

Accordingtothefirstmethodonetakesabottlewithanarrow
necksimilartothepreviousone;overthemouthofthisbottleis
slippeda leathertubewhichisboundtightlyabouttheneckof
theflask;theotherendofthistubeembracesthevalveattached
to thefirstflaskandis tightlyboundaboutit. Thissecond
flaskis providedwitha holeinthebottomthroughwhichan
ironrodcanbeplacedsoasto open,at will,thevalveabove
mentionedandthuspermitthesurplusairofthefirsttoescape
afterit hasoncebeenweighed:buthissecondbottlemustbe
filledwithwater.Havingpreparedeverythingin themanner

[I241
above
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abovedescribed,openthe valvewiththe rod; the air willrush
intothe flaskcontainingthewaterandwilldriveit throughthe
holeat thebottom,it beingclearthat the volume[quanti_]of
waterthusdisplacedis equalto the volume[moleequanti_]of
air escapedfromthe othervessel. Havingset asidethis dis-
placedwater,weighthe vesselfromwhichthe air hasescaped
(whichis supposedto have beenweighedpreviouslywhile
containingthe compressedair),andremovethe surplusofsand
as describedabove;it is thenmanifestthat the weightof this
sandispreciselythe weightofavolume[mole]ofair equalto the
volumeofwaterdisplacedandsetaside;thiswaterwecanweigh
andfindhowmanytimesits weightcontainsthe weightof the
removedsand, thus determiningdefinitelyhowmany times
heavierwater is than air; andweshallfind,contraryto the
opinionofAristotle,that thisisnotIOtimes,but,asourexperi-
mentshows,morenearly40otimes.

The secondmethodis moreexpeditiousandcanbe carried
out witha singlevesselfittedup asthe firstwas. Herenoair
is addedto that whichthevesselnaturallycontainsbut wateris
forcedintoit withoutallowinganyair to escape;thewaterthus
introducednecessarilycompressesthe air. Havingforcedinto
thevesselasmuchwateraspossible,fillingit,say,three-fourths
Mll,whichdoesnot requireanyextraordinaryeffort,placeit
uponthe balanceandweighit accurately;nextholdthe vessel
mouthup, openthe valve,and allowthe air to escape;the
volumeof theair thusescapingispreciselyequalto the volume
of watercontainedin the flask. Againweighthevesselwhich
willhavediminishedin weighton accountofthe escapedair;
this lossinweightrepresentstheweightofavolumeofairequal
to thevolumeofwatercontainedinthevessel.

Sm_,.Noonecandenythe clevernessandingenuityof your
devices;but whilethey appearto givecompleteintellecCtual
satisfacCtiontheyconfusemein anotherdirecCtion.Forsinceit is
undoubtedlytruethat theelementswhenintheirproperplaces
haveneitherweightnor levity,I cannotunderstandhowit is
possiblefor that portionofair, whichappearedto weigh,say,
4 drachmsofsand,shouldreallyhavesucha weightin airasthe

sand
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sandwhichcounterbalancesit. It seemsto me,therefore,that
theexperimentshouldbecarriedout,notinair,butinamedium

[I25]
in whichthe air couldexhibititspropertyofweightif suchit
reallyhas.

SALV.TheobjectionofSimplicioiscertainlyto thepointand
mustthereforeeitherbe unanswerableor demandan equally
clearsolution.It isperfectlyevidentthatthatairwhich,under
compression,weighedasmuchas the sand,losesthisweight
whenonceallowedto escapeintoitsownelement,while,indeed,
the sandretainsits weight. Hencefor this experimentit be-
comesnecessaryto selecta placewhereairaswellassandcan
gravitate;because,as hasbeenoftenremarked,themedium
diminishestheweightof anysubstanceimmersedin it by an
amountequalto theweightof the displacedmedium;so that
airinairlosesallitsweight. Ifthereforethisexperimentistobe
madewithaccuracyit shouldbeperformedina vacuumwhere
everyheavybodyexhibitsits momentumwithouttheslightest
diminution.If then,Simplicio,wewereto weigha portionof
airina vacuumwouldyouthenbesatisfiedandassuredofthe
fact?

Stop.Yes truly:but this is to wishor ask the impossible.
Sm_v.Your obligationwillthen be very great if, foryour

sake,I accomplishtheimpossible.ButIdonotwantto sellyou
somethingwhichI havealreadygivenyou;for in the previous
experimentweweighedtheairin vacuumandnotinairorother
medium. The fact that any fluidmediumdiminishesthe
weightof amassimmersedin it, is due,Simplicio,to theresist-
ancewhichthis mediumoffersto its beingopenedup,driven
aside,andfinallyliftedup. Theevidenceforthis isseenin the
readinesswith whichthe fluidrushesto fillup any spacefor-
merlyoccupiedbythe mass;if themediumwerenot affectedby
suchan immersionthenitwouldnotreactagainsttheimmersed
body. Tellmenow,whenyouhaveaflask,in air,filledwithits
naturalamountof air andthenproceedto pumpintothevessel
moreair,doesthisextrachargein anywayseparateor divideor
changethecircumambientair? Doesthevesselperhapsexpand

SO
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so that the surroundingmediumi_ displacedin orderto give
moreroom?Certainlynot. Thereforeoneis ableto say that

[126]
this extrachargeof air is not immersedin the surrounding
mediumfor it occupiesno spacein it, but is,as it were,in a
vacuum. Indeed,itis reallyinavacuum;forit diffusesintothe
vacuitieswhicharenot completelyfilledby the originaland
uncondensedair. In facetI donot seeanydifferencebetween
the enclosedand the surroundingmedia:for the surrounding
mediumdoesnotpressupontheenclosedmediumand,viceversa,
theenclosedmediumexertsnopressureagainstthesurrounding
one;thissamerelationshipexistsin thecaseofanymatterin a
vacuum,as wellas in the caseof the extrachargeof aircom-
pressedinto the flask. The weightof this condensedair is
thereforethe sameas that whichit wouldhaveif setfreein a
vacuum. It istrueofcoursethattheweightofthesandusedas
a counterpoisewouldbe alittlegreaterin vacuothaninfreeair.
Wemust,then,saythatthe airis slightlylighterthanthe sand
requiredtocounterbalanceit, thatisto say,by anamountequal
totheweightin vacuoofa volumeofairequalto thevolumeof
thesand.

Atthis pointinanannotatedcopyoftheoriginaleditionthefollowing
notebyGalileois found.

[SAcraAverycleverdiscussion,solvinga wonderfulproblem,because -
it demonstratesbrieflyand conciselythe manner in whichone may
find the weightof a body in vacuoby simplyweighingit in air. The
explanationisas follows:whenaheavybodyis immersedinairit losesin
weightan amountequalto theweightofavolume[mole]ofairequivalent
to the volume[mole]of the body itself. Hence if oneadds to a body,
withoutexpandingit, a quantity of air equalto that whichit displaces
and weighsit, hewillobtainits absoluteweightin vacuo,since,without
increasingit insize,hehas increaseditsweightby just theamountwhich
it lostthroughimmersionin air.

Whenthereforewe forcea quantityof waterinto a vesselwhichal-
readycontainsits normalamountof air, withoutallowingany of this
air to escapeit isclearthat thisnormalquantityofairwillbecompressed
and condensedintoa smallerspacein orderto make roomfor the water
whichis forcedin: it is also clear that the volumeof air thus com-
pressedis equalto the volumeof wateradded. If now the vesselbe

weighed
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weighed{n air in this condition,it is manifestthat the weightof the
waterwillbeincreasedbythat ofanequalvolumeofair; the total weight
of waterand air thus obtainedisequalto the weightofthe wateralone
_n _(ZCUO.

Now recordthe weightof the entire vesselandthen allowthe com-
pressedair to escape;weighthe remainder;the differenceof thesetwo
weightswillbe the weightof the compressedair which, in volume,is
equalto that ofthe water. Next findthe weightof thewateraloneand
addto it that of the compressedair; weshallthen have the wateralone
in vacuo. To find the weightof the waterwe shallhave to removeit
fromthe vesseland weighthe vesselalone; subtra&this weightfrom
that ofthe vesselandwatertogether. It isclearthat theremainderwill
betheweightof thewateraloneinair.]

[I27]
SzMv.The previousexperiments,in my opinion,left some_

thingtobedesired:butnowI amfullysatisfied.
SAT.v.The facts set forth by me up to this pohntand, in

' particular,the onewhichshowsthat differenceofweight,even
whenverygreat,iswithouteffeCtinchangingthespeedoffalling
bodies,so that as far asweightis concernedtheyallfallwith
equalspeed:this ideais, I say, sonew,andat firstglanceso
remotefromfaCt,that ifwedonothavethemeansofmakingit
just as clearas sunlight,it hadbetternot be mentioned;but
havingoncealloweditto passmy lipsI mustnegleCtnoexperi-
mentorargumentto establishit.

SAGR.Not onlythisbut alsomanyotherof yourviewsare
so far removedfrom the commonlyacceptedopinionsand
doCtrinesthat if youwereto publishthemyouwouldstirup
a largenumberof antagonists;forhumannatureis suchthat
mendonot lookwithfavorupondiscoveries--eitheroftruthor
fallacy--intheir ownfield,whenmadeby othersthan them-
selves. Theycallhiman innovatorof doCtrine,an unpleasant
title,bywhichtheyhopeto cutthoseknotswhichtheycannot
untie,and by subterraneanminesthey seekto destroystruc-
tureswhichpatientartisanshavebuiltwith customarytools.[Iz8]
But as for ourselveswhohaveno suchthoughts,the experi-
mentsand argumentswhichyou have thus far adducedare
fullysatisfaCtory;howeverifyouhaveanyexperimentswhichare
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aremoredirector any argumentswhichare moreconvincing
wewillhearthemwithpleasure.

SALV.Theexperimentmadeto ascertainwhethertwobodies,
differinggreatlyin weightwillfallfromagivenheightwiththe
samespeedofferssomedifficulty;because,if the heightis con-
siderable,the retardingeffecCtof the medium,whichmustbe
penetratedandthrustasidebythe fallingbody,willbe greater
in the caseof the smallmomentumofthe verylightbodythan
in the caseof the greatforce[violenza]of the heavybody;so
that,in a longdistance,thelightbodywillbe leftbehind;if the
heightbe small,one maywelldoubt whetherthere is any
difference;andif therebe a differenceit willbe inappreciable.

It occurredto me thereforeto repeatmanytimesthe fall
througha smallheightin sucha waythat I mightaccumulate
all thosesmallintervalsoftimethat elapsebetweenthe arrival
of the heavy and lightbodiesrespecCtivelyat their common
terminus,so that this summakesan intervalof timewhichis
notonlyobservable,but easilyobservable.In orderto employ
theslowestspeedspossibleandthusreducethechangewhichthe
resistingmediumproducesuponthe simpleeffecCtofgravityit
occurredto meto allowthebodiesto fallalonga planeslightly
inclinedto thehorizontal.Forinsuchaplane,justaswellasin
averticalplane,onemaydiscoverhowbodiesofdifferentweight
behave:and besidesthis, I alsowishedto rid myselfof the
resistancewhichmightarisefromcontactof the movingbody
with the aforesaidinclinedplane. AccordinglyI took two
balls,oneofleadandoneofcork,the formermorethana hun-
dredtimesheavierthanthelatter,andsuspendedthembymeans
oftwoequalfinethreads,eachfourorfivecubitslong. Pulling
eachballasidefromtheperpendicular,I letthemgoat thesame
instant,and they, fallingalongthe circumferencesof circles
havingtheseequalstringsforseml-diameters,passedbeyondthe
perpendicularand returnedalongthe samepath. This free
vibration[perlorrnedesimele and.atee le tornate]repeateda
hundredtimesshowedclearlythat theheavybodymaintainsso[Iz9]
nearlythe periodof the lightbodythat neitherin a hundred

swings
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swingsnorevenin a thousandwillthe formeranticipatethe
latter by as muchas a singlemoment[minirnornomento],so
perfec°dydotheykeepstep. Wecanalsoobservethe etTecCtof
themediumwhich,bythe resistancewhichit offersto motion,
diminishesthevibrationofthecorkmorethanthat ofthe lead,
butwithoutalteringthe frequencyofeither;evenwhenthe arc
traversedbythecorkdidnotexceedfiveorsixdegreeswhilethat
ofthe leadwasfiftyor sixty,theswingswereperformedinequal
times.

S_rP.If this be so,whyis notthe speedofthe leadgreater
thanthat of thecork,seeingthat theformertraversessixtyde-
greesin thesameintervalinwhichthelattercoversscarcelysix?

S_mv.But whatwouldyou say, Simplicio,if both covered
theirpathsinthesametimewhenthecork,drawnasidethrough
thirty degrees,traversesan arc of sixty,whilethe leadpulled
asideonlytwo degreestraversesan arc of four? Wouldnot
thenthe corkbe proportionatelyswifter?Andyet suchis the
experimentalfa_. But observethis:havingpulledasidethe
pendulumoflead,saythroughanarcoffiftydegrees,andsetit
free, it swingsbeyondthe perpendicularalmostfiftydegrees,
thus describingan arc of nearlyonehundreddegrees;on the
returnswingit describesa littlesmallerarc;andaftera large
numberofsuchvibrationsit finallycomesto rest. Eachvibra-
tion, whetherof ninety, fifty, twenty,ten, or four degrees
occupiesthe sametime:accordinglythe speedof the moving
bodykeepson diminishingsincein equalintervalsof time,it
traversesarcswhichgrowsmallerandsmaller.

Preciselythesamethingshappenwiththependulumofcork,
suspendedby a stringof equallength,exceptthat a smaller
numberof vibrationsis requiredto bringit to rest, sinceon
accountofitslightnessit islessableto overcomethe resistance
oftheair;neverthelessthevibrations,whetherlargeorsmall,are
allperformedin time-intervalswhicharenotonlyequalamong
themselves,but alsoequalto theperiodof the leadpendulum.
Henceit is true that, ifwhilethe leadis traversingan arc of
fifty degreesthe corkcoversoneof onlyten, the corkmoves
moreslowlythanthelead;but ontheotherhandit isalsotruethat
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[ 3o]

that thecorkmaycoveranarcoffiftywhiletheleadpassesover
oneofonlyten or six;thus, at differenttimes,wehavenow
thecork,nowthe lead,movingmorerapidly.But if thesesame
bodiestraverseequalarcsin equaltimeswemayrestassured
thattheirspeedsareequal.

Snvn_.I hesitateto admitthe conclusivenessofthisargument
becauseof the confusionwhicharisesfromyourmakingboth
bodiesmovenowrapidly,nowslowlyand nowvery slowly,
whichleavesme in doubtas to whethertheir velocitiesare
alwaysequal.

SAOR.Allowme, if you please,Salviati,to say just a few
words. Nowtell me, Simpliclo,whetheryou admitthat one
cansaywithcertaintythat the speedsofthe corkandthelead
areequalwheneverboth,startingfromrestat thesamemoment
anddescendingthe sameslopes,alwaystraverseequalspaces
in equaltimes._

S_P. Thiscanneitherbedoubtednorgainsaid.
SAoR.Nowithappens,inthecaseofthependulums,that each

ofthemtraversesnowanarcofsixtydegrees,nowoneoffifty,or
thirtyor ten oreightor fouror two,etc.;andwhentheyboth
swingthroughan arcofsixtydegreestheydosoin equalinter-
valsoftime;thesamethinghappenswhenthearcisfiftydegrees
or thirtyortenor anyothernumber;andthereforeweconclude
that thespeedoftheleadinanarcofsixtydegreesisequalto the
speedofthe corkwhenthe latteralsoswingsthroughan arcof
sixtydegrees;in the caseof a fifty-degreearc thesespeedsare
alsoequal to eachother; so also in the caseof other arcs.
But this isnot sayingthat the speedwhichoccursin an arc of
sixty is thesameas that whichoccursin an arcoffifty;nor is
the speedinanarcoffiftyequalto that inoneofthirty,etc.;but
the smallerthearcs,thesmallerthe speeds;thefactobservedis
that oneandthe samemovingbodyrequiresthe sametimefor
traversinga largearcof sixtydegreesasfora smallarcoffifty
orevenaverysmallarcoften;allthesearcs,indeed,arecovered
in the sameintervaloftime. It is truethereforethat the lead

[I3I]
and
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andthe corkeachdiminishtheirspeed[rnoto]in proportionas
theirarcsdiminish;but this doesnot contradicCtthe fac°cthat
theymaintainequalspeedsinequalarcs.

My reasonforsayingthesethingshasbeenratherbecauseI
wantedto learnwhetherI had correcCtlyunderstoodSalviati,
thanbecauseI thoughtSimpliciohadanyneedofa clearerex-
planationthanthat givenbySalviafiwhichlikeeverythingelse
ofhis is extremelylucid,so lucid,indeed,that whenhe solves
questionswhichare di_cult not merelyin appearance,but in
realityand in fact, he doessowith reasons,observationsand
experimentswhicharecommonandfamiliarto everyone.

In thismannerhehas,asI havelearnedfromvarioussources,
givenoccasionto a highlyesteemedprofessorforundervaluing
hisdiscoverieson the groundthat theyare commonplace,and
establishedupona meanandvulgarbasis;as if it werenot a
most admirableand praiseworthyfeature of demonstrative
sciencethat it springsfromandgrowsout of principleswell-
known,understoodandconcededbyall.

But let us continuewith this lightdiet;and if Simpliciois
satisfiedto understandand admit that the gravityinherent
[internagravith]in variousfallingbodieshasnothingto dowith
the differenceof speedobservedamongthem,and that all
bodies,in sofar as their speedsdependuponit, wouldmove
withthe samevelocity,praytellus, Salviati,howyouexplain
the appreciableand evidentinequalityof motion;pleasereply
alsoto theobjecCtionurgedbySimplicio--anobjecCtioninwhich
I concur--namely,that a cannonballfallsmorerapidlythana
bird-shot.Frommypointofview,onemightexpecCtthediffer-
enceof speedto besmallin thecaseofbodiesofthe samesub-
stancemovingthroughany singlemedium,whereasthe larger
oneswilldescend,duringa singlepulse-beat,a distancewhich
thesmalleroneswillnottraversein anhour,orin four,oreven
in twentyhours;as for instancein the caseof stonesandfine
sandandespeciallythat veryfinesandwhichproducesmuddy
waterandwhichinmanyhourswillnotfallthroughasmuchas
twocubits,a distancewhichstonesnotmuchlargerwilltraverse

in a singlepulse-beat. Salv.
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SALV.The at°donof the mediumin producinga greater

retardationuponthosebodieswhichhavealessspecificgravity
hasalreadybeenexplainedby showingthat theyexperiencea
diminutionofweight. But to explainhowone andthe same[I3 ]
mediumproducessuchdifferentretardationsin bodieswhich
are madeof the samematerialandhave the sameshape,but
differonlyin size,requiresa discussionmorecleverthan that
by whichoneexplainshowa moreexpandedshapeor an op-
posingmotionof the mediumretardsthe speedof the moving
body. The solutionofthe presentproblemlies,I think,in the
roughnessandporositywhichare generallyandalmostneces-
sarilyfoundin thesurfacesofsolidbodies.Whenthebodyis in
motiontheseroughplacesstrikethe air or other ambientme-
dium. The evidencefor this is foundin the hummingwhich
accompaniesthe rapidmotionofa bodythroughair,evenwhen
that bodyisasroundaspossible.Onehearsnotonlyhumming,
butalsohissingandwhistling,wheneverthereisanyappreciable
cavityor elevationuponthe body. We observealsothat a
roundsolidbodyrotatingin a latheproducesa currentofair.
Butwhatmoredoweneed?Whena topspinsonthegroundat
its greatestspeeddo wenot hear a distinctbuzzingof high
pitch? Thissibilantnotediminishesin pitchas the speedof
rotationslackens,whichis evidencethat thesesmallrugosities
onthesurfacemeetresistanceintheair. Therecanbenodoubt,
therefore,that in the motionof fallingbodiestheserugosities
strikethe surroundingfluidandretardthespeed;andthis they
dosomuchthemoreinproportionasthesurfaceislarger,which
isthecaseofsmallbodiesascomparedwithgreater.

Sire,.Stopamomentplease,I amgettingconfused.Foral-
thoughIunderstandandadmitthat frictionofthemediumupon
the surfaceof the bodyretardsits motionandthat, if other
thingsare the same,the largersurfacesuffersgreaterretarda-
tion,I donotseeonwhatgroundyousaythatthe surfaceofthe
smallerbodyis larger. Besidesif,as yousay,thelargersurface
suffersgreaterretardationthe largersolidshouldmovemore
slowly,whichis notthe fac2. But thisobjedtioncanbe easily

met
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met by sayingthat, althoughthe largerbodyhasa largersur-
face,it hasalsoagreaterweight,in comparisonwithwhichthe
resistanceofthelargersurfaceisnomorethantheresistanceof
the smallsurfacein comparisonwithitssmallerweight;sothat
the speedofthe largersoliddoesnotbecomeless. I therefore
seenoreasonforexpec°dnganydifferenceofspeedsolongasthe
drivingweight[gravit_movente]diminishesin the samepropor-

[i33]
tionas the retardingpower[facol_ritardante]of the surface.

SAr.v.I shallanswerallyourobje&ionsat once. Youwill
admit,ofcourse,Simplicio,thatifonetakestwoequalbodies,of
the samematerialandsamefigure,bodieswhichwouldtherefore
fallwithequalspeeds,andifhediminishestheweightofoneof
them in the sameproportionas its surface(maintainingthe
similarityofshape)hewouldnottherebydiminishthespeedof
thisbody.

S_v. Thisinferenceseemsto beinharmonywithyourtheory
whichstates that the weightof a bodyhasnoeffe&in either
acceleratingorretardingitsmotion.

SALV.I quiteagreewithyou in thisopinionfromwhichit
appearsto followthat, if the weightof a bodyis diminishedin
greaterproportionthan its surface,themotionis retardedto a
certainextent;and this retardationis greaterand greaterin
proportionasthe diminutionofweightexceedsthat ofthe sur-
face.

Sma,.ThisI admitwithouthesitation.
SALV.Nowyoumustknow,Simplicio,that it is notpossible

to diminishthe surfaceofa solidbodyin the sameratioasthe
weight,and at the sametime maintainsimilarityof figure.
For sinceit is clearthat in the caseofa diminishingsolidthe
weightgrowslessin proportionto the volume,and sincethe
volumealwaysdiminishesmorerapidlythanthe surface,when
thesameshapeismaintained,theweightmustthereforedimin-
ishmorerapidlythanthe surface. But geometryteachesus
that, in the caseof similarsolids,the ratioof twovolumesis
greaterthanthe ratioof theirsurfaces;which,forthe sakeof
betterunderstanding,I shallillustratebya particularcase.

Take,
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Take,forexample,a cubetwoinchesona sideso that each

facehasan areaof foursquareir/chesand the total area,i. e.,
thesumofthe sixfaces,amountsto twenty-foursquareinches;
nowknaginethiscubeto be sawedthroughthreetimessoasto
divideit intoeightsmallercubes,eachoneinchontheside,each
faceone inchsquare,and the total surfaceof eachcubesix
squareinchesinsteadoftwenty-fouras in the caseofthe larger

[I34]
cube. It isevidentthereforethat the surfaceofthelittlecubeis
onlyone-fourththat of the larger,namely,the ratioof six to
twenty-four;but thevolumeofthe solidcubeitselfisonlyone-
eighth;thevolume,andhencealsotheweight,diminishesthere-
foremuchmorerapidlythanthesurface.If weagaindividethe
littlecubeintoeightothersweshallhave,for the total surface
ofoneof these,oneandone-halfsquareinches,whichis one-
sixteenthofthe surfaceofthe originalcube;but ks volumeis
onlyone-sixty-fourthpart. Thus,by twodivisions,youseethat
the volumeis diminishedfour timesas muchas the surface.
And,if the subdivisionbe continueduntilthe originalsolidbe
reducedto afinepowder,weshallfindthat theweightofoneof
thesesmallestparticleshasdiminishedhundredsandhundredsof
timesasmuchasits surface.AndthiswhichI haveillustrated
in the caseof cubesholdsalsoin the caseof allsimilarsolids,
wherethe volumesstandinsesquialteralratioto theirsurfaces.
Observethenhowmuchgreatertheresistance,arisingfromcon-
ta_ ofthe surfaceofthe movingbodywiththe medium,in the
caseof smallbodiesthan in the caseof large;andwhenone
considersthat the rugositiesonthe verysmallsurfacesof fine
dustparticlesareperhapsnosmallerthanthoseonthe surfaces
of largersolidswhichhavebeencarefullypolished,hewillsee
howknportantit is that the mediumshouldbeveryfluidand
offernoresistancetobeingthrustaside,easilyyieldingto asmall
force. Yousee,therefore,Shnplicio,that I wasnot mAstaken
when,not longago,I said that the surfaceof a smallsolidis
comparativelygreaterthanthat ofa largeone.

Snw. I amquiteconvinced;and,believeme,if I wereagain
beginningmystudies,I shouldfollowthe adviceof Plato and

start
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startwithmathematics,asciencewhichproceedsverycautiously
andadmitsnothingasestablisheduntilithasbeenrigidlydem-
onstrated.

SAG_.This discussionhas affordedme greatpleasure;but
beforeproceedingfurtherI shouldliketo heartheexplanationof
aphraseofyourswhichisnewto me,namely,thatsimilarsolids
areto eachotherin the sesquialteralratiooftheirsurfaces;for
althoughI haveseenandunderstoodthepropositioninwhichit
is demonstratedthat the surfacesof similarsolidsare in the

[I35]
duplicateratio of their sidesand also the propositionwhich
provesthat thevolumesarein thetriplicateratiooftheirsides,
yet I havenot so muchas heardmentionedthe ratioof the
volumeofasolidto itssurface.

S_v. Youyourselfhavesuggestedthe answerto yourques-
tion and haveremovedeverydoubt. For if onequantityis
the cubeof somethingofwhichanotherquantityis the square
doesitnotfollowthatthecubeisthesesquialteralofthesquare?
Surely. Now if the surfacevariesas the squareof its linear
dimensionswhilethe volumevariesasthecubeofthesedimen-
sionsmaywenot say that the volumestandsin sesquialteral
ratioto thesurface?

SACR.Quiteso. Andnowalthoughthereare stillsomede-
tails, in connectionwith the subjeCtunderdiscussion,con-
cemingwhichI mightaskquestionsyet,ifwekeepmakingone
digressionafter another,it willbe longbeforewe reachthe
maintopicwhichhasto dowiththevarietyofpropertiesfound
in the resistancewhichsolidbodiesofferto fraCture;and,
therefore,ifyouplease,let us returnto the subjeCtwhichwe
originallyproposedto discuss.

SaLV.Verywell;but the questionswhichwehavealready
consideredare sonumerousandsovaried,andhavetakenup
somuchtime that thereis not muchof thisdayleftto spend
uponourmaintopicwhichaboundsin geometricaldemonstra-
tionscallingforcarefulconsideration.MayI, therefore,suggest
that wepostponethe meetinguntilto-morrow,notonlyforthe
reasonjustmentionedbut alsoinorderthat I maybringwithme
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mesomepapersin whichI havesetdowninan orderlywaythe
theoremsand propositionsdealingwiththe variousphasesof
thissubjec_t,matterswhich,frommemoryalone,I couldnot
presentintheproperorder.

SAog.I fullyconcurin youropinionandall the morewill-
inglybecausethiswillleavetime to-dayto take up someof
my difficultieswith the subjeCtwhichwehavejust beendis-
cussing.One questionis whetherwe are to considerthe re-
sistanceofthe mediumas sufficientto destroythe acceleration
of a body of very heavymaterial,very largevolume,and

[I36]
sphericalfigure.I saysphericalinorderto selecCtavolumewhich
is containedwithina minimumsurfaceandthereforelesssub-
jec°cto retardation.

Anotherquestiondealswith the vibrationsof pendulums
whichmay be regardedfrom severalviewpoints;the first is
whetherallvibrations,large,medium,andsmall,areperformed
in exactlyandpreciselyequaltimes:anotheristo findtheratio
ofthe timesofvibrationofpendulumssupportedbythreadsof
unequallength.

SALV.Theseareinterestingquestions:but I fearthat here,as
in thecaseofallotherfacets,ifwetakeupfordiscussionanyone
ofthem,itwillcarryinitswakesomanyotherfactsandcurious
consequencesthat timewillnotremainto-dayforthe discussion
ofall.

SAOR.If theseareasfullof interestasthe foregoing,I would
gladlyspendas manydaysas thereremainhoursbetweennow
and nightfall;and I dare say that Simpliciowouldnot be
weariedbythesediscussions.

Sn_P.Certainlynot; especiallywhenthe questionspertain
to naturalscienceandhavenot beentreatedby otherphilos-
ophers.

SAr.V.Nowtakingup thefirstquestion,I canassertwithout
hesitationthat there is no sphereso large,or composedof
materialsodensebut that the resistanceof the medium,al-
thoughveryslight,wouldcheckits accelerationandwould,in
time reduceits motionto uniformity;a statementwhichis

strongly
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stronglysupportedby experiment.For if a fallingbody,as
timegoeson,wereto acquirea speedasgreatasyouplease,no
suchspeed,impressedbyexternalforces[motoreesterno],canbe
sogreatbutthat thebodywillfirstacquireitandthen,owingto
the resistingmedium,loseit. Thus,for instance,if a cannon
ball,havingfallena distanceoffourcubitsthroughtheair and
havingacquireda speedof,say,ten units[gradz]wereto strike
thesurfaceofthewater,andifthe resistanceofthewaterwere
not ableto checkthe momentum[irnpeto]ofthe shot,it would
eitherincreasein speedormaintaina uniformmotionuntilthe
bottomwerereached:butsuchisnot theobservedfacet;onthe
contrary,the waterwhenonlya fewcubitsdeephindersand
diminishesthe motionin sucha way that the shotdelivers
to the bedofthe riveror lakea very slightimpulse.Clearly

[ 371
then ifa shortfall throughthe wateris sufficientto deprivea
cannonballofits speed,thisspeedcannotbe regainedbya fall
ofevenathousandcubits. Howcouldabodyacquire,in afallof
a thousandcubits,thatwhichit losesina falloffour?Butwhat
moreisneeded? Dowenotobservethat theenormousmomen-
tum,deliveredto a shotbya cannon,is sodeadenedby passing
througha fewcubitsofwaterthat theball,sofarfrominjuring
the ship,barelystrikesit? Eventhe air,althoughaveryyield-
ingmedium,canalsodiminishthe speedof a fallingbody,as
maybe easilyunderstoodfromsimilarexperiments.For if a
gunbe fireddownwardsfromthe topof a veryhightowerthe
shot willmakea smallerimpressionuponthe groundthan if
the gun had beenfiredfroman elevationof onlyfouror six
cubits;this is clearevidencethat the momentumofthe ball,
firedfromthe top of the tower,diminishescontinuallyfrom
the instant it leavesthe barreluntil it reachesthe ground.
Thereforea fallfromeversogreatan altitudewillnotsufficeto
giveto a bodythat momentumwhichit hasoncelostthrough
theresistanceoftheair,nomatterhowitwasoriginallyacquired.
In likemanner,thedestructiveeffectproduceduponawallbya
shotfiredfroma gunat a distanceoftwentycubitscannotbe
duplicatedby the fallof the sameshotfromanyaltitudehow-

ever
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evergreat. My opinionis, therefore,that underthe circum-
stanceswhichoccurin nature,theaccelerationofanybodyfall-
ing fromrest reachesan end and that the resistanceof the
mediumfinallyreducesits speedto a constantvaluewhichis
thereaftermaintained.

SAQR.These experimentsare in my opinionmuchto the
purpose;the onlyquestionis whetheran opponentmightnot
makeboldto denythe factinthe caseofbodies[moh]whichare
verylargeandheavyorto assertthat a cannonball,fallingfrom
the distanceofthemoonorfromtheupperregionsoftheatmos-
phere,woulddelivera heavierblowthan if just leavingthe
muzzleofthegun.

Sazv.No doubtmanyobje&ionsmaybe raisednot all of
whichcanberefutedby experiment:howeverin thisparticular

[3s]
casethe followingconsiderationmustbe takeninto account,
namely,thatit is verylikelythat a heavybodyfallingfroma
heightwill,onreachingtheground,haveacquiredjustasmuch
momentumaswasnecessaryto carryit to thatheight;as may
be clearlyseenin thecaseof a ratherheavypendulumwhich,
whenpulledasidefiftyor sixtydegreesfromthe vertical,will
acquirepreclselythat speedandforcewhichare sufficientto
carryit to anequalelevationsaveonlythatsmallportionwhich
it losesthroughffi&iononthe air. In orderto placea cannon
ballat suchaheightasmightsufficeto giveit just thatmomen-
tum whichthe powderimpartedto it on leavingthe gun we
needonlyfireit verticallyupwardsfromthe samegun;andwe
canthenobservewhetheronfallingbackit deliversablowequal
to that ofthegunfiredatcloserange;in myopinionit wouldbe
muchweaker. The resistanceof the air would,therefore,I
think,prevent the muzzlevelocityfrombeingequalledby a
naturalfallfromrestat anyheightwhatsoever.

Wecomenowto the otherquestions,relatingto pendulums,
a subjec°cwhichmay appearto many exceedinglyarid, es-
peciallyto thosephilosopherswho are continuallyoccupied
withthe moreprofoundquestionsofnature. Nevertheless,the
problemisonewhichI donot scorn. I am encouragedby the

e_ample
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exampleofAristotlewhomI admireespeciallybecausehe did
notfailto discusseverysubjecCtwhichhethoughtinany degree
worthyofconsideration.

Impelledby yourqueriesI maygiveyousomeof myideas
concerningcertainproblemsin music,a splendidsubjecCt,upon
whichso many eminentmenhavewritten:amongthese is
Aristotlehimselfwhohasdiscussednumerousinterestingacous-
ticalquestions.Accordingly,if onthe basisofsomeeasyand
tangibleexperiments,I shallexplainsomestrikingphenomena
in the domainofsound,I trustmyexplanationswillmeetyour
approval.

SAGR.I shallreceivethemnot onlygratefullybut eagerly.
For,althoughI takepleasurein everykindofmusicalinstru-

[x391
mentandhavepaidconsiderableattentionto harmony,I have
neverbeenableto fullyunderstandwhysomecombinationsof
tonesare morepleasingthanothers,or whycertaincombina-
tions not only fail to pleasebut are evenhighlyoffensive.
Thenthereisthe oldproblemoftwostretchedstringsinunison;
whenoneof themis sounded,the otherbeginsto vibrateand
to emit its note; nordo I understandthe differentratiosof
harmony[formeddleconsonanze]andsomeotherdetails.

SALv.Letusseewhetherwecannotderivefromthependulum
a safisfafftorysolutionofall thesedifficulties.Andfirst,asto
the questionwhetheroneand the samependulumreallyper-
formsits vibrations,large,medium,and small,all in exac°dy
thesametime,I shallrelyuponwhatI havealreadyheardfrom
our Academician.He has clearlyshownthat the time of
descentis the samealongallchords,whateverthe arcswhich
subtendthem,as wellalongan arc of I8o° (i.e., the whole
diameter)as alongoneof IOO0,6o°, IO0,20,_/40,or 4'. It is
understood,of course,that thesearcs all terminateat the
lowestpointofthecircle,whereit touchesthehorizontalplane.

If nowweconsiderdescentalongarcsinsteadoftheirchords
then,providedthesedonot exceed9o°,experimentshowsthat
theyarealltraversedinequaltimes;butthesetimesaregreater
for the chordthan forthe arc,an effe_whichis all the more

remarkable
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remarkablebecauseat firstglanceone wouldthink just the
oppositeto be true. For sincethe terminalpointsof the two
motionsare the sameand sincethe straightline includedbe-
tweenthesetwopointsistheshortestdistancebetweenthem,it
wouldseemreasonablethat motionalongthis lineshouldbe
executedin the shortesttime;but this is not the case,for the
shortesttimc and thereforethe most rapidmotion--isthat
employedalongthe arc ofwhichthisstraightlineisthe chord.

Asto thetimesofvibrationofbodiessuspendedbythreadsof
differentlengths,theybearto eachotherthesameproportionas
the squarerootsof the lengthsof the thread;or onemightsay
thelengthsareto eachotherasthesquaresofthe times;sothat
ifonewishesto makethe vibration-timeofonependulumtwice
that ofanother,hemustmakeits suspensionfourtimesaslong.
In likemanner,ifonependulumhasa suspensionninetimesas

[14o]
longas another,thissecondpendulumwillexecutethreevibra-
tionsduringeachoneofthe first;fromwhichit followsthat the
lengthsof the suspendingcordsbearto eachother the [inverse]
ratioofthesquaresofthenumberofvibrationsperformedin the
sametime.

SAog.Then,if I understandyoucorreCtly,I caneasilymeas-
urethe lengthof a stringwhoseupperendis attachedat any
heightwhateverevenif thisendwereinvisibleandI couldsee
onlythelowerextremity.Forif I attachto thelowerendofthis
stringa ratherheavyweightandgiveit a to-and-fromotion,
andifI askafriendto countanumberofits vibrations,whileI,
duringthe sametime-interval,countthe numberof vibrations
ofapendulumwhichisexactlyonecubitinlength,thenknowing
the numberof vibrationswhicheachpendulummakesin the
givenintervalof time one can determinethe lengthof the
string. Suppose,forexample,that myfriendcounts2ovibra-
tionsof the longcordduringthe sametime in whichI count
24oofmystringwhichisonecubitinlength;takingthesquares
ofthetwonumbers,2oand24o,namely4ooand576oo,then,I
say,the longstringcontains576o0units of suchlengththat
mypendulumwillcontain400ofthem;andsincethe lengthof

my
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mystringisonecubit,I shalldivide57600by40oandthusob-
tain 144. AccordinglyI shallcallthe lengthof the string144
cubits.

SALv.NOrwillyoumissit by asmuchasa hand'sbreadth,
especiallyifyouobservealargenumberofvibrations.

SAGI_.Yougiveme frequentoccasionto admirethe wealth
and profusionof naturewhen,fromsuchcommonand even
trivialphenomena,youderivefaCtswhicharenotonlystriking
andnewbutwhichare oftenfarremovedfromwhatwewould
haveimagined.ThousandsoftimesI haveobservedvibrations
especiallyin churcheswherelamps,suspendedby longcords,
hadbeeninadvertentlyset intomotion;but the mostwhichI
couldinferfromtheseobservationswasthat the viewofthose
whothinkthat suchvibrationsaremaintainedbythe medium
is highlyimprobable:for,in that case,the airmustneedshave
considerablejudgmentandlittleelseto dobutkilltimebypush-
ingto andfroapendentweightwithperfectregularity.ButI
neverdreamedof learningthat oneandthe samebody,when

[I4I]
suspendedfroma stringahundredcubitslongandpulledaside
throughan arcof9°0orevenI°or i/_o,wouldemploythesame
timein passingthroughtheleastasthroughthelargestofthese
arcs;and, indeed,it still strikesme as somewhatunlikely.
NowIamwaitingtohearhowthesesamesimplephenomenacan
furnishsolutionsforthoseacousticalproblems---solutionswhich
willbeat leastpartlysatisfaCtory.

SALV.Firstof allonemustobservethat eachpendulumhas
its own time of vibrationso definiteand determinatethat
it is not possibleto makeit movewith anyotherperiod[altro
periodo]thanthat whichnaturehasgivenit. Forlet anyone
take in hishandthe cordto whichthe weightis attachedand
try.,asmuchashepleases,to increaseordiminishthefrequency
[frequenza]of its vibrations;it willbe time wasted. On the
otherhand,onecanconfermotionuponevenaheavypendulum
whichisat restbysimplyblowingagainstit;by repeatingthese
blastswitha frequencywhichis thesameasthat of thependu-
lumonecanimpartconsiderablemotion. Supposethat bythefirst
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firstpuffwehavedisplacedthependulumfromthe verticalby,
say,halfaninch;thenif,afterthependulumhasreturnedandis
aboutto beginthe secondvibration,weadda secondpuff,we
shallimpartadditionalmotion;and so on with other blasts
providedtheyareappliedat therightinstant,andnotwhenthe
pendulumiscomingtowardussincein thiscasetheblastwould
impederather than aid the motion. Continuingthus with
many impulses[impulsz]we impart to the pendulumsuch
momentum[impeto]that agreaterimpulse[fore.a]thanthat ofa
singleblastwillbeneededto stopit.

SAGR.Even as a boy,I observedthat oneman aloneby
givingtheseimpulsesat the right instantwasableto ringa
bell so largethat whenfour,or evensix,menseizedthe rope
and tried to stop it they wereliftedfromthe ground,allof
themtogetherbeingunableto counterbalancethe momentum
whicha singleman,by properly-timedpulls,hadgivenit.

SALV.Yourillustrationmakesmymeaningclearandisquite
as wellfitted,aswhatI havejustsaid,to explainthewonderful
phenomenonofthe stringsofthe cittem[cetera]orofthe spinet

[ 42]
[cimbalo],namely,the fa& that a vibratingstringwill set
anotherstringinmotionandcauseitto soundnotonlywhenthe
latterisinunisonbut evenwhenit differsfromtheformerbyan
octaveor a fifth. A stringwhichhas beenstruckbeginsto
vibrate and continuesthe motionas longas onehears the
sound[risonanza];thesevibrationscausethe immediatelysur-
roundingairto vibrateandquiver;thentheseripplesin the air
expandfar intospaceandstrikenotonlyall the stringsof the
sameinstrumentbut eventhoseof neighboringinstruments.
Sincethat stringwhichis tunedto unisonwiththe oneplucked
is capableof vibratingwith the samefrequency,it acquires,
at the first impulse,a slightoscillation;after receivingtwo,
three,twenty,or moreimpulses,deliveredat properintervals,
it finallyaccumulatesa vibratorymotionequalto that of the
pluckedstring,as is clearlyshownby equalityofamplitudein
theirvibrations.Thisundulationexpandsthroughthe air and
sets intovibrationnotonly strings,but alsoany other bodywhich
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whichhappensto havethe sameperiodasthat ofthe plucked
string. Accordinglyifwe attachto the sideof an instrument
smallpiecesofbristleorotherflexiblebodies,weshallobserve
that, whena spinetis sounded,onlythosepiecesrespondthat
havethe sameperiodas the stringwhichhasbeenstruck;the
remainingpiecesdonotvibratein responseto this string,nor
dothe formerpiecesrespondto anyothertone.

If onebowsthe base stringon a violarather smartlyand
bringsnearit a gobletoffine,thin glasshavingthe sametone
[tuono]asthat ofthestring,thisgobletwillvibrateandaudibly
resound. That the undulationsof the mediumare widely
dispersedaboutthe soundingbodyis evincedbythe facetthat a
glassofwatermaybemadetoemita tonemerelybythefri&ion
of thefinger-tipuponthe rimofthe glass;for in thiswateris
produceda seriesof regularwaves. The samephenomenonis
observedto betteradvantageby fixingthe baseof the goblet
uponthebottomofa ratherlargevesselofwaterfillednearlyto
the edgeof the goblet;forif, asbefore,wesoundthe glassby
fricCtionof the finger,we shallseeripplesspreadingwiththe
utmostregularityandwithhighspeedto largedistancesabout
the glass. I haveoften remarked,in thus soundinga rather

[1431
' largeglassnearlyfullofwater,that at firstthewavesarespaced

with greatuniformity,and when,as sometimeshappens,the
toneof the glassjumpsan o&avehigherI havenotedthat at
thismomenteachof the aforesaidwavesdMdesinto two; a
phenomenonwhichshowsclearlythat the ratioinvolvedin the
o&ave[formadell'ottava]istwo.

SAGP.MorethanoncehaveI observedthissamething,much
to mydelightandalsoto myprofit. For a longtimeI have
beenperplexedabout thesedifferentharmoniessincethe ex-
planationshithertogivenby thoselearnedin musicimpress
meas not sufficientlyconclusive.Theytellus that the diapa-
son,i. e. theocCtave,involvestheratiooftwo,that thediapente
whichwecall the fifthinvolvesa ratioof 3:2,etc.;becauseif
the openstringof a monochordbe soundedandafterwardsa
bridgebe placedin the middleandthe halflengthbe sounded

•one
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onehearstheoctave;andifthe bridgebeplacedat 1/3thelength
of the string,thenon pluckingfirst theopenstringandafter-
wards2/3ofits lengththe fifthis given;forthisreasontheysay
that the ocCtavedependsupon the ratio of two to one [con-
tenutatra'lduee l'uno]andthe fifthuponthe ratioof threeto
two. This explanationdoesnot impressme as sufficientto
establish2and3/2asthenaturalratiosoftheoctaveandthefifth;
andmy reasonfor thinkingsois as follows.Thereare three
differentwaysin whichthe toneof a stringmaybe sharpened,
namely,by shorteningit, by stretchingit and by makingit
thinner. If the tensionandsizeof the stringremainconstant
oneobtainstheoc2avebyshorteningittoone-half,i.e.,bysound-
ingfirsttheopenstringandthenone-halfofit; butiflengthand
sizeremainconstantandoneattemptstoproducetheoc°caveby
stretchinghe willfindthat it doesnot sufficeto doublethe
stretchingweight;it mustbe quadrupled;sothat, if the funda-
mentalnoteis producedby a weightof onepound,fourwillbe
requiredto bringouttheoc°cave.

Andfinallyif the lengthand tensionremainconstant,while
onechangesthe size* ofthe stringhewillfindthat in orderto
producethe ortavethe sizemustbe reducedto _ that which
gavethe fundamental.Andwhat I havesaidconcerningthe
octave,namely,that its ratioas derivedfromthe tensionand
sizeofthe stringis the squareof that derivedfromthelength,
appliesequallywell to all other musicalintervals[intemalli

[x44]
musicz].Thusifonewishesto producea fifthby changingthe
lengthhefindsthat theratioofthelengthsmustbesesquialteral,
in otherwordshe soundsfirst the openstring,thentwo-thirds
ofit;butifhewishestoproducethissameresultbystretchingor
thinningthe stringthen it becomesnecessaryto squarethe
ratio3/2that is bytaking9/4 [duplasesguiquarta];accordingly,
if the fundamentalrequiresa weightof 4 pounds,the higher
notewillbe producednot by 6, but by 9 pounds;the sameis
truein regardto size,the stringwhichgivesthe fundamentalis
largerthan that whichyieldsthe fifth in the ratio of 9 to 4.

In viewofthesefacets,I seenoreasonwhythosewisephilos-
• Fortheexactmeaningof"size"seep.io3below.[Trans.]
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ophersshouldadopt2 ratherthan4 as the ratioof theo_ave,
orwhyin thecaseofthefifththeyshouldemploythesesquialt-
eralratio,3/2,ratherthanthat of9/4- Sinceit isimpossibleto
countthevibrationsofa soundingstringonaccountof itshigh
frequency,I shouldstillhavebeenin doubtas to whethera
string,emittingthe upperochre, madetwiceas manyvibra_
tionsin the sametime as onegivingthe fundamental,had it
notbeenforthefollowingfa_, namely,thatat theinstantwhen
thetonejumpsto the oC%ave,thewaveswhichconstantlyac-
companythe vibratingglassdivideup intosmalleroneswhich
arepreciselyhalfaslongastheformer.

SALV.This is a beautifulexperimentenablingus to distin-
guishindividuallythe waveswhichareproducedby thevibra-
tionsofasonorousbody,whichspreadthroughtheair,bringing
tothetympanumoftheearastimuluswhichthemindtranslates
intosound.Butsincethesewavesinthewaterlastonlysolong
as the fri_°donof the fingercontinuesandare,eventhen,not
constantbut arealwaysforminganddisappearing,wouldit not
be a finething ifonehad the abilityto producewaveswhich
wouldpersistfora longwhile,evenmonthsandyears,soas to
easilymeasureandcountthem?

SAcR.Suchan inventionwould,I assureyou,commandmy
admiration.

SALv.ThedeviceisonewhichI hituponbyaccident;mypart
consistsmerelyin theobservationofit andin the appreciation
ofitsvalueas a confirmationofsomethingto whichI hadgiven
profoundconsideration;andyet the deviceis, in itself,rather
common.As I wasscrapinga brassplatewitha sharpiron

.[145]
chiselin orderto removesomespotsfromit andwasrunning
the chiselratherrapidlyoverit, I onceor twice,duringmany
strokes,heardtheplateemitaratherstrongandclearwhistling
sound;onlookingat the platemorecarefully,I noticeda long
rowoffinestreaksparalleland equidistantfromoneanother.
Scrapingwith the chiseloverandoveragain,I noticedthat it
wasonlywhenthe plate emittedthis hissingnoisethat any
markswereleftuponit;whenthescrapingwasnotaccompanied

by
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bythissibilantnotetherewasnotthe leasttraceofsuchmarks.
Repeatingthe trickseveraltimesaridmakingthe stroke,now
withgreaternowwithlessspeed,thewhistlingfollowedwitha
pitchwhichwascorrespondinglyhigherand lower. I noted
also that the marksmadewhenthe toneswerehigherwere
closertogether;but whenthe toneswere deeper,they were
fartherapart. I alsoobservedthat when,duringasinglestroke,
the speedincreasedtowardthe endthe soundbecamesharper
andthestreaksgrewclosertogether,but alwaysin suchawayas
to remainsharplydefinedand equidistant.Besideswhenever
the strokewasaccompaniedby hissingI felt thechiseltremble
in mygraspandasortofshiverrun throughmyhand. In short
weseeandhearin the caseof the chiselpreciselythat which
is seenandheardin the caseof a whisperfollowedby a loud
voice;for,whenthe breathis emittedwithoutthe produ_ion
of a tone,onedoesnot feeleitherin the throator mouthany
motionto speakof in comparisonwiththat whichis feltin the
larynxand upperpart of the throatwhenthe voiceis used,
especiallywhenthetonesemployedarelowandstrong.

At timesI havealsoobservedamongthe stringsofthe spinet
twowhichwerein unisonwithtwoofthe tonesproducedbythe
aforesaidscraping;and amongthosewhichdifferedmost in
pitchI foundtwo whichwereseparatedby an intervalof a
perfe_ fifth. Uponmeasuringthe distancebetweenthe mark-
ingsproducedbythe twoscrapingsk wasfoundthat the space
whichcontained45ofonecontained3° of the other,whichis
preciselythe ratioassignedto thefifth.

But nowbeforeproceedingany fartherI want to callyour
attentionto thefar that,of thethreemethodsforsharpeninga
tone,the onewhichyou referto as the finenessof the string
shouldbe attributedto its weight. Solongas the materialof

[i46]
the stringis unchanged,the sizeandweightvary in the same
ratio. Thusin the caseofgut-strings,weobtainthe oc_r_veby
makingonestring4 timesas largeas the other;soalsoin the
caseof brassonewiremusthave4 timesthe sizeof the other;
butifnowwewishto obtainthe odtaveofa gnt-string,byuseof

brass
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brasswire,wemustmakeit, not fourtimesas large,but four
timesas heavyas the gut-string:as regardssizethereforethe
metalstringis not fourtimesas bigbut fourtimesas heavy.
Thewiremaythereforebe eventhinnerthanthegut notwith-
standingthefaCtthat the lattergivesthehighernote. Henceif
twospinetsarestrung,onewithgoldwiretheotherwithbrass,
and if the correspondingstringseachhave the samelength,
diameter,andtensionit followsthat the instrumentstrungwith
goldwillhavea pitchaboutone-fifthlowerthanthe otherbe-
causegoldhasa densityalmosttwicethat ofbrass. Andhere
it is to be notedthat it is the weightratherthanthe sizeofa
movingbodywhichoffersresistanceto changeofmotion[_elocith
delmoto]contraryto whatonemightat firstglancethink. For
itseemsreasonabletobelievethat abodywhichislargeandlight
shouldsuffergreaterretardationofmotioninthrustingasidethe
mediumthan wouldonewhichis thin and heavy;yet here
exactlytheoppositeistrue.

Returningnowto the originalsubje&ofdiscussion,I assert
that the ratioof a musicalintervalis not immediatelydeter-
minedeitherby the length,size,or tensionof the stringsbut
ratherby theratiooftheirfrequencies,that is,by the number
of pulsesof air waveswhichstrikethe tympanumof the ear,
causingit alsoto vibratewiththe samefrequency.This faCt
established,wemaypossiblyexplainwhycertainpairsofnotes,
differingin pitch producea pleasingsensation,othersa less
pleasanteffect,andstillothersa disagreeablesensation.Such
an explanationwouldbe tantamountto an explanationof the
moreor lessperfectconsonancesandof dissonances.Theun-
pleasantsensationproducedby the latterarises,I think,from
thediscordantvibrationsoftwodifferenttoneswhichstrikethe
ear out of time [sproporzionatamente].Especiallyharshis the
dissonancebetweennotes whosefrequenciesare incommen-
surable;sucha caseoccurswhenonehas twostringsin unison
andsoundsoneofthemopen,togetherwitha part oftheother

[471
whichbearsthe sameratioto itswholelengthas the sideof a
squarebearsto the diagonal;thisyieldsa dissonancesimilar

to
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to the augmentedfourthor diminishedfifth[tr/tonoo semi-
diapente].

Agreeableconsonancesarepairsof toneswhichstrikethe
earwitha certainregularity;this regularityconsistsin the
fa&that thepulsesdeliveredbythe twotones,in thesame
intervaloftime,shallbecommensurableinnumber,soasnotto
keeptheeardruminperpetualtorment,bendingintwodifferent
dire&ionsin orderto yieldto the ever-discordantimpulses.

The firstand mostpleasingconsonanceis, therefore,the
o&avesince,foreverypulsegivento the tympanumbythe
lowerstring,thesharpstringdeliverstwo;accordinglyatevery
othervibrationof the upperstringbothpulsesaredelivered
simultaneouslysothatone-halftheentirenumberofpulsesare
deliveredin unison.Butwhentwostringsareinunisontheir
vibrationsalwayscoincideandthe effe&is that of a single
string;hencewedonotreferto it asconsonance.Thefifthis
alsoa pleasingintervalsinceforeverytwovibrationsofthe
lowerstringtheupperonegivesthree,sothatconsideringthe
entirenumberofpulsesfromtheupperstringone-thirdofthem
willstrikeinunison,i.e.,betweeneachpairofconcordantvibra-
tionsthereintervenetwosinglevibrations;andwhenthe in-
tervalisa fourth,threesinglevibrationsintervene.Incasethe
intervalisa secondwheretheratiois9/8it isonlyeveryninth
vibrationof theupperstringwhichreachesthe earsimulta-
neouslywithoneofthelower;alltheothersarediscordantand
producea harsheffe&upontherecipientearwhichinterprets
themasdissonances.

S_v. Won'tyoubegoodenoughto explainthisargumenta
littlemoreclearly?

SAr.v.LetAB denotethe lengthof a wave[lospazioe la
dilatazioned'unavibrazione]emittedby the lowerstringand
CDthatofa higherstringwhichisemittingtheoctaveofA.B;
divideABin themiddleat E. If the twostringsbegintheir
motionsatAandC,itisclearthatwhenthesharpvibrationhas
reachedtheendD, theothervibrationwillhavetravelledonly
asfarasE,which,notbeingaterminalpoint,willemitnopulse;
bu_thereisa blowdeliveredatD. Accordinglywhentheone

wave
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,: wavecomesbackfromD to C,theotherpassesonfromE to ]3;
! hencethe twopulsesfromB andC strikethe drumof the ear
i simultaneously.Seeingthat these vibrationsare repeated

againandagainin the samemanner,wecon-
i dude that eachalternatepulsefromCD falls&, E B

in unisonwith onefromAB. But eachofthe - ,
[I48] ¢ "

pulsationsat the terminalpoints,A and]3,is A _ o s
constantlyaccompaniedbyonewhichleavesal- t , , ,
waysfromC or alwaysfromD. Thisis clear; • :
becauseifwesupposethewavesto reachAandO D
C at the sameinstant,then,whileonewave Fig.13
travelsfromA to B, the otherwillproceedfromC to D and
back to C, so that wavesstrikeat C andB simultaneously;
duringthepassageofthewavefromBbackto.&thedisturbance
at C goesto D and againreturnsto C,sothat oncemorethe
pulsesatAandCaresimultaneous.

Nextlet the vibrationsABandCD be separatedby an in-
tervalofafifth,that is,bya ratioof3/2;choosethepointsE and
Osuchthat theywilldividethewavelengthofthelowerstring
intothreeequalpartsandimaginethevibrationsto startat the
sameinstantfromeachoftheterminalsA andC. It isevident
that whenthe pulsehasbeendeliveredat the terminalD, the
waveinABhastravelledonlyasfar asO;the drumofthe ear
receives,therefore,onlythe pulsefromD. Then duringthe
returnoftheonevibrationfromDto C,theotherwillpassfrom
Oto B andthenbackto O,producinganisolatedpulseat B--a
pulsewhichis out of timebut onewhichmustbe takeninto
consideration.

Nowsincewehaveassumedthat the firstpulsationsstarted
fromthe terminalsAandC at the sameinstant,it followsthat
the secondpulsation,isolatedatD,occurredafteran intervalof
timeequalto that requiredforpassagefromCto D or,whatis
the samething,fromAto O;butthe nextpulsation,theoneat
B, is separatedfromthe precedingby onlyhalfthis interval,
namely,thetimerequiredforpassagefrom0 to B. Nextwhile
theonevibrationtravelsfromOtoA,theothertravelsfromCto

D,
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D,theresultofwhichisthattwopulsationsoccursimulta-
neouslyatA andD. Cyclesofthiskindfollowoneafteran-
other,i.e.,onesolitarypulseofthelowerstrknginterposedbe-
tweentwo solitarypulsesof the upperstring. Let us now
imaginetime to be dividedinto very smallequal intervals;
thenifweassumethat, duringthe firsttwooftheseintervals,
thedisturbanceswhichoccurredsimultaneouslyatAandChave
travelledasfarasOandD andhaveproducedapulseat D; and
if we assumethat duringthe third and fourthintervalsone
disturbancereturnsfromD to C,producinga pulseat C,while
the other,passingonfromO to B andbackto O,producesa
pulseat B;andif finally,duringthefifthandsixthintervals,the
disturbancestravelfromO and C to A andD, producinga
pulseat eachofthe lattertwo,thenthe sequencein whichthe
pulsesstrikethe earwillbe suchthat, ifwebeginto counttime
fromany instantwheretwo pulsesare simultaneous,the ear
drumwill,afterthe lapseoftwoofthe saidintervals,receivea
solitarypulse;at theendofthe thirdinterval,anothersolitary

[I491
puIse;so alsoat the endof the fourthinterval;andtwo in-
tervalslater,i. e.,at theendofthe sixthinterval,willbeheard
twopulsesin unison.Hereendsthe cycle--theanomaly,so to
speak--whichrepeatsitselfoverandoveragain.

SAGR.I cannolongerremainsilent;forImustexpressto you
thegreatpleasureI haveinhearingsucha completeexplanation
of phenomenawith regardto whichI haveso longbeenin
darkness.NowI understandwhyunisondoesnotdifferfroma
singletone;I understandwhythe ocCtaveis the principalhar-
mony,but solikeunisonasoftento bemistakenfor it andalso
whyit occurswith the other harmonies.It resemblesunison
becausethepulsationsofstringsinunisonalwaysoccursimulta-
neously,andthoseofthe lowerstringofthe o&aveare always
accompaniedby thoseoftheupperstring;andamongthelatter
is interposeda solitarypulseat equalintervalsandin sucha
mannerasto producenodisturbance;the resultisthat sucha
harmonyis rathertoomuchsoftenedandlacksfire. But the
fifthischaracterizedbyitsdisplacedbeatsandbytheinterposi-

tion
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tionof twosolitarybeatsof theupperstringandonesolitary
beat of the lowerstringbetweeneachpairof simultaneous
pulses;thesethreesolitarypulsesareseparatedby intervalsof
time equalto half the intervalwhichseparateseachpair of
simultaneousbeatsfromthe solitarybeatsofthe upperstring.
ThustheeffecCtof the fifthis to producea ticklingofthe ear
drumsuchthatits softnessismodifiedwithsprightliness,giving
at thesamemomenttheimpressionofagentlekissandofabite.

SALv.Seeingthat youhavederivedsomuchpleasurefrom
thesenovelties,Imustshowyouamethodbywhichtheeyemay
enjoythe samegameastheear. Suspendthreeballsoflead,or
other heavymaterial,by meansof stringsof differentlength
suchthat whilethe longestmakestwovibrationsthe shortest
willmakefourandthe mediumthree;thiswilltakeplacewhen
the longeststringmeasures16,eitherinhandbreadthsor inany
otherunit,the medium9 andtheshortest4,allmeasuredinthe
sameunit.

Nowpullall thesependulumsasidefromthe perpendicular
and releasethemat the sameinstant;you willseea curious
interplayof the threadspassingeachotherin variousmanners
but suchthat at the completionof everyfourthvibrationof
the longestpendulum,all threewillarrivesimultaneouslyat
the sameterminus,whencetheystartoveragainto repeatthe
samecycle.Thiscombinationofvibrations,whenproducedon
stringsis preciselythat whichyieldsthe intervalof the ocCtave
andthe intermediatefifth. If weemploythe samedisposition

[ 5o1
of apparatusbut changethe lengthsof the threads,always
howeverin sucha waythattheirvibrationscorrespondto those
ofagreeablemusicalintervals,weshallseea differentcrossing
ofthesethreadsbut alwayssuchthat,afteradefiniteintervalof
timeandaftera definitenumberofvibrations,allthe threads,
whetherthreeor four,willreachthesameterminusat the same
instant,andthenbegina repetitionofthecycle.

If howeverthe vibrationsoftwoor morestringsareincom-
mensurableso that theynevercompletea definitenumberof
vibrationsat the sameinstant_or ifcommensurabletheyreturn

only
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onlyaftera longintervalof timeandaftera largenumberof
vibrations,thentheeyeis confusedby thedisorderlysuccession
of crossedthreads. In like mannerthe ear is painedby an
irregularsequenceofairwaveswhichstrikethetympanumwith-
outanyfixedorder.

But,gentlemen,whitherhavewedriftedduringthesemany
hoursluredonbyvariousproblemsandunexpecCteddigressions?
The day is alreadyendedand wehavescarcelytouchedthe
subjecCtproposedfordiscussion.Indeedwehavedeviatedsofar
that I rememberonlywithdifficultyourearlyintroducCtionand
the littleprogressmadeinthe wayofhypothesesandprinciples
foruseinlaterdemonstrations.

SAng.Letus thenadjournforto-dayin orderthat ourminds
may find refreshmentin sleepand that we may return to-
morrow,if sopleaseyou,andresumethe discussionofthe main
question.

SALV.I shallnot failto be hereto-morrowat thesamehour,
hopingnot only to ,renderyou servicebut alsoto enjoyyour
company.

END OF THI_FIRST DAY.
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SECOND DAY
• ._,AGR.WhileSimplicioandI wereawaiting

yourarrivalweweretryingtorecallthatlast
considerationwhichyouadvancedasaprin-

;{_cipleandbasisfortheresultsyouintendedto
,_lobtain;this considerationdealt with the
_[_resistancewhichallsolidsofferto fracCture

anddependeduponacertaincementwhich
_]_heldthe partsgluedtogetherso that they

wouldyieldandseparateonlyunderconsiderablepull [potente
attrazzione].Later we tried to find the explanationof this
coherence,seekingit mainlyin the vacuum;thiswasthe occa-
sior_ofourmanydigressionswhichoccupiedthe entiredayand
ledus far afieldfromthe originalquestionwhich,as I have
alreadystated,wastheconsiderationoftheresistance[resistenza]
that solidsoffertofracCture.

SALV.I rememberit allverywell. Resumingthe threadof
ourdiscourse,whateverthenatureofthisresistancewhichsolids
offerto largetrafftiveforces[_olentaattrazzione]therecanat
leastbe nodoubtof itsexistence;andthoughthisresistanceis
verygreatinthecaseofa direcCtpull,it isfound,asa rule,to be
lessin the caseof bendingforces[nel_iolentargliper traverso].
Thus,forexample,a rodofsteelorofglasswillsustaina longi-
tudinalpullofa thousandpoundswhileaweightoffiftypounds
wouldbe quitesufficientto breakit if the rodwerefastenedat
rightanglesintoa verticalwall. It is this secondtypeof re-
sistancewhichwemust consider,seekingto discoverin what

[Iszl
proportion



im THE TWO NEW SCIENCESOF GALTT.V.O
proportionit is foundin prismsand cylindersof the same
material,whetheralikeor unlikein shape,length,and thick-
ness. In thisdiscussionI shalltakeforgrantedthewell-known
mechanicalprinciplewhichhas been shownto governthe
behaviorof a bar,whichwecalla lever,namely,that theforce
bearsto the resistancethe inverseratioofthe distanceswhich
separatethefulcrumfromtheforceandresistancerespecCtively.

Snvw.This wasdemonstratedfirstof allby Aristotle,in his
Mechanics.

SALV.Yes,I amwillingto concedehimpriorityin pointof
time;but as regardsrigorofdemonstrationthefirstplacemust
begivento Archimedes,sinceupona singlepropositionproved
in hisbookon Equilibrium* dependsnot onlythe lawof the
leverbutalsothoseofmostothermechanicaldevices.

SA_R.Sincenowthis principleis fundamentalto all the
demonstrationswhichyouproposeto setforthwouldit notbe
advisableto giveus a completeand thoroughproofof this
propositionunlesspossiblyit wouldtaketoomuchtime?

SAzv.Yes, that wouldbe quiteproper,but it is better I
thinkto approachour sub]e&in a mannersomewhatdifferent
fromthat employedby Archimedes,namely,by firstassuming
merelythat equalweightsplacedin a balanceofequalarmswill
produceequilibrium--aprinciplealsoassumedbyArchimedes--
and then provingthat it is no lesstrue that unequalweights
produceequilibriumwhen the arms of the steelyardhave
lengthsinverselyproportionalto the weightssuspendedfrom
them;in other words,it amountsto the samethingwhether
oneplacesequalweightsat equaldistancesorunequalweights
at distanceswhichbearto eachotherthe inverseratioof the
weights.

In orderto makethismatterclearimaginea prismor solid
cylinder,AB,suspendedat eachendto the rod [linealHI, and
supportedby twothreadsHA andI_B;it is evidentthat if I
attachathread,C,at themiddlepointofthebalancebeamHI,
theentireprismABwill,accordingtotheprincipleassumed,hang
in equilibriumsinceone-halfits weightliesononeside,andthe
otherhalfontheotherside,ofthepointofsuspensionC. Now

• WorksofArchlmedes.Trans.byT.L.Heath,pp.I89-22o.[Trans.]
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[_ supposethe prismto be dividedintounequalpartsby a plane[ s3]
_ throughthe lineD, andletthe partDAbe the largerandDBthe smaller:this divisionhavingbeenmade,imaginea thread
_.; ED, attachedat the pointE andsupportingthe partsADand

- DB,in orderthat thesepartsmayremainin the sameposition- relativeto lineHI: andsincethe relativepositionof the prism
andthe beamHI remainsunchanged,therecanbe no doubt
butthat theprismwillmaintainitsformerstateofequilibrium.

i H GC_B F I

Fig. 14

But circumstanceswouldremainthe sameif that part of the
prismwhichisnowheldup,at theends,bythe threadsAHand
DE weresupportedat the middleby a singlethreadGL;and
likewisethe otherpart DB wouldnot changepositionif held
by a threadFMplacedat its middlepoint. Supposenowthe
threadsHA,ED, andIB to be removed,leavingonlythe two
GL andFM, thenthe sameequilibriumwillbe maintainedso
longasthesuspensionisatC. Nowletusconsiderthatwehave
heretwoheavybodiesADandDBhungattheendsGandF,of
a balancebeamGF in equilibriumaboutthe pointC, so that
the lineCG is the distancefromC to the pointof suspension
ofthe heavybodyAD,whileCF is the distanceat whichthe
otherheavybody,DB, is supported.It remainsnowonlyto
showthat thesedistancesbearto eachotherthe inverseratio
of the weightsthemselves,that is,the distanceGC is to the
distanceCFastheprismDBistotheprismDA--aproposition
whichweshallproveas follows:Sincethe lineGEis thehalfof
EH,andsinceEF isthehalfofEI, thewholelengthGFwillbe

half



iiz THE TWO NEW SCIENCESOF GALTLVD
halfofthe entirelineHI, andthereforeequalto CI: ifnowwe
subtra&thecommonpartCFtheremainderGCwillbeequalto
theremainderFI, that is,to FE,andif to eachoftheseweadd
CE we shallhaveGE equal to CF: henceGE_F=FC:CG.
But GEandEF bearthe sameratioto eachotheras do their
doublesHE andEI, that is,the sameratioasthe prismADto
DB. Therefore,by equatingratioswehave,convertendo,the
distanceGCis to the distanceCF as the weightBE)is to the
weightDA,whichiswhatI desiredtoprove.

[,54]
If whatprecedesis clear,youwillnot hesitate,I think, to

admitthat the twoprismsADandDBareinequilibriumabout
the pointC sinceone-halfof the wholebodyAB lieson the
rightofthe suspensionC andtheotherhalfontheleft;inother
words,thisarrangementisequivalentto twoequalweightsdis-
posedatequaldistances.I donotseehowanyonecandoubt,if
thetwoprismsADandDBweretransformedintocubes,spheres,
orintoanyotherfigurewhateverandifGandFwereretainedas
pointsof suspension,that they wouldremainin equilibrium
aboutthepointC,forit isonlytooevidentthat changeoffigure
doesnotproducechangeofweightsolongasthe mass[quantit_
di materialdoesnotvary. Fromthiswemayderivethegeneral
conclusionthat any two heavybodiesare ha equilibriumat
distanceswbAchare inverselyproportionalto their weights.

This principleestablished,I desire,beforepassingto any
othersubje&,to callyourattentionto thefa&that theseforces,
resistances,moments,figures,etc.,maybe consideredeitherin
the abstra&,dissociatedfrommatter,or in the concrete,asso-
ciatedwith matter. Hence the propertieswhichbelongto
figuresthat are merelygeometricalandnon-materialmust be
modifiedwhenwefill thesefigureswith matter andtherefore
givethem weight. Take, for example,the leverBA which,
restinguponthe supportE, is usedto lift a heavystoneD.
Theprinciplejust demonstratedmakesit clearthat a forceap-
plied at the extremityB willjust sufficeto equilibratethe
resistanceofferedby the heavy bodyD providedthis force
[momento]bearsto theforce[momento]atD the sameratioasthe

distance
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distanceACbearsto thedistanceCB;andthisistruesolongas
weconsideronlythemomentsofthesingleforceat B andofthe
resistanceat D, treatingtheleverasanimmaterialbodydevoid
ofweight. But ifwetake intoaccounttheweightofthe lever
itselfmaninstrumentwhichmaybe madeeitherofwoodor of
iron--itismanifestthat,whenthisweighthasbeenaddedto the

[Iss]
forceat B, the ratiowillbe changedandmust thereforebe
expressedin differentterms. Hencebeforegoingfurtherlet

Fig. 15
us agreeto distinguishbetweenthesetwopointsofview;when
weconsideran instrumentin the abstra&,i. e.,apartfromthe
weightof its ownmaterial,weshallspeakof "takingit in an
absolutesense"[prendereassolutamente];butifwefilloneofthese
simpleandabsolutefigureswithmatterandthusgiveitweight,
we shall referto sucha materialfigureas a "moment"or
"compoundforce"[momentooforzacomposta].

SAoR.I mustbreakmyresolutionaboutnot leadingyouoff
intoa digression;forI cannotconcentratemy attentionupon
what is to followuntila certaindoubtis removedfrommy
mind,namely,you seemto comparethe forceat B withthe
total weightof the stoneD, a part of whichmpossiblythe
greaterpart--rests uponthe horizontalplane:so that

SALV.I understandpede&ly:youneedgonofurther.How"
everpleaseobservethat I havenotmentionedthetotalweight
ofthe stone;I spokeonlyofits force[momento]at the pointA,
theextremityofthe leverBA,whichforceis alwayslessthan
the total weightof the stone,andvarieswithits shapeand
elevation.

SAc_.Good:but thereoccursto me-anotherquestionabout
which
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whichI am curious. For a completeunderstandingof this
matter, I shouldlikeyou to showme,ifpossible,howonecan
determinewhat part of the total weightis supportedby the
underlyingplaneand what part by the endA of the lever.

SALV.The explanationwillnot delayus long and I shall
thereforehavepleasurein grantingyourrequest. In theaccom-
panyingfigure,let us understandthat the weighthavingits
centerofgravityat A restswiththe end]3uponthehorizontal
planeand with the other enduponthe leverCG. LetN be
thefulcrumofalevertowhichtheforce[potenza]isappliedat G.
Let falltheperpendiculars,AOandCF,fromthe centerAand
the endC. Then I say,the magnitude[momento]of the entire
weightbears to the magnitudeof the force [momentodella
po_enza]at G a ratiocompoundedofthe ratiobetweenthe two

Fig.16
distancesGN and NC and the ratio betweenFB and BO.
LayoffadistanceXsuchthat itsratioto NCisthesameasthat
ofBOto FB; then,sincethe total weightA is counterbalanced
bythetwoforcesat BandatC,itfollowsthat theforceat Bisto
that at C as the distanceFO is to the distanceOB. Hence,

[ 56]
compone_o,the sumofthe forcesat B andC,that is,the total
weightA [momentodi tutto'l pesod], isto theforceat C asthe
lineFB is to the lineBO,that is,as NCis to X: but the force
[momentodellapotenza]appliedat C is to the forceappliedat
G as the distanceGN is to the distanceNC; henceit follows,
excequaliin l_roportioneperturbata,*that the entireweightA is
to the forceappliedat G as thedistanceGNis to X. But the
ratioofGNtoX iscompoundedoftheratioofGNtoNC andof
NC toX, that is,ofI_Bto B0; hencetheweightAbearsto the

*FordefinitionofperturbataseeTodhunter'sEuclid.BookV,Def.2o.
[Trans.]
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equilibratingforceat G a ratiocompoundedof that ofGN to
NCandofFBto BO:whichwastobeproved.

Letusnowreturnto ouroriginalsubjecCt;then, ifwhathas
hithertobeensaid is clear,it willbe easilyunderstoodthat,

PROPOSITIONI

A prismor solidcylinderof glass,steel,woodorotherbreak-
ablematerialwhichiscapableofsustainingaveryheavyweight
whenappliedlongitudinallyis, as previouslyremarked,easily
brokenbythe transverseapplicationof aweightwhichmaybe
muchsmallerinproportionasthe lengthofthecylinderexceeds
its thickness.

Let us imaginea solidprismABCDfastenedintoa wallat
theendAB,andsupportingaweightE at theotherend;under-
standalsothat thewallisverticalandthat theprismorcylinder
is fastenedat rightanglesto thewall. It is clearthat, if the
cylinderbreaks,fracturewilloccurat the pointB wherethe
edgeofthemortiseacCtsasa fulcrumforthe leverBC,to which
theforceisapplied;thethicknessofthesolidBAistheotherann
oftheleveralongwhichislocatedtheresistance.Thisresistance
opposesthe separationof the part BD,lyingoutsidethewall,
fromthat portionlyinginside. Fromthe preceding,it follows
that themagnitude[momento]oftheforceappliedat Cbearsto
themagnitude[momento]oftheresistance,foundinthethickness
ofthe prism,i.e.,in theattachmentofthe baseBAto its con-
tiguousparts,the sameratiowhichthe lengthCBbearsto half
the lengthBA;if nowwedefineabsoluteresistanceto fracCture

[i57]
asthat offeredto a longitudinalpull(inwhichcasethestretch-
ingforceacCtsin the samedirec°donasthat throughwhichthe
bodyismoved),thenit followsthat the absoluteresistanceof
the prismBDis to the breakingloadplacedat the endof the
leverBCin thesameratioasthelengthBCisto thehalfofAB
in the caseof a prism,or the semidiameterin the caseof a
cylinder.Thisisour firstproposition.*Observethat in what

*Theonefundamentalerrorwhichisimplicitlyintroducedintothis
propositionand which is carried throughthe entire discussionof the
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hasherebeensaidthe weightof the solidBE)itselfhasbeen
leftoutof consideration,or rather,the prismhasbeenassumed
to bedevoidofweight. But if theweightofthe prismis to be
takenaccountofin conjuncCtionwiththeweightE,wemustadd

to theweightEone
half that of the
prismBD: so that
if, forexample,the
latter weighstwo
pounds and the
weightE is ten
pounds we must
treat the weightE
as if it wereeleven

D pounds.
SL_P.Why not

twelve?
SALv.Theweight

E,my dearSimp-
licio,hangingatthe
extremeendC acCts
upontheleverBC
withits_allmo-
mentoftenpounds:
so alsowould the

Fig.17 solid BD if sus-
pendedat the samepoint exertitsfilllmomentof twopounds;
but, as you know,this solidis uniformlydistributedthrough-
SecondDay consistsin a failureto seethat, in sucha beam,there must
be equilibriumbetweenthe forcesof tensionand compressionoverany
cross-section.The correctpoint of viewseemsfirstto have beenfound
by E. Mariotte in I68Oand by A. Parent in I7I3. Fortunately this
error does not vitiate the conclusionsof the subsequentpropositions
which deal only with proportlons--not actual strength--of beams.
FollowingK. Pearson(Todhunter'sHistoryof Elasticity)onemightsay
that Galileo'smistakelay in supposingthefibresofthe strainedbeamto
be inextensible.Or, confessingthe anachronism,onemightsay that the
errorconsistedin taking the lowestfibreof thebeamas the neutralaxis.

[Tra_;.]
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out its entirelength,BC,so that the partswhichlie nearthe
endB arelesseffeCtivethanthosemoreremote.

Accordinglyif we strike a balancebetweenthe two, the
weightof the entireprismmaybe consideredas concentrated
at its centerof gravitywhichliesmidwayof the leverBC.
But a weighthungat the extremityC exertsa momenttwice
as greatas it wouldif suspendedfromthe middle:therefore

[is8]
ifweconsiderthe momentsofbothaslocatedat theendC we
mustaddtotheweightEone-halfthatoftheprism.

Sn_P.I understandperfeCtly;andmoreover,ifI mistakenot,
the forceofthe twoweightsBDandE, thusdisposed,would
exertthesamemomentaswouldtheentireweightBIDtogether
with twicethe weightE suspendedat the middleof the lever
BC.

S_J_v.Preciselyso, and a faCtworth remembering.Now
wecanreadilyunderstand

PROPOSITIONII
Howandin whatproportiona rod,or rathera prism,whose

widthis greaterthan its thicknessoffersmoreresistanceto
fracCturewhenthe

appliedin a__forceis
the direCtionof its cV___-_r-_I] Jbreadththaninthe
direCtionof it s _b-__ ___t_

thickness. __:_-'_ --
For the sakeof

clearness,take a

ruler ad whose _ _width is ac and
whose thickness, Fig.i8
cb,is muchlessthan its width. Thequestionnowis whywill
the ruler,if stoodon edge,as in the firstfigure,withstanda
greatweightT, while,whenlaidflat,as in the secondfigure,
it willnot supportthe weightX whichis lessthanT. The
answeris evidentwhenwe rememberthat in the onecase

the
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the fulcrumis at the line bc, and in the other caseat ca,
whilethe distanceat whichthe forceis appliedis the samein
both cases,namely,the length be/:but in the first casethe
distanceofthe resistancefromthe fulcrum--halfthe lineca--
is greaterthan in the othercasewhereit is onlyhalf of bc.
Thereforethe weightT is greaterthanX in the sameratio as
halfthe widthcaisgreaterthanhalfthe thicknessbc,sincethe
formerarts as a leverarmforca,andthe latterforcb,against
the sameresistance,namely,the strengthofall thefibresin the
cross-sectionab. Weconclude,therefore,that anygivenruler,
or prism,whosewidthexceedsits thickness,willoffergreater
resistanceto fracturewhenstandingon edgethanwhenlying
flat,andthisin theratioofthewidthto thethickness.

PRoPosrrmr¢III
Consideringnowthecaseofaprismorcylindergrowinglonger

in a horizontaldirection,wemustfindout in what ratiothe
momentof its ownweightincreasesin comparisonwith its
resistanceto fracture. ThismomentI findincreasesinpropor-

[I59]
tionto the squareofthe length. In orderto provethis letAD
beaprismorcylinderlyinghorizontalwithitsendA firmlyfixed
in awall. Let thelengthoftheprismbe increasedbythe addi-
tion of the portionBE. It is clearthat merelychangingthe
lengthoftheleverfromAB toACwill,ifwedisregarditsweight,
increasethemomentofthe force[attheend]tendingto produce
fracCtureat A in the ratioofCA to BA. But, besidesthis, the
weightofthe solidportionBE,addedto theweightofthe solid
ABincreasesthe momentof thetotal weightin theratioofthe
weightof the prismAEto that of the prism_A_B,whichis the
sameastheratioofthelengthAC toAB.

It follows,therefore,that, whenthe lengthandweightare
simultaneouslyincreasedin anygivenproportion,the moment,
whichistheproductofthesetwo,isincreasedina ratiowhichis
the squareofthe precedingproportion.Theconclusionis then
that the bendingmomentsdueto the weightof prismsand
cylinderswhichhavethe samethicknessbut differentlengths,

bear
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bearto eachothera ratiowhichis the squareof the ratioof
theirlengths,or,whatisthesamething,theratioofthesquares
oftheirlengths.We shallnextshowin what ratiothe resistanceto frac_re

B C

Fig. 19

[bendingstrength],in prismsandcylinders,increaseswith in-
[ 6o]

creaseof thicknesswhilethe lengthremainsunchanged.Here
I saythat

PIIOPOSlTIONIV

In prismsand cylindersof equallength,but of unequal
thicknesses,theresistanceto fra_ureincreasesinthesame
ratioas thecubeofthe diameterof the thickness,i.e., of
thebase.

LetAandB betwocylindersofequallengthsDG,FH;lettheir
basesbecircularbutunequal,havingthe diametersCDandEF.
ThenI saythatthe resistancetofradtureofferedbythe cylinderB
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B isto that offeredbyAasthe cubeofthe diameterFEistothe
cubeof thediameterDC. For, ifweconsiderthe resistanceto
fragtureby longitudinalpullasdependentuponthe bases,i. e.,
uponthecirclesEFandDC,noonecandoubtthat the strength
[resistenza]of the cylinderB is greaterthan that of A in the

* sameproportioninwhichthe areaofthe circleEFexceedsthat
of CD;becauseit is preciselyin this ratiothat the numberof
fibresbindingthe partsofthe solidtogetherinthe onecylinder
exceedsthat intheothercylinder.

But in the caseof a forceacCtingtransverselyit mustbe re-
memberedthat weareemployingtwoleversinwhichthe forces

C areappliedatdistancesDG,
FH, and the fulcrumsare
locatedat the pointsD and

C D F; but the resistancesare
1_appliedat distanceswhich

........... areeqiaalto the radiiofthe

_ circlesDC and EF, sincethe fibresdistributedover
l-I I_these entire cross-secCtions

Fig.2o ac°casif concentratedat the
centers. Rememberingthis and rememberingalsothat the
arms,DGandFH, throughwhichthe forcesG and H acCtare
equal,we can understandthat the resistance,locatedat the
centerof the baseEF, actingagainstthe forceat H, is more
effecCtive[maggiore]than the resistanceat the centerof the
base CD opposingthe forceG, in the ratioof the radiusFE
to the radiusDC. Accordinglythe resistanceto fracCtureof-
feredby the cylinderB isgreaterthan that of the cylinderA
in a ratiowhichiscompoundedofthat of theareaofthe circles
EF andDCandthat oftheirradii,i. e.,oftheirdiameters;but
the areasofcirclesareasthe squaresoftheirdiameters.There-
forethe ratioof the resistances,beingthe produc°cof the two
precedingratios,isthesameasthat ofthecubesofthediameters.
ThisiswhatI setoutto prove.Alsosincethevolumeofa cube

[I6I]
variesas the thirdpowerof its edgewemaysay that the re-

sistance
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sistance[strength]ofa cylinderwhoselengthremainsconstant
variesasthethirdpowerofitsdiameter.

Fromtheprecedingweareableto concludethat
CORO_L__RY

The resistance[strength]of a prismor cylinderof constant
lengthvariesinthesesquialteralratioofitsvolume.

Thisis evidentbecausethe volumeofa prismor cylinderof
constantaltitudevariesdirecCtlyasthe areaof itsbase,i.e.,as
the squareofasideordiameterofthisbase;but,asjustdemon-
strated,the resistance[strength]variesasthe cubeofthissame
sideordiameter.Hencetheresistancevariesinthesesquialteral
ratioof the volume consequentlyalsoof the weight--ofthe
soliditself.

S_v. BeforeproceedingfurtherI shouldliketo haveoneof
mydifficultiesremoved.Up to thispointyouhavenot taken
into considerationa certainother kindof resistancewhich,it
appearsto me,diminishesas thesolidgrowslonger,andthis is
quiteastruein the caseofbendingas in pulling;it isprecisely
thusthat in thecaseofa ropeweobservethat a verylongoneis
lessableto supporta largeweightthana shortone. Whence,I
believe,ashortrodofwoodorironwillsupporta greaterweight
thanif it werelong,providedthe forcebe alwaysappliedlongi-
tudinallyandnottransversely,andprovidedalsothat wetake
intoaccounttheweightoftheropeitselfwhichincreaseswithits
length.

SALV.I fear,Simplicio,if I correc°dycatchyourmeaning,
that inthisparticularyouaremakingthesamemistakeasmany
others;that isifyoumeanto saythata longrope,oneofperhaps
4° cubits,cannotholdup sogreata weightasa shorterlength,
sayoneortwocubits,ofthesamerope.

SIMV.ThatiswhatI meant,andasfarasI seetheproposition
ishighlyprobable.

SALV.On the contrary,I considerit notmerelyimprobable
but false;andI think I caneasilyconvinceyouof yourerror.
LetABrepresenttherope,fastenedat theupperendA: at the
lowe.rendattach a weightC whoseforceis just sufficienttobreak
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breaktherope. Now,Simplicio,pointouttheexactplacewhere
youthinkthebreakoughttooceur.

[1621
Sn_. Let ussayD.
S_v. Andwhyat D?
SrMe.Becauseat thispointthe ropeisnot strongenoughto

support,say,IOOpounds,madeupoftheportionoftheropeDB
andthestoneC.

SALV.Accordinglywheneverthe ropeisstretched[violentata]
withtheweightofIOOpoundsat D it willbreakthere.

Sna_.I thinkso.
S_v. But tell me,if insteadof attachingthe weightat the

endof the rope,B,one fastensit at a pointnearer
D, say, at E: or if, insteadof fixingthe upperend
ofthe ropeat A,onefastensit at somepointF, just

A. aboveD,willnottherope,at thepointD,be subjeCt
to thesamepullofIOOpounds?

Sn_P.It would,providedyou includewith the
P stoneCtheportionofropeF__.B.
IB SALV.Let us thereforesupposethat the rope is

stretchedatthepointD witha weightofIOOpounds,
then accordingto yourownadmissionit willbreak;
but FE isonly a smallportionofAB;howcanyou
thereforemaintainthat the longropeisweakerthan
the shortone? Give up then this erroneousview

B whichyousharewithmanyvery intelligentpeople,
and let usproceed.

Now havingdemonstratedthat, in the caseof
[uniformlyloaded]prismsand cylindersof constant
thickness,the momentof forcetendingto produce

Fig.2I fracture[momentosoprale proprieresistenze]varies
as the squareof the length;and havinglikewiseshownthat,
whenthe lengthisconstantandthe thicknessvaries,the resist-
anceto fraCturevariesas the cubeof the side,or diameter,
ofthe base,letuspassto theinvestigationofthe caseof solids
whichsimultaneouslyvaryinbothlengthandthickness.HereI
observethat,
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PROPOSITIONV

_ Prismsand cylinderswhichdifferin both length andthicknessofferresistancesto fraffture[i.e.,cansupportat
their endsloads]whichare directlyproportionalto the
cubesofthe diametersoftheirbasesandinverselypropor-
tionalto theirlengths.

[I65]
LetABCandDEF betwosuchcylinders;thenthe resistance
[bendingstrength]of thecylinderACbearsto the resistanceof
the cylinderDF a ratiowhichisthe produCtofthecubeofthe
diameterABdividedbythecubeofthediameterDE,andofthe
lengthEF dividedby the A
length BC. Make EG _--_
equal to BC:let H be a B
third proportionalto the C
linesAB and DE; let I D

be a fourth proportional,__[AB/DE=H/I]: and let - _:- ---, "....I :S=EF:BC. G F
NowsincetheresistanceA_ B

of the cylinderAC is to D'. 'E
that of the cylinderDG t_
as thecubeofABisto the
cubeofDE, that is,asthe I _
lengthABis to the length $'
I; andsincethe resistance Fig.zz
ofthe cylinderDG isto that of the cylinderDF asthe length
FEisto EG,that is,asI is to S, it followsthat the lengthAB
is to S as the resistanceof the cylinderAC is to that of the
cylinderDF. Butthe lineAB bearsto S a ratiowhichis the
produCtof AB/I and I/S. Hence the resistance[bending
strength]ofthe cylinderACbearstothe resistanceof the cyl-
inderDF a ratiowhichis the produCtof AB/I(that is,AB3/
DE8)and of I/S (that is,EF/BC):whichis whatI meantto
prove.

This propositionhavingbeen demonstrated,let us nextconsider
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considerthe caseof prismsand cylinderswhichare similar.
Concerningtheseweshallshowthat,

PROPOSITIONVI

Inthecaseofsimilarcylindersandprisms,themoments
[stretchingforces]whichresultfrommultiplyingtogether
theirweightandlength[i.e.,fromthemomentsproduced
by their ownweightand length],whichlatter acCtsas a
lever-arm,bearto eachother a ratiowhichis the sesqui-
alteralofthe ratiobetweenthe resistancesoftheirbases.

In orderto provethis letusindicatethe twosimilarcylinders
byABandCD:thenthemagnitudeoftheforce[momento]inthe
cylinderAB,opposingthe resistanceof itsbaseB, bearsto the
magnitude[momento]oftheforceat CD,opposingtheresistance
of its base D, a ratiowhichis the sesquialteralof the ratio

[I641
betweenthe resistanceofthe baseB andthe resistanceof the

baseD. Andsincethe
A BSolidsABandCD,are

effe&ivein opposing
the resistancesoftheir
basesB andD, in pro-

C m..... =-_D portiontotheirweights
andto the mechanical

Fig.23 advantages[forze]of
theirleverarmsrespectively,andsincetheadvantage[forza]of
theleverarmABisequalto the advantage[forza]ofthe lever
armCD (thisis true becausein virtueof the similarityof the
cylindersthe lengthAB is to the radiusof the baseB asthe
lengthCDisto theradiusofthebaseD),it followsthat thetotal
force[momento]ofthecylinderABisto thetotalforce[mornento]
ofthe cylinderCD astheweightaloneofthe cylinderABis to
the weightaloneof the cylinderGD,that is,as thevolumeof
the cylinderAB [l'istessocilindroAB] is to the volumeCD
[all'istessoCD]:but these are as the cubesof the diameters
oftheirbasesB andD; andthe resistancesof the bases,being

to
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to eachother as their areas,are to eachother consequently
asthesquaresoftheirdiameters.Thereforetheforces[moment,]
ofthecylindersareto eachotherinthesesquialteralratioofthe
resistanceoftheirbases.*

SLMP.Thispropositionstrikesmeasbothnewandsurprising:
at firstglanceit is very differentfrom'anythingwhichI my-
self shouldhave guessed:for sincethesefiguresare similar
in all other respects,I shouldhave certainlythoughtthat
the forces[moment,]andtheresistancesofthesecylinderswould
havebornetoeachotherthesameratio.

SAG_.Thisistheproofofthepropositionto whichI referred,
at theverybeginningofourdiscussion,as oneimperfectlyun-
derstoodbyme.

SALv.Fora while,Simplicio,I usedto think,asyoudo,that
the resistancesofsimilarsolidsweresimilar;but acertaincasual
observationshowedme that similarsolidsdo not exhibita
strengthwhichisproportionalto theirsize,thelargeronesbeing
lessfittedto undergoroughusagejustastallmenaremoreapt
than smallchildrento be injuredby a fall. And,as we re-
markedat the outset,a largebeamor columnfallingfroma

[x651
givenheightwillgotopieceswhenunderthesamecircumstances
asmallscantlingorsmallmarblecylinderwillnotbreak. It was
thisobservationwhichledme to the investigationof the fact
whichI amaboutto demonstratetoyou:itisa veryremarkable
thingthat,amongthe infinitevarietyofsolidswhicharesimilar
oneto another,therearenotwoofwhichthe forces[moment,],
andtheresistancesof thesesolidsarerelatedinthe sameratio.

SLuP.YouremindmenowofapassageinArstofle'sQuestions
* The precedingparagraphbeginningwith Prop.VI is of more than

usualinterest asillustratingthe confusionof terminologycurrent in the
time of Galileo. The translationgivenis literal exceptin the caseof
thosewordsfor whichthe Italian is supplied. The factswhichGalileo
has in mind are soevident that it is difficultto see howone can here
interpret "mo_nent"to mean the force "opposingthe resistanceof its
base,"unless"theforceof theleverarradg" betakento mean"the
mechanicaladvantageof the levermadeup of AB and theradiusof the
baseB"; and similarlyfor "theforceof theleverarmCD." [Trans.]
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inMechanicsinwhichhetriesto explainwhyit isthat awooden
beambecomesweakerandcanbemoreeasilybentas it grows
longer,notwithstandingthe faCtthat the shorterbeamis thin-
ner andthe longeronethicker:and, if I remembercorrectly,
heexplainsit intermsofthe simplelever.

SALv.Verytrue: but, sincethis solutionseemedto leave
roomfordoubt,BishopdiGuevara,*whosetruly learnedcom-
mentarieshave greatlyenrichedand illuminatedthis work,
indulgesin additionalcleverspeculationswiththehopeofthus
overcomingall difficulties;neverthelessevenhe is confusedas
regardsthisparticularpoint,namely,whether,whenthe length
andthicknessof thesesolidfiguresincreasein the sameratio,
theirstrengthandresistanceto fraCture,aswellasto bending,
remainconstant. Aftermuchthoughtuponthissubjeft,Ihave
reachedthe followingresult. FirstI shallshowthat,

PROPOSITIONVII

Amongheavyprismsandcylindersof similarfigure,there
is oneand only one whichunderthe stressof its own
weightlies just on the limitbetweenbreakingand not
breaking:so that everylargeroneis unableto carrythe
loadofitsownweightandbreaks;whileeverysmallerone
isabletowithstandsomeadditionalforcetendingtobreakit.

LetABbe a heavyprism,the longestpossiblethat willjust
sustainitsownweight,sothat if it belengthenedthe leastbit it
willbreak. Then,I say,thisprismisuniqueamongallsimilar
prisms--infinitein number--inoccupyingthat boundaryline
betweenbreakingand not breaking;so that everylargerone

[i661
willbreakunderits ownweight,andeverysmalleronewillnot
break,but willbe ableto withstandsomeforcein additionto its
ownweight.

Let the prismCE be similarto, but largerthan,AB: then,
I say, it willnot remaininta_ but willbreakunderits own
weight. Layoffthe portionCD,equalinlengthtoAB. And,
since,theresistance[bendingstrength]ofCDisto that ofAB as

* BishopofTeano;b. 156I;d. I64L [Trans.]
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the cubeofthethicknessofCDistothe cubeofthethicknessof:_
AB,that is,astheprismCEisto thesimilarprismAB,it follows
that the weightof CEis theutmostloadwhicha prismofthe
lengthCDcansustain;but the lengthofCE isgreater;there-
forethe prismCE willbreak.ANowtake anotherprismFG _B P_--"-_"G _t
whichis smallerthan AB.

LetFH equalAB,thenit can __,___beshownin a similarmannerC ............ E
that the resistance[bending D
strength]of FG is to that of Fig.24
AB as the prismFG is to the prismAB providedthe dis-
tanceABthat is FH, is equalto the distanceFG; but AB
is greaterthan FG, and thereforethe momentof the prism
FG appliedat G isnot sufficientto breaktheprismFG.

SAG_.Thedemonstrationisshortandclear;whiletheproposi-
tion which,at firstglance,appearedimprobableis nowseen
to be bothtrueandinevitable.In orderthereforeto bringthis
prisminto that limitingconditionwhichseparatesbreaking
fromnot breaking,it wouldbe necessaryto changethe ratio
betweenthicknessandlengtheitherbyincreasingthethickness
orby diminishingthe length. Aninvestigationof thislimiting
statewill,I believe,demandequalingenuity.

SALV.Nay,evenmore;forthequestionismoredifficult;this
I knowbecauseI spentnosmallamountoftimein itsdiscovery
whichInowwishto sharewithyou.

PRoPosmo_VIII
Givena cylinderor prismof the greatestlengthconsist-
entwithitsnot breakingunderitsownweight;andhaving
givena greaterlength,to find the diameterof another
cylinderor prismofthisgreaterlengthwhichshallbethe
onlyandlargestonecapableofwithstandingitsownweight.

LetBCbe the largestcylindercapableofsustainingits own
weight;andletDEbe alengthgreaterthanAC:theproblemis
to findthe diameterof the cylinderwhich,havingthe length

[I67]
DE,
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DE, shallbe the largestonejust ableto withstandits own
weight. Let I be a thirdproportionalto the lengthsDE and
AC;let the diameterFDbe to the diameterBAasDE is to I;
drawthe cylinderFE; then, amongall cylindershavingthe
sameproportions,this is the largestandonlyonejust capable
ofsustainingitsownweight.

Let M be a thirdproportionalto DE and I: alsolet Obe a
fourthproportionalto DE, I, andM; layoffFG equalto AC.
NowsincethediameterFD isto the diameterABasthelength
DE isto I, andsinceOisa fourthproportionalto DE,I andM,
it followsthat FD3:BAS=DE:O.But the resistance[bending
_. C strength]of the cylinderDG is

to the resistanceof the cylinder
]_BCasthe cubeof FD isto the

cubeofBA:hencethe resistance
P ofthe cylinderDG isto that of
:t, G cylinderBCasthe lengthDEis_a,J, ' ' !
o: : to O. And sincethe moment

Fig.25 of the cylinderBC is held in
equilibriumby [?equalealla]its resistance,weshallaccomplish
ourend(whichisto provethat themomentofthe cylinderFE
is equalto the resistancelocatedat FD), if weshowthat the
momentofthecylinderYEisto themomentofthecylinderBC
asthe resistanceDF isto the resistanceBA,that is,asthe cube
of FD isto the cubeofBA,or as the lengthDE isto O. The
momentof the cylinderFE is to the momentof the cylinder
DGasthe squareofDE isto the squareofAC,that is, asthe
lengthDE is to I; but the momentofthe cylinderDGisto the
momentofthe cylinderBC,asthe squareofDFis to thesquare
ofBA,that is,asthesquareofDEisto thesquareofI, or asthe
squareofI is to the squareofM, or,asI isto O. Thereforeby
equatingratios,it resultsthat the momentofthe cylinderFE is
to themomentofthecylinderBCasthelengthDE isto O,that
is,asthecubeofDFisto the cubeofBA,orastheresistanceof
the baseDFisto the resistanceofthe baseBA;whichwastobe
proven.

SAGI_.This demonstration,Salviati,is ratherlongand diffi-cult
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_ cult to keepin mind from a singlehearing. Will you not,

therefore,begoodenoughto repeatit?
SALV.Asyoulike;butI wouldsuggestinsteadamoredire_

anda shorterproof:this will,however,necessitatea different
_o figure.
_-_ [x68]
;" SAGR.The favorwillbe that muchgreater:neverthelessI
_ hopeyouwillobligemeby puttingintowrittenformthe argu-s
i mentjustgivensothat Imaystudyit atmyleisure.

SALV.I shallgladlydoso. LetA denotea cylinderofdiam-
' eter DC andthe largestcapableofsustainingits ownweight:
; the problemis to determinea largercylinderwhichshallbe

at oncethe maximumandtheuniqueonecapableofsustaining
itsownweight.

LetE be sucha cylinder,similarto A,havingthe assigned
length,andhavinga diameterKL. LetMNbea thirdpropor-
tionalto thetwolengthsDCandKL: n A
let MN alsobe the diameterof an- c_other cylinder,X, havingthe same
lengthasE: then,I say,X isthe cyl-
inder sought.Now sincethe resist- M
anceofthe baseDC is to the resist-
anceofthe baseRE as the squareof
DCis to the squareofI{_L,that is,as
the squareof KL is to the squareof Fig.26
MN,or,as the cylinderEis to the cylinderX, that is, as the
momentE is to the momentX; and sincealsothe resistance
[bendingstrength]of the baseKL is to the resistanceof the
baseMN as the cubeof KLis to the cubeof MN,that is,
asthe cubeofDC isto thecubeofKL,or,asthecylinderAis
to the cylinderE. that is,asthemolfientofAisto themoment
of E; henceit follows,ex cecualiin proportioneperturbata,*
that themomentofAisto themomentofX astheresistanceof
the baseDC is to the resistanceof the baseMN; therefore
momentand resistanceare relatedto eachotherin prismX
preciselyastheyareinprismA.

* For definitionof perturbataseeTodhunter'sEuclid,BookV,De{.20.
[Trans.]
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Let us now generalizethe problem;then it willread as

follows:
Givena cylinderAC in whichmomentand resistance
[bendingstrength]are relatedin anymannerwhatsoever;
let DE be the lengthof anothercylinder;thendetermine
whatits thicknessmust be in orderthat the relationbe-
tweenits momentand resistanceshallbe identicalwith
that ofthecylinderAC.

UsingFig.25in the samemanneras above,wemaysaythat,
sincethe momentof the cylinderFE is to the momentof the
portionDGas thesquareofED is to thesquareofFG,that is,
as thelengthDEis to I; andsincethemomentofthe cylinder
FGis to themomentofthe cylinderAC asthesquareofFD is
to thesquareofA_B,or,asthesquareofEDis to the squareof
I, or, asthe squareof I is to the squareofM, that is, as the
lengthI is to O; it follows,exaequali,that themomentof the

[I69]
cylinderFE is to themomentofthe cylinderACas thelength
DE is to O, that is,as the cubeof DE isto the cubeof I, or,
asthe cubeofFD isto thecubeofAB,that is,astheresistance
ofthebaseFD isto theresistanceofthebaseAB;whichwasto
beproven.

Fromwhathas a/readybeendemonstrated,youcanplainly
seethe impossibilityof increasingthe sizeofstructuresto vast
dimensionseitherin art or in nature;likewisetheimpossibility
of buildingships,palaces,or templesofenormoussizeinsucha
waythat theiroars,yards,beams,iron-bolts,and,in short,all
theirother parts willhold together;nor can natureproduce
treesof extraordinarysizebecausethe brancheswouldbreak
downundertheirownweight;soalsoit wouldbe impossibleto
buildupthebonystruCturesofmen,horses,orotheranimalsso
asto holdtogetherandperformtheirnormalfunCtionsif these
animalswereto be increasedenormouslyin height;for this
increasein heightcanbe accomplishedonlybyemploy_ga
materialwhichisharderandstrongerthanusual,orbyenlarging
the sizeofthe bones,thus changingtheirshapeuntilthe form
andappearanceof the animalssuggesta monstrosity.This is

perhaps
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perhapswhat our wisePoet had in mind,whenhe says,in
describingahugegiant:

"Impossibleit isto reckonhisheight
"Sobeyondmeasureishissize."*

To illustratebriefly,I havesketcheda bonewhosenatural
length has been increasedthree timesand whosethickness
hasbeenmultiplieduntil,for a correspondinglylargeanimal,
it wouldperformthe same_ncCtionwhichthe smallboneper-
formsfor its smallanimal. Fromthe figureshereshownyou
can see howout of proportionthe enlargedbone appears.
Clearlythenifonewishesto maintainina greatgiantthesame
proportionoflimbasthat _ _t_
foundinanordinaryman
he must either find a
harderandstrongerma-
terial for making the

[17o]
bones,orhe mustadmit
a diminutionof strength
in comparisonwithmen
ofmediumstature;forif
his heightbe increased Fig. 27
inordinatelyhewillfallandbecrushedunderhisownweight.
Whereas,if the sizeof a bodybe diminished,the strengthof
that bodyisnotdiminishedin the sameproportion;indeedthe
smallerthe bodythe greaterits relativestrength. Thus a
smalldogcouldprobablycarryon hisbacktwoor threedogs
of hisownsize;but I believethat a horsecouldnot carryeven
oneofhisownsize.

SrM1,.Thismaybeso;butI amledto doubtit onaccountof
the enormoussizereachedby certainfish,suchas the whale
which,I understand,is ten timesas largeas an elephant;yet
theyallsupportthemselves.

SALv.Your question,Simplicio,suggestsanotherprinciple,
• Non si pu_ compartirquantosia lungo,

Si smisuratamentek tuttogrosso.
Ariosto'sOrlandoFurioso,XVII,3o[Trans.]
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onewhichhadhithertoescapedmyattentionandwhichenables
giants and other animalsof vast sizeto supportthemselves
and to moveaboutaswellas smalleranimalsdo. This result
maybe securedeitherby increasingthe strengthof the bones
andotherpartsintendedto carrynotonlytheirweightbut also
the superincumbentload;or, keepingthe proportionsof the
bonystructureconstant,the skeletonwillholdtogetherin the
samemanneror evenmoreeasily,providedone diminishes,
in the properproportion,the weightof the bony material,
of the flesh,andof anythingelsewhichthe skeletonhas to
carry. It is thissecondprinciplewhichisemployedby nature
in the strucCtureof fish,makingtheir bonesand musclesnot
merelylightbutentirelydevoidofweight.

SzMP.The trend of your argument,Salviatl,is evident.
Sincefishliveinwaterwhichonaccountofitsdensity[corpulenza]
or, as otherswould say, heaviness[gravitY]diminishesthe
weight[peso]of bodiesimmersedin it, youmeanto saythat,
for thisreason,thebodiesoffishwillbe devoidofweightand
willbesupportedwithoutinjuryto theirbones. But this isnot
all;foralthoughthe remainderof the bodyofthe fishmaybe
withoutweight,therecan be noquestionbut that theirbones
haveweight.Takethe caseofa whale'srib,havingthe dimen-
sionsofa beam;whocandenyitsgreatweightoritstendencyto
goto thebottomwhenplacedinwater? Onewould,therefore,

[I7I]
hardlyexpectthesegreatmassesto sustainthemselves.

SAT.V.AveryshrewdobjecCtion!Andnow,in reply,tellme
whetheryouhaveeverseenfishstandmotionlessat willunder
water,neitherdescendingto the bottomnor risingto the top,
withouttheexertionofforcebyswimming?

Sire,.Thisis awell-knownphenomenon.
SALv.The facetthenthat fishare ableto remainmotionless

underwaterisa conclusivereasonforthinkingthat thematerial
of theirbodieshas the samespecificgravityas that ofwater;
accordingly,if in theirmake-upthereare certainparts which
are heavierthanwatertheremustbe otherswhicharelighter,
forotherwisetheywouldnotproduceequilibrium.

Hence
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Hence,if the bonesareheavier,it isnecessarythat themus-

clesorotherconstituentsofthebodyshouldbelighterin order
that their buoyancymay counterbalancethe weightof the
bones. In aquaticanimalsthereforecircumstancesare just
reversedfromwhattheyarewithlandanimalsinasmuchas, in
the latter,the bonessustainnotonlytheirownweightbut also
that ofthe flesh,whilein the formerit is the fleshwhichsup-
portsnot onlyits ownweightbut alsothat ofthe bones. We
must thereforeceaseto wonderwhy theseenormouslylarge
animalsinhabitthe waterratherthan theland,that isto say,
theair.

Snvn,.I am convincedandI onlywishto addthatwhatwe
call landanimalsoughtreallyto be calledair animals,seeing
that theylivein theair, aresurroundedby air,andbreatheair.

SAG_.I haveenjoyedSimplicio'sdiscussionincludingboth
the questionraisedand its answer. MoreoverI can easily
understandthat oneofthesegiantfish,ifpulledashore,would
notperhapssustainitselfforanygreatlengthoftime,butwould
be crushedunderits ownmass as soonas the connecCtions
betweenthebonesgaveway.

SALV.I am inclinedto youropinion;and, indeed,I almost
think that the samethingwouldhappenin the caseof a very
bigshipwhichfloatson the seawithoutgoingto piecesunder

[I72]
its loadofmerchandiseandarmament,but whichondry land
andin air wouldprobablyfall apart. But let usproceedand
showhow:

Givena prismor cylinder,also its ownweightand the
maximumloadwhichit can carry,it is then possibleto
findamaximumlengthbeyondwhichthe cylindercannot
be prolongedwithoutbreakingunderitsownweight.

Let AC indicateboth the prismand its ownweight;also
let D representthe maximumloadwhichthe prismcan carry
at the endC withoutfracCture;it is requiredto findthe max-
imumtowhichthelengthofthesaidprismcanbeincreased
withoutbreaking.DrawAHof sucha lengththat theweight
of the prismACis to the sumofACandtwicethe weightD

as
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asthe lengthCAisto AH;andletAGbe a meanproportional
betweenCA and AH; then, I say,AGis the lengthsought.
Sincethe momentofthe weight[momentogravante]D attached
at thepointCisequalto themomentofaweighttwiceaslarge
asDplacedat themiddlepointAC,throughwhichtheweightof

....... the prismAC a&s,it fol-
__ .... -x'[-_.......... l-ttlowsthat the momentofA the resistanceof the prism
k _]__ AClocatedat A isequiva-

lentto twicethe weightD
plustheweightofAC,both
acCtingthroughthe middle

Fig.28 pointofAC. Andsincewe
have agreedthat the momentof the weightsthus located,
namely,twiceD plusAC,bearsto the momentofACthesame
ratiowhichthelengthHAbearsto CAandsinceAGisamean
proportionalbetweenthesetwolengths,it followsthat themo-
mentoftwiceD plusACisto themomentofACas the square
ofGAis to the squareof CA. But the momentarisingfrom
theweight[momentopremente]oftheprismC_ isto themoment
ofACasthe squareofGAis to the squareofCA;thenceAGis
themaximumlengthsought,that is,the lengthupto whichthe
prismACmaybeprolongedandstillsupportitself,but beyond
whichit willbreak.

Hithertowehave consideredthe momentsand resistances
of prismsand solidcylindersfixedat one endwith a weight
appliedat the other end;threecaseswerediscussed,namely,
that in whichthe appliedforcewasthe onlyoneacCting,that
in whichthe weightof the prismitselfis alsotakeninto con-
sideration,and that in whichthe weightof the prismaloneis
taken into consideration.Let us now considerthese same

[_73]
prismsandcylinderswhensupportedat bothendsor at a single
pointplacedsomewherebetweenthe ends. In the firstplace,
I remarkthat acylindercarryingonlyitsownweightandhaving
the maximumlength,beyondwhichit willbreak,will,when
supportedeitherin the middleor at both ends,havetwicethe

length
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at oneend. This is very evidentbecause,if wedenotethe

_: cylinderbyABCand ifweassumethat one-halfof it, AB, is
!_ the greatestpossiblelength capableof supportingits own

weightwithoneendfixedat B,then,forthesamereason,if the
; cylinderiscarriedonthe pointG, thefirsthalfwillbe counter-
! balancedbytheotherhalfBC. Soalsointhecaseofthecylinder

DEF,if itslengthbesuchthat it willsupportonlyone-halfthis
B

Fig.29
lengthwhenthe endD isheldfixed,orthe otherhaftwhenthe
endF isfixed,thenit is evidentthat whensupports,suchasH
andI, areplacedundertheendsD andF respecCtivelythemo-
mentofanyadditionalforceorweightplacedatE willproduce
fracCtureat thispoint.

A more intricateand difficultproblemis the following:
neglectthe weightof a solidsuchas the precedingandfind
whetherthe sameforceorweightwhichproducesfra&urewhen
appliedat the middleofa cylinder,supportedat bothends,will
alsobreakthe cylinderwhenappliedat someotherpointnearer
oneendthantheother.

Thus,forexample,ifonewishedto breaka stickby holding
it with onehand at eachend andapplyinghis kneeat the
middle,wouldthe sameforceberequiredtobreakit inthesame
mannerifthe kneewereapplied,notat themiddle,but at some
pointnearerto oneend?

SAGR.This problem,I believe,hasbeentoucheduponby
AristotleinhisQuestionsinMechanics.

Salv.
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[I74]

S_v. Hisinquiryhoweverisnotquitethe same;forhe seeks
merelyto discoverwhyit is that a stickmaybe moreeasily
brokenbytakinghold,onehandat eachendofthe stick,that
is, far removedfromthe knee,than if the handswerecloser
together. He givesa generalexplanation,referringit to the
lengthenedleverarmswhicharesecuredbyplacingthehandsat
the endsof the stick. Ourinquirycallsforsomethingmore:
whatwewantto knowiswhether,whenthehandsareretained
at the endsof the stick,the sameforceis requiredto breakit
whereverthe kneebe placed.

SAGR.At firstglancethiswouldappearto be so,becausethe
twoleverarmsexert,in acertainway,the samemoment,seeing
that asonegrowsshortertheothergrowscorrespondinglylonger.

SALV.Nowyouseehowreadilyonefallsintoerrorandwhat
cautionandcircumspec°donarerequiredto avoidit. Whatyou
have just saidappearsat firstglancehighlyprobable,but on
closerexaminationit provesto be quitefar fromtrue;as will
be seenfromthe fac°cthatwhethertheknec thefulcrumofthe
twoleverswbeplacedin the middleornotmakessucha differ-
encethat, if fractureis to be producedat anyotherpointthan
themiddle,thebreakingforceat themiddle,evenwhenmulti-
plied ]:our,ten, a hundred,or a thousandtimeswouldnot
suffice.Tobeginwithweshalloffersomegeneralconsiderations
and then passto the determinationof the ratioin whichthe
breakingforcemustchangein orderto producefrac°cureat one
pointratherthananother.

Let AB denotea woodencylinderwhichis to be brokenin
the middle,overthe supportingpointC, andletDE represent
an identicalcylinderwhichis to be brokenjust overthe sup-
portingpoint F whichis not in the middle. First of all it is
clearthat, sincethe distancesACandCBare equal,the forces
appliedat theextremitiesBandAmustalsobeequal. Secondly
sincethe distanceDF is lessthanthe distanceACthemoment
of anyforceac°dngat D is lessthan the momento]_the same
forceatA, that is,appliedat thedistanceCA;andthemoments
are lessin the ratioof thelengthDF to AC;consequentlyit is

necessary
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necessaryto increasethe force[momento]at D in orderto over-
come,or evento balance,the resistanceat F; but incomparison

i with the length AC the distanceDF can be diminishedin-
definitely:inorderthereforeto counterbalancethe resistanceat
F it will be necessaryto increaseindefinitelythe force [forza]
applied at D. On the other A C B
hand, inproportionas we in-

creasethe distanceFE over 5_
that of CB,we must diminish
the force at E in order to I_ P _.
x:ounterbalancethe resistance_--_._.__i_-7-._
at F; but the distance FE, _____ .....
measured in terms of CB,__ .....<--_---_<-_'_'_
cannot be increased indefi- Fig.3o
nitelyby slidingthe fulcrumF towardthe endD; indeed,it can-
notevenbe madedoublethe lengthCB. Thereforethe forcere-
quired at E to balancethe resistanceat F will alwaysbe more
than halfthat requiredat B. It isclearthen that, asthe fulcrum
F approachesthe end D, we must of necessityindefinitelyin-
creasethe sum of the forcesapplied at E and D in order to
balance,or overcome,the resistanceat F.

SAGR.What shallwe say, Simplicio? Must we not confess
that geometry is the most powerfulof all instruments for
sharpeningthe wit and training the mind to think correc°cly?
Was not Plato perfecCtlyright when he wishedthat his pupils
should be first of all well groundedin mathematics? As for
myself,I quite understoodthe propertyof the leverand how,
by increasingor diminishingits length, one can increaseor
diminishthe moment of forceand of resistance;and yet, in
the solutionofthe presentproblemI wasnot slightly,butgreatly,
deceived.

Sire,. IndeedI beginto understandthat whilelogicis an ex-
cellentguidein discourse,it doesnot, as regardsstimulationto
discovery,comparewith the powerof sharp distinCtionwhich
belongsto geometry.

SA¢I_.Logic, it appears to me, teachesus how to test the
conclusiveness
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conclusivenessof any argumentor demonstrationalreadydis-
coveredandcompleted;but I donot believethat it teaches
us to discovercorreCtargumentsanddemonstrations.But it
wouldbe betterif Salviatiwereto showus in justwhat pro-
portiontheforcesmustbeincreasedinorderto producefracture
as the fulcrumis movedfromonepointto anotheralongone
andthesamewoodenrod.

[176]
SaLv.The ratiowhichyou desireis determinedasfollows:

If upon a cylinderonemarkstwo pointsat whichfrac-
ture is to be produced,then theresistancesat thesetwo
pointswillbear to eachother the inverseratio of the
reCtanglesformedby the distancesfromthe respeCtive
pointsto the endsofthe cylinder.

LetA andB denotethe leastforceswhichwillbringabout
fraCtureof the cylinderat C; likewiseE and F the smallest
forceswhichwillbreakitat D. Then,I say,that thesumofthe
forcesA and]3is to the sumofthe forcesE andF as the area
ofthe reCtangleAD.DBisto theareaofthe reCtangleAC.CB.
Becausethe sumoftheforcesAand]3bearsto the sumofthe
forcesEandF aratiowhichistheproduCtofthethreefollowing
ratios,namely,(A+B)/B,]3/F,andF/(F+E); but the length
BAisto thelengthCAasthesumoftheforcesAand]3isto the

AI. _D _c _:force ]3; and,as the lengthDB

is to the lengthCB, so is the
force]3 to the forceF; alsoas

E the lengthADis to AB,so is the
forceF to the sumof theforcesF

Fig.31 andE.
Henceit followsthat the sumof the forcesA andB bears

to the sumofthe forcesE andF a ratiowhichis the produCt
of the three followingratios,namely,BA/CA,BD/BC,and
AD/AB.ButDA/CAis the produCtof DA/BAandBA/CA.
Thereforethe sumoftheforcesA andB bearsto thesumofthe
forcesE andF a ratiowhichis the produCtofDA:CAand
DB:CB. But the refftangleAD.DBbearsto the reCtangle
AC.CBa ratiowhichis the produCtof DA/CAandDB/CB.

Accordingly
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Accordinglythe sumofthe forcesA andB isto thesumofthe
forcesE and F as the rec°cangleAD.DBis to the red'tangle
AC.CB,that is,theresistanceto fracCtureatCistotheresistance
to fracCtureat D as the recCtangleAD.DBis to the rec°cangle
AC.CB. Q.E.D.

[I77]
Anotherratherinterestingproblemmaybe solvedas a con-

sequenced thistheorem,namely,
Giventhe maximumweightwhicha cylinderor prismcan
supportat its middle-pointwherethe resistanceisa mini-
mum, andgivenalsoa largerweight,find that point in
the cylinderforwhichthis largerweightis the maximum
loadthatcanbesupported.

Let that oneof the givenweightswhichis largerthan the
maximumweightsupportedat the middleof the cylinderAB
bearto thismaximumweightthe sameratiowhichthe length
E bearsto the lengthF. The problemis to findthat point
in the cylinderat whichthis largerweightbecomesthe max-
imumthat canbe supported.LetG be a meanproportional
betweenthe lengthsE andF. DrawADand S sothat they
bearto eachotherthesameratioasE to G; accordinglySwillbelessthanAD.

LetADbe the diameterofa semicircleAHD,inwhichtake
AHequalto S;jointhepointsH andD andlayoffDRequalto
HD. Then,I say,R is thepointsought,namely,the pointat
whichthe givenweight,greaterthanthe maximumsupported
at the middleof the cylinderD,wouldbecomethe maximum
load.

OnABas diameterdrawthesemicircle_ANB:erec°cthe per-
pendicularRN andjointhe pointsN andD. Nowsincethe
sumof the squareson NR andRD is equalto the squareof
ND,that is,to thesquareofAD,orto thesumofthe squaresof
AHandHD;and,sincethesquareofliD isequalto thesquare
ofDR, it followsthat thesquareofNR, that is,the recCtangle
AR.RB,is equalto the squareof AH,alsothereforeto the
squareof S;but the squareofS is to the squareofADasthe
lengthF is to the lengthE, that is, as the maximumweight

supported
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supportedat D istothe largerofthetwogivenweights.Hence
thelatterwillbethemaximumloadwhichcanbecarriedat the
pointR; whichisthesolutionsought.

SACR.NowIunderstandthoroughly;andI amthinkingthat,
sincetheprismABgrowsconstantlystrongerandmoreresistant

to the pressureof its load at
pointswhicharemoreandmore

l_I removedfrom the middle,we
couldin the caseof largeheavy
beamscut awaya considerable

A _ portion near the ends which
wouldnotablylessenthe weight,

Z, ' ' andwhich,in the beamworkof
largerooms,wouldproveto be

It: : ofgreatutilityandconvenience.
Fig.32 [_781

It wouldbe afinethingifonecoulddiscoverthepropershape
to givea solidin orderto makeit equallyresistantat every
point, in whichcasea loadplacedat the middlewouldnot
producefra&uremore easily than if placedat any other
point.*

SAT.v.I wasjust on the point of mentioningan interesting
andremarkablefa& conne&edwith thisveryquestion.My
meaningwillbe clearerif I drawa figure. Let DB represent
a prism;then,aswehavealreadyshown,its resistanceto frac-
ture[bendingstrength]at theendAD,owingtoa loadplacedat
theendB,willbelessthantheresistanceat CIintheratioofthe
lengthCB to AB. Nowimaginethis sameprismto be cut
throughdiagonallyalongthe lineFB sothat the oppositefaces
willbe triangular;thesidefacinguswillbeFAB. Sucha solid

*Thereaderwillnoticethat two differentproblemsarehereinvolved.
That which is suggestedin the last remark of Sagredois the fol-
lowing:

To find a beam whosemaximumstresshas the same value when
a constantloadmovesfromoneend of the beamto the other.

ThesecondproblemwtheonewhichSalviatiproceedsto solve--isthe
following:

To find a beam in all cross-secCtionsof which the maximumstress
is thesamefora constantloadinafixedposition. [Trans.]
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willhavepropertiesdifferentfromthoseof the prism;for,if
the loadremainat B, the resistanceagainstfracCture[bending
strength]at C willbe lessthan that at A in the ratioof the
lengthCBto the lengthAB. Thisiseasilyproved:forifCNO
representsa cross-secCtionparallelto AFD,thenthelengthFA
bearsto the lengthCN, in the triangleFAB,the sameratio
whichthe lengthAB bearsto D I

the lengthCB. Therefore,ifl_._.._weimagineA andC to be the ] .-i...

pointsat whichthe fulcrumis [ pI.......... __'-'l'--,Jplaced,the leverarms in the
twocasesBA,AF andBC,CN.4,''_' L ¢V
will be proportional[simih]. Fig.33
HencethemomentofanyforceappliedatB andacCtingthrough.
the armBA,againsta resistanceplacedat a distanceAFwill
be equalto that of thesameforceat B acCtingthroughthearm
BCagainstthe sameresistancelocatedat adistanceCN. But
now,if theforcestillbeappliedat B,the resistancetobe over-
comewhenthe fulcrumisat C,a&ingthroughthe armCN,is
lessthanthe resistancewiththefulcrumat A inthe samepro-
portionas the recCtangularcross-seCtionCO is lessthan the
recCtangularcross-secCtionAD,that is,as the lengthCN isless
thanAF,orCBthanBA.

Consequentlythe resistanceto fracCtureat C,offeredby the
portionOBC,is lessthantheresistanceto fracCtureatA,offered
by theentireblockDAB,in thesameproportionasthe length
CBissmallerthanthelengthAB.

By thls diagonalsaw-cutwe havenowremovedfromthe
beam,or prismDB,a portion,i. e., a half,andhave left the
wedge,or triangularprism,FBA. We thus have two solids

[I791
possessingoppositeproperties;one body growsstrongeras
it is shortenedwhilethe othergrowsweaker. This beingso
it wouldseemnotmerelyreasonable,but inevitable,that there
existsa lineofsecCtionsuchthat,whenthesuperfluousmaterial
hasbeenremoved,therewillremaina solidofsuchfigurethat
itwillofferthesameresistance[strength]atallpoints.

Simp.
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SnaP.Evidentlyonemust,in passingfromgreaterto less,

encounterequality.
SAcx.But nowthe questionis whatpath the sawshould

followinmakingthecut.
Sr_. Itseemstomethatthisoughtnotto bea difficulttask:

forifby sawingtheprismalongthediagonallineandremoving
halfofthematerial,the remainderacquiresapropertyjust the
oppositetothatoftheentireprism,sothat at everypointwhere
the latter gainsstrengththe formerbecomesweaker,then it
seemsto methat by takingamiddlepath,i.e.,byremovinghalf
theformerhall orone-quarterofthewhole,thestrengthofthe
remainingfigurewillbeconstantat allthosepointswhere,inthe
twopreviousfigures,thegainin onewasequalto thelossinthe
other.

SALV.Youhavemissedthe mark,Simplicio.For,asI shall
presentlyshowyou,theamountwhichyoucanremovefromthe
prismwithoutweakeningit is not a quarterbut a third. It
nowremains,as suggestedby Sagredo,to discoverthe path
alongwhichthesawmusttravel:this,asI shallprove,mustbea
parabola.But it is firstnecessarytodemonstratethe fol!owing
lemma:

If thefulcrumsare soplacedundertwoleversorbalances
thatthearmsthroughwhichtheforcesacCtareto eachother
inthe sameratioas thesquaresofthe armsthroughwhich
theresistancesacCt,andif theseresistancesareto eachother
in thesameratioasthearmsthroughwhichtheyact,then
the forceswillbe equal.

Let AB and CD representtwo leverswhoselengthsare
A ,. , . , _l_dividedby their fulcrumsin

I_ _ -such a wayasto makethe dis-
_ tanceEB bearto the distance

D FDaratiowhichisequalto the
Fig.34 squareof theratiobetweenthe

distancesEAand FC. Letthe resistanceslocatedat AandC
[ 8o]

be to eachotherasEAisto FC. Then,I say, theforceswhich
mustbe appliedat B andD in orderto holdin equilibriumthe

resistances
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resistancesat A andC areequal. Let EGbea meanpropor-
tionalbetweenEB and FD. ThenweshallhaveBE-.EG=
EG:FD=AE:CF.But this last ratiois preciselythat which
wehaveassumedto existbetweenthe resistancesat A andC.
AndsinceEG:FD=AE:CF,it follows,permutando,that EG:
AE=FD:CF.SeeingthatthedistancesDCandGAaredivided
in thesameratiobythepointsF andE, it followsthat thesame
forcewhich,whenappliedat D, willequilibratethe resistance
at C,wouldifappliedatGequilibrateatAa resistanceequalto
that foundatC.

Butonedatumoftheproblemisthatthe resistanceat Aisto
theresistanceatCasthedistanceAEisto thedistanceCF,oras
BEisto EG. Thereforetheforceappliedat G,orratherat D,
will,whenappliedatB,justbalancetheresis_ncelocatedatA.

Q.E.D.

ThisbeingcleardrawtheparabolaFNBin thefaceFBofthe
prismDB. Let the prismbesawedalongthisparabolawhose
vertexis at B. Theportionofthe solidwhichremainswillbe
includedbetweenthe baseAD,the recCtangularplaneAG,the
straightlineBG andthe surfaceDGBF,whosecurvatureis
identicalwiththat oftheparabolaFNB. Thissolidwillhave,
I say,the samestrengthat everypoint. Let the solidbe cut
by a planeCOparallelto D......:..................... .
the planeAD. Imagine ., ...............io (_f I :......4..the pointsA andC to be _ _o.. J..I
the fulcrumsof twolevers [...fl. .b[_

....... ° ........... _ ........ _ ....ofwhichonewillhavethe
armsBAandAF;theother_ c
BCandCN. Thensincein Fig.35
theparabolaFBA,wehaveBA:BC=AF_:CN2,it isclearthat
thearmBAofoneleveristothearmBCoftheotherleverasthe
squareof the armAF is to the squareof the otherarmCN.
Sincethe resistanceto be balancedby the leverBAis to the
resistanceto be balancedbythe leverBCin the sameratioas
the recCtangleDAisto the recCtangleOC,that is as the length
AFistothelengthCN,whichtwolengthsaretheotherarmsof
the levers,it 'follows,by the lemmajust demonstrated,thatthe
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the sameforcewhich,whenappliedat BGwillequilibratethe
resistanceat DA,willalsobalancethe resistanceat CO. The

[iSi]"
sameis true for any other secCfion.Thereforethisparabolic
solidisequallystrongthroughout.

It cannowbe shownthat, if the prismbe sawedalongthe
lineoftheparabolaFN-B,one-thirdpartof it willbe removed;
becausethe rectangleFB andthe surfaceFNBAboundedby
theparabolaare the basesof twosolidsincludedbetweentwo
parallelplanes,i. e.,betweenthe rectanglesFB andDG; con-
sequentlythe volumesof thesetwosolidsbearto eachother
the sameratioas theirbases. But the areaof the red-tangle
is oneand a halftimesas largeas the areaFNBAunderthe
parabola;henceby cuttingtheprismalongthe parabolawere-
moveone-thirdof the volume. It is thus seenhowonecan
diminishthe weightofa beamby asmuchas thirty-threeper
centwithoutdiminishingits strength;a fact ofnosmallutility
inthe construcCtionoflargevessels,andespeciallyin supporting
the decks,sincein suchstructureslightnessis of primeim-
portance.

SAcraTheadvantagesderivedfromthisfactaresonumerous
that it wouldbe both wearisomeand impossibleto mention
themall;but leavingthismatterto oneside,I shouldliketo
learnjusthowit happensthat diminutionofweightis possible
inthe ratioabovestated. I canreadilyunderstandthat,when
a sectionis madealongthe diagonal,one-halfthe weightis
removed;but, as for the parabolicsectionremovingone-third
ofthe prism,thisI canonlyacceptonthewordofSalviatiwho
isalwaysreliable;howeverI preferfirst-handknowledgeto the
wordofanother.

SALe.Youwouldlikethena demonstrationof the factthat
the excessof the volumeof a prismoverthe volumeofwhat
we havecalled.theparabolicsolidis one-thirdof the entire
prism. This I havealreadygivenyouon apreviousoccasion;
howeverI shallnowtry to recallthe demonstrationin which
I rememberhavinguseda certainlemmafromArchimedes'book
On Spirals,*namely,Givenany numberof lines,differingin

* For demonstrationof the theoremhere cited, see "Works of Arch-
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lengthonefromanotherbya commondifferencewhichasequal
to the shortestoftheselines;andgivenalsoanequalnumber
of lineseachof whichhasthe samelengthas the longestof
the first-mentionedseries;thenthe sumofthe squaresof the
linesofthissecondgroupwillbelessthanthreetimesthesum
ofthesquaresofthelinesinthefirstgroup.Butthesumofthe
squaresofthesecondgroupwillbegreaterthanthreetimesthe
sumofthesquaresofallexceptingthelongestofthefirstgroup.

[I82]
Assumingthis,inscribeinthe re&angleACBPtheparabola

AB. Wehavenowto provethatthemixedtriangleBAPwhose
sidesareBP andPA,andwhosebaseistheparabolaBA,is a
thirdpartoftheentirere(tangleCP. If thisisnottrueit will
beeithergreaterorlessthana third. Supposeitto belessbyan
areawhichisrepresentedbyX. Bydrawinglinesparallelto the
sidesBPandCA,wecandividethe re&angleCP intoequal
parts;andif the processbecontinuedweshallfinallyreacha
divisionintopartssosmallthat eachof themwillbesmaller
than the areaX; let the rec-s v
tangleOBrepresentoneofthese T oparts and, throughthe points _ s
wherethe otherparallelscutthe "_'_ R
parabola,drawlinesparallelto .... r .'2,, _I,AP. Letusnowdescribeabout ... E\
our "mixedtriangle" a figure _ \ AK
madeup of re&anglessuchas ¢ D,
BO,IN, HM,FL,EK,andGA; ] x ]
this figurewillalsobe lessthan Fig.36
a thirdpartofthe re&angleCPbecausetheexcessofthisfigure
abovetheareaofthe "mixedtriangle"ismuchsmallerthanthe
re&angleBOwhichwehavealreadymadesmallerthanX.

SAGtt.Moreslowly,please;_[orI donotseehowtheexcessof
thisfiguredescribedaboutthe"mixedtriangle"ismuchsmaller
thanthere&angleBO.

SALV.Doesnotthere&angleBOhavean areawhichisequal
to thesumoftheareasofallthelittlere&anglesthroughwhich
imede._"translatedbyT.L.Heath(Camb.Univ.PressI897)p. Io7and
p. I6_, [Trans.]
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the parabolapasses?I meanthe re&anglesBI, IH, I-IF,FE,
EG, andGAofwhichonlya partliesoutsidethe "mixedtri-
angle." Havewenot takenthe re&angleBOsmallerthanthe
areaX? Thereforeif,as ouropponentmightsay,the triangle
plusX is equalto a thirdpart of this re&angleCP, the cir-
cumscribedfigure,wtfichaddsto the trianglean arealessthan
X, willstillremainsmallerthana thirdpart of the re&angle,
CP. But thiscannotbe, becausethis circumscribedfigureis
largerthan a thirdof the area. Hencek is not truethat our
"mixedtriangle"islessthana thirdofthere&angle.

[ s3]
SAGR.Youhaveclearedupmydifficulty;but it stillremains

to be shownthat thecircumscribedfigureislargerthana third
partofthe re&angleCP,a taskwhichwillnot, I believe,prove
soeasy.

S_v. Thereis nothingverydifficultaboutit. Sincein the
parabolaDE'_'=DA:AZ= re&angleKE: re&angleAG,
seeingthatthealtitudesofthesetwore&angles,_A_KandKL,are
equal, it followsthat E--D_:__2:_*=re&angle KE:
re&angleKZ. In preciselythe samemannerit maybe shown
that theotherre&anglesLF,MH,NI,0]3,standto oneanother
in the sameratioasthe squaresof thelinesMA,NA,OA,PA.

Let us nowconsiderthe circumscribedfigure,composedof
areaswhichbearto eachotherthesameratioasthesquaresofa
seriesoflineswhosecommondifferencein lengthisequalto the
shortestonein the series;notealsothat the re&angleCP is
madeup of anequalnumberofareaseachequalto the largest
andeachequalto there&angleOB. Consequently,accordingto
thelemmaofArchimedes,thecircumscribedfigureislargerthan
athirdpartofthere&angleCP;butit wasalsosmaller,whichis
impossible.Hencethe "mixedtriangle"is not lessthan a
thirdpartofthere&angleCP.

Likewise,I say,it cannotbegreater. For,letussupposethat
itisgreaterthanathirdpartofthere&angleCPandletthearea
X representthe excessofthe triangleoverthethirdpartof the
re&angleCP; subdividethe rectangleintoequalre&anglesand
continuethe processuntiloneof thesesubdivisionsis smaller

than
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thantheareaX. LetBOrepresentsucha rec°_nglesmallerthan
X. Usingthe abovefigure,wehavein the"mixedtriangle"an
inscribedfigure,madeup of the red-tanglesVO,TiM,SM,RL,
andQK,whichwillnot be lessthana thirdpart ofthe large
rectangleCP.

For the "m_ed triangle"exceedsthe inscribedfigureby a
quantitylessthan that bywhichit exceedsthe thirdpart of
the recCtangleCP; to seethat this is truewehaveonlyto re-
memberthat theexcessofthetriangleoverthethirdpartofthe
rectangleCP is equalto the areaX, whichis lessthan the
recetangleBO,whichin turn ismuchlessthanthe excessofthe
triangleover the inscribedfigure. For the rectangleBO is

[_84]
madeupofthesmallredt_mglesAG,GE,EF,FH,HI,andIB;
andthe excessof the triangleoverthe inscribedfigureis less
than half the sumof theselittle reCtangles.Thussincethe
triangleexceedsthethirdpartoftherectangieCPbyanamount
X, whichis moretbnn that by whichit exceedsthe inscribed
figure,thelatterwillalsoexceedthethirdpartofthe rectangle,
CP. But,bythe lemmawhichwehaveassumed,it issmaller.
For the rectangleCP,beingthe sumofthe largestrectangles,
bearsto the componentrectanglesof the inscribedfigurethe
sameratiowhichthe sumofall the squaresofthe linesequal
to the longestbearsto the squaresof the lineswhichhavea
commondifference,after the squareof the longesthasbeen
subtracCted.

Therefore,as in the caseof squares,the sumtotal of the
largesttee°tangles,i. e.,the rectangleCP,is greaterthanthree
timesthe sumtotalof thosehavinga commondifferenceminus
thelargest;but theselastmakeupthe inscribedfigure.Hence
the "mixedtriangle"is neithergreaternor lessthanthe third
partofrectangleCP;itisthereforeequalto it.

SACR.Afine,cleverdemonstration;andall the moresobe-
causeit givesusthequadratureoftheparabola,provingitto be
four-thirdsofthe inscribed*triangle,a faCtwhichArchimedes
demonstratesbymeansoftwodifferent,butadmirable,seriesof

• Distinguishcarefullybetweenthis triangleand the "mixed tri-
angle" abovementioned.[Trans.]
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manypropositions.This sametheoremhasalsobeenrecently
establishedby LucaValerio,*the Archimedesof our age;his
demonstrationistobefoundinhisbookdealingwiththecenters

•ofgravityofsolids.
S_v. Abookwhich,indeed,isnotto beplacedsecondto any

producedby the mosteminentgeometerseitherof thepresent
or ofthe past;a bookwhich,assoonasit fellintothehandsof
ourAcademician,ledhimto abandonhisownresearchesalong
theselines;forhe sawhowhappilyeverythinghadbeentreated
anddemonstratedbyValerio.

[i8s1
SAoR.WhenI wasinformedofthiseventbytheAcademician

himself,I beggedofhimto showthe demonstrationswhichhe
had discoveredbeforeseeingValerio'sbook;but in thisI did
notsucceed.

SAT.V.I havea copyofthemandwillshowthemto you;for
youwillenjoythe diversityofmethodemployedby thesetwo
authorsin reachingandprovingthe sameconclusions;youwill
alsofindthat someoftheseconclusionsareexplainedindifferent
ways,althoughbothareinfactequallycorrect.

SAoR.I shallbe muchpleasedto seethemandwillconsider
it a greatfavorifyouwillbringthemto our regularmeeting.
But in themeantime,consideringthe strengthofa solidformed
froma prismby meansofa parabolicsection,wouldit not, in
viewofthe fa_ that thisresultpromisesto bebothinteresting
andusefulinmanymechanicaloperations,beafinethingifyou
wereto givesomequickandeasyruleby whicha mechanician
mightdrawa parabolauponaplanesurface?

SALV.Thereare manywaysof tracingthesecurves;I will o
mentionmerelythe twowhichare the quickestof all. Oneof
these is really remarkable;becauseby it I can trace thirty
or fortyparaboliccurveswithno lessneatnessand precision,
and in a shortertime than anothermancan,by the aid of a
compass,neatlydrawfouror sixcirclesof differentsizesupon
paper. I take a perfedtIyroundbrassball aboutthe sizeof a
walnutandprojectit alongthesurfaceofametallicmirrorheld

*An eminent Italian mathematician, contemporarywith Galileo.
[Trans.]
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in a nearlyuprightposition,sothat the ballin itsmotionwill
pressslightlyuponthe mirrorandtraceout a finesharppara-
bolicline;this parabolawillgrowlongerandnarroweras the
angleof elevationincreases.Theaboveexperimentfurnishes
clearandtangibleevidencethat the pathof a projectileis a
parabola;a factfirstobservedbyourfriendanddemonstrated
byhiminhisbookonmotionwhichweshalltakeupat ournext
meeting. In the executionof this method,it is advisableto
slightlyheatandmoistentheballbyrollinginthehandinorder
thatitstraceuponthemirrormaybemoredistincct.

[I86]
Theothermethodofdrawingthedesiredcurveupontheface

of the prismis the following:Drivetwonailsintoa wallat
a convenientheightandat the samelevel;makethe distance
betweenthesenailstwicethewidthoftherecCtangleuponwhich
it is desiredto tracethe semiparabola.Overthesetwonails
hanga lightchainof sucha lengththat the depthof its sag
is equalto thelengthofthe prism.Thischainwillassumethe
formof a parabola,*sothat if this formbe markedbypoints
onthe wallweshallhavedescribeda completeparabolawhich
canbe dividedintotwoequalpartsby drawinga verticalline
througha pointmidwaybetweenthe twonails. The transfer
ofthiscurveto the twoopposingfacesoftheprismisa matter
ofnodifficulty;anyordinarymechanicwillknowhowto doit.

By use of the geometricallinesdrawnuponour friend's
compass,tonemay easilylayoffthosepointswhichwilllocate
thissamecurveuponthe samefaceoftheprism.

Hithertowehavedemonstratednumerousconclusionsper-
tainingto the resistancewhichsolidsofferto fracture. As
a startingpointforthisscience,weassumedthat theresistance
offeredby the solidto a stralght-awaypullwasknown;from
this baseonemightproceedto the discoveryof manyother
resultsandtheirdemonstrations;oftheseresultsthenumberto

* It isnowwellknownthat this curveisnot a parabolabut a eatenary
the equationof whichwasfirstgiven,49yearsafter Galileo'sdeath, by
JamesBernoulli. [Trans.]

t Thegeometricaland militarycompassof Galileo,describedinNat.
Ed.Vol.2. [Trans.l
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be foundin natureisinfinite. But, in orderto bringourdaily
conferenceto an end,I wishto discussthe strengthofhollow
solids,whichareemployedin art--andstilloftenerinnature--
in a thousandoperationsfor thepurposeof greatlyincreasing
strengthwithoutaddingto weight;examplesoftheseare seen
in thebonesofbirdsandin manykindsofreedswhicharelight
and highlyresistantboth to bendingand braking. For if a
stemof strawwhichcarriesa headof wheatheavierthan the
entirestalkweremadeup of the samemount ofmaterialin

[I87]
solidformitwouldofferlessresistanceto bendingandbreaking.
Thisis anexperiencewhichhasbeenverifiedandconfirmedin
practicewhereit isfoundthat ahollowlanceor a tubeofwood
ormetalismuchstrongerthanwouldbea solidoneofthesame
lengthandweight,onewhichwouldnecessarilybe t_nner;men
havediscovered,therefore,that in orderto makelancesstrong
as wellas lighttheymustmakethemhollow.We shallnow
showthat:

In the caseof two cylinders,onehollowthe other solid
but havingequalvolumesandequallengths,theirresist-
ances[bendingstrengths]areto eachotherin the ratioof
theirdiameters.

LetAEdenotea hollowcylinderandIN a solidoneof the
A same weight and length;

(_ .-_' _-- _____2 --_ then, I say, that the resist-
ance against fracCtureex-hibitedbythetubeAEbearsB

! to that of the solidcylinder
-_--_-- _. ' ,-_, IN the sameratioas thedi-

ameterAB to the diameter
I _L _ -¢,r n--i-iL_ne • • qIL. lh_s _sveryewdent;/or

Fig.37 sincethe tubeandthe solid
cylinderIN havethesamevolumeandlength,theareaofthecir-
cularbaseILwillbeequaltothat oftheannulusABwhichisthe
baseofthetubeAE. (Byannulusis heremeantthe areawhich
liesbetweentwo concentriccirclesof differentradii.) Hence
theirresistancestoa straight-awaypullareequal;butinproduc-

ing
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ingfra_urebya transversepullweemploy,in thecaseof the
cylinderIN, thelengthLN asoneleverarm,the pointL asa
fulcrum,andthediameterLI,orits half,asthe opposinglever
arm:whilein thecaseofthe tube,the lengthBEwhichplays
thepartofthefirstleverarmisequalto LN,theopposinglever
armbeyondthe fulcrum,B, is thediameterAB,or its half.
Manifestlythentheresistance[bendingstrength]of the tube
exceedsthatofthesolidcylinderintheproportioninwhichthe
diameterABexceedsthediameterIL"whichisthedesiredresult.

[ 881
Thus the strengthof a hollowtube exceedsthat of a solid
cylinderin the ratioof theirdiameterswheneverthe two are
madeofthesamematerialandhavethesameweightandlength.

It maybewellnextto investigatethegeneralcaseoftubes
andsolidcylindersofconstantlength,butwiththeweightand
thehollowportionvariable.Firstweshallshowthat:

Givena hollowtube,a solidcylindermaybedetermined
whichwillbeequal[eguale]to it.

Themethodisverysimple. LetABdenotetheexternaland
CD the internaldiameterofthe tube. In the largercirclelay
off thelineAE equalin lengthto the di- /L
ameterCD; join the pointsE and B. f
Nowsincethe angleat E inscribedin a //_semicircle,AEB,i8a right-angle,the area/ /ofthecirclewhosediameterisABisequal[j
to the sumof the areasofthe twocircles|/
whoserespecCtivediametersareAE and_"
EB. ButAEi8thediameterofthehollow\
portionof the tube. Thereforethe area
ofthe circlewhosediameteris EB is the
sameas the area of the annulusACBD. Fig. 38
Hencea solidcylinderof circularbasehavinga diameterEB
willhavethe samevolumeas the wallsof the tube of equal
length.

Byuseofthistheorem,it iseasy:
Tofindtheratiobetweenthe resistance[bendingstrength]
of anytubeandthatofanycylinderof equallength. Let
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LetABEdenotea tubeandRSMa cylinderofequallength:it
is requiredto findthe ratiobetweentheirresistances.Using
theprecedingproposition,determinea cylinderILNwhichshall

have the same volumeand
"_% - _ ]engthas the tube. Drawa
¢) lineV of sucha lengththat] :B it willbe relatedto IL and

RS (diametersof the bases
1_i ofthecylindersINandR_M),

(_ ' _._ as ,ollows:V:RS--RS:IL.
yrT Then,I say,theresistanceofIkl/ /

v, thetubeAEisto that ofthe
Ik cylinderRM as the length
(D )_: ofthelineABisto thelength[189]

V.For,sincethe tubeAEis
Fig.39 equalboth in volumeand

length,to the cylinderIN, theresistanceofthe tubewillbearto
theresistanceofthecylinderthesameratioasthelineABto IL;
but the resistanceof the cylinderIN is to that ofthe cylinder
RMasthe cubeofIL isto thecubeofRS,that is,asthe length
IL is to lengthV:therefore,excequali,the resistance[bending
strength]ofthe tubeAEbearsto the resistanceofthe cylinder
RM thesameratioasthe lengthABto V. q. _. D.

END OF SECOND DAY.
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[ 9o]

CHANGEOF POSITION.[DeMotuLocal ]
.................................................Y purposeis to set fortha very new science

_ dealingwith a veryancientsubjecCt.There

is, in nature, perhaps nothing older than
motion,concerningwhichthe bookswritten
by philosophersare neither{ewnor small;
neverthelessI have discoveredby experi-
ment somepropertiesof it whichare worth
knowingand whichhave not hitherto been

eitherobservedor temonstrated. Somesuperficialobservations
havebeenmade,as, forinstance,that thefreemotion[naturalem
motum]of a heavy fallingbody is continuouslyaccelerated;*
but to just what extentthis accelerationoccurshasnot yet been
announced;for sofar as I know,noonehas yet pointedout that
the distancestraversed, during equal intervals of time, by a
body fallingfrom rest, stand toone anotherin the sameratio as
the oddnumbersbeginningwithunity/f

It has been observedthat missilesand projecCtilesdescribe
a curvedpath of somesort;howevernoone haspointedout the
fagt that this path is a parabola. But this and otherfacets,not
few in number or less worth knowing,I have succeededin
proving; and what I considermoreimportant,there havebeen
openedup to this vast and most excellentscience,of whichmy

• "Naturalmotion"oftheauthorhasherebeentranslatedinto"free
motion"--sincethisisthetermusedto-daytodistinguishthe"natural"
fromthe"violent"motionsoftheRenaissance.[Trans.]

t Atheoremdemonstratedonp. 175below.[Trans.]
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workis merelythebeginning,waysandmeansbywhichother
mindsmoreacutethar_minewillexploreits remotecomers.

This discussionis dividedinto three parts; the firstpart
dealswithmotiorrwhichissteadyoruniform;thesecondtreats
ofmotionaswefindit acceleratedin nature;thethirddealswith
theso-calledviolentmotionsandwithprojecCtiles.

[I911
UNIFORMMOTION

In dealingwith steadyor uniformmotion,weneeda single
definitionwhichI giveasfollows:

DEFINITION

By steadyor uniformmotion,I meanonein whichthe dis-
tances traversedby the movingparticleduringany equal
intervalsof time_arethemselvesequal.

CAtmo_
Wemustaddto the olddefinition(whichdefinedsteadymo-

tion simplyas onein whichequaldistancesare traversedin
equaltimes)theword"any," meaningby this,allequalinter-
valsof time; for it may happenthat the movingbodywill
traverseequaldistancesduringsomeequalintervalsof time
andyet the distancestraversedduringsomesmallportionof
thesetime-intervalsmaynot be equal,eventhoughthe time_
intel_ralsbeequal.

Fromtheabovedefinition,fouraxiomsfollow,namely:
Axio_I

In the caseofoneandthe sameuniformmotion,the distance
traversedduringa longerintervalof time is greaterthan the
distancetraversedduringa shorterintervaloftime.

Axao_tII
In the caseof oneand the sameu_formmotion,the time

requiredto traversea greaterdistanceis longerthanthe time
requiredforalessdistance.
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_oM III

In oneand thesameinte_alof time,he distancetraver6ed
at a greaterspeedis largerthan the distancetraversedat a
lessspeed.

[i921
A_OM IV

The speedrequiredto traversea longerdistanceis greater
than that requiredto traversea shorterdis_nceduringthe
sametime-interval.

THEOREMI, PROPOSITION!
If amovingparticle,carrieduniformlyat a constantspeed,
traversestwo distancesthe tim_e-intervalsrequiredareto
eachotherin the ratioofthesedistances.

Let a particlemoveuniformlywith constantspeedthrough
twodistancesAB,BC,andletthetimerequiredto traverseAB
berepresentedbyDE;thetimerequiredto traverseBC,byEF;

• _-DT;E TF .

i_.,, : I l 'L ,t £...... : , : TJlk"rB TC . i" ' ..... IX

Fig.4o
thenI saythat the distanceABis to the distanceBCas the
timeDEisto thetimeEF.

Letthedistancesandtimesbeextendedonbothsidestowards
G,H andI, K; letAGbe dividedintoanynumberwhateverof
spaceseach equalto AB,and in like mannerlay off in DI
exactlythe samenumberd time-intervalseachequalto DE.
Againlay off in CH anynumberwhateverof distanc_each
equalto BC; and in FK exa&lythe samenumberof time-
intervalseachequalto EF; thenwillthe distanceBGandthe
timeEl he equaland arbitrarymultiplesof the distanceBA
andthe timeED; and likewisethe distanceHB andthe time
KE are equalandarbitrarymultiplesofthe distanceCB and
the timeFE.

AndsinceDE isthe timerequiredto traverseAB,thewhole
time



I56 THE TWO NEW SCW.NCESOF GALILEO
timeEI willbe requiredfor the w_oledistanceBG,andwhen
themotionisuniformtherewillbein E1asro_nytime-intervals
eachequaltoDEastherearedistancesinBGeachequalto BA;
andlikewiseit followsthat KE representsthe timerequiredto
traverseHB.

Since,however,the motionis uniform,it followsthat if the
distanceGBis equalto the distanceBH, thenmustalsothe
timeIE beequalto thetimeEK;andifGBisgreaterthanBH,
thenalsoIE willbegreaterthanEK;andif less,less.*There

[ 93]
arethenfourquantities,the firstAB,the secondBC, the third
DE, andthe fourthEF; the timeIE andthe distanceGB are
arbitrarymultiplesof the first and the third, namelyof the
distanceABandthetimeDE.

But it hasbeenprovedthat bothof theselatter quantities
areeitherequalto, greaterthan,or lessthanthe timeEK and
the spaceBH,whicharearbitrarymultiplesof the secondand
the fourth. Thereforethe first is to the second,namelythe
distanceABisto thedistanceBC,asthe thirdis to thefourth,
namelythetimeDEisto the timeEF. q.w.D.

Tao= II,PRoPosmoII
If a movingparticletraversestwodistancesin equal in-
tervalsof time,thesedistanceswillbeartoeachotherthe
sameratioas the speeds. Andconverselyif thedistances
areas the speedsthenthe timesareequal.

ReferringtoFig.4o,letABandBCrepresentthetwodistances
traversedin equaltime-intervals,thedistanceAB forinstance
with thevelocityDE, andthe distanceBCwith the velocity
EF. Then,I say, thedistanceABisto the distanceBCas the
velocityDE is to the velocityEF. Forif equalmultiplesof
bothdistancesandspeedsbe taken,asabove,namely,GB and
IE ofABandDErespe_ively,and in likemannerIIB andKE
of BC and EF, then onemay infer, in the samemanneras
above,that themultiplesGBandIE areeitherlessthan,equal

* The methodhereemployedby Galileois that of Euclid as set forth
in the famous5thDefinitionof the Fifth Bookof hisElements,forwhich
seeart.GeometryEncy. Brit. IxthEd. p. 683. [Trans.]
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to, or greaterthanequalmultiplesof BHandEK. Hencethe
theoremisestablished.

nI,P oPosmoNnI
In the caseofunequalspeeds,the time-intervalsrequired
to traversea givenspaceareto eachotherinverselyas
thespeeds.

Let the largerofthe twounequalspeedsbeindicatedbyA;
the smaller,by B; andlet the motioncorrespondingto both
traversethe givenspaceCD. ThenI saythetimerequiredto
traversethedistanceCDat speedAk:
A isto thetimerequiredto trav-
ersethe samedistanceat speed_ j _: _ .:B, asthe speedB isto the speed _ D'
A. For let CD be to CE as A
is to B; then, fromthe preced-]_t t
ing, it followsthat the timere- Fig.41
qi_iredtocompletethe distanceCD at speedAis the sameas

[I94]
the time necessaryto completeCE at speedB; but the time
neededto traversethedistanceCEat speedB isto the timere-
quiredto traversethe distanceCD at the samespeedas CE
isto CD; thereforethe timein whichCD is coveredat speed
A isto the timeinwhichCDis coveredat speedBas CEisto
CD,that is,asspeedB isto speedA. Q.E.D.

TE_OR_MIV,Pgo_osrrioNIV
Iftwoparticlesarecarriedwithuniformmotion,buteach
with a differentspeed,thedistancescoveredbythemdur-
ingunequalintervalsoftimebearto eachotherthe com-
poundratioof the speedsandtimeintervals.

Let the twoparticleswhicharecarriedwithuniformmotion
beE andFandlettheratioofthespeedofthebodyEbeto that
ofthebodyF asAisto B;butlettheratioofthetimeconsumed
by the motionofE be to thetimeconsumedbythe motionof
F asCistoD. Then,I say,thatthedistancecoveredbyE, with
speedA intimeC,bearsto the spacetraversedbyF with"speedB
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Binthn.eDa ratiowhichistheproductoftheratioofthespeed
A tothespeedBbytheratioofthetimeCtothetimeD. For
ifGisthedistancetraversedbyE atspeedA duringthetime-
1_.A----.----_ G_ L ; intervalC,andifG istoI asC_ "thesp.e¢¢!Aistothesp_dB;

B: : I: .... -_ andif alsothetime-interval
x.:: : C is to the time-intervalD_.;..... : asI is to L, thenit follows

Fig.4z that I is thedistancetrav-
ersedby F in thesametimethatG istraversedbyE sinceG
istoI in thesameratioasthespeedAto thespeedB. And
sinceI isto L in thesameratioasthetime-intervalsCandD,
if I isthedistancetraversedbyFduringtheintervalC,then
LwillbethedistancetraversedbyFduringtheintervalDat the
speedB.

ButtheratioofG to L istheproductoftheratiosG to I
andI to L, thatis,oftheratiosofthespeedAto thespeedB
andofthetime-intervalCtothetime-intervalD. Q.g, D.

[,9s]
T_Eo_a V,PgoPosmo_V

If twoparticlesaremovedata uniformrate,butwithun-
equalspuds,throughunequaldistances,thentheratioof
thetime-intervalsoccupiedwillbetheprodu_oftheratio
ofthedistancesbytheinverseratioofthespeeds.

LetthetwomovingparticlesbedenotedbyA andB, andlet
the speedof A bed]_w. _ ¢. _,tothespeedofBin :._. :
theratioofVtoT; *"- .:_ '
in likemannerlet_ T: _: c. .......thedistancestray- _:
ersedbeintheratio Fig.43
ofStoR; thenI saythattheratioofthetime-intervalduring
whichthemotionofAoccurs_tothetime-intervaloccupiedby
themotionofBistheprodu_oftheratioofthespeedT to the
speedVbytheratioofth_di_st_.nc¢Stothedistanc¢R.

LetCbethetime-intervaloccupiedbythemotionofA,and
let
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letthe time-intervalC bearto atime-intervalE the sameratio

! asthespeedT tothespeedV.
'_ AndsinceC is the time-intervalduringwhichA,withspeed
_ V,traversesthedistanceSandsinceT, the speedofB,isto the

speedV,as the time-intervalC is to thetime-intervalE, then
E willbe the timerequiredby the particleB to traversethe
distanceS. If nowwelet the time-intervalE beto the time-
intervalGas thedistanceSis to thedistanceR, thenit follows
that G isthetimerequiredbyB totraversethe spaceR. Since
theratioofC to G isthe productoftheratiosC to E andE to
G (whilealsothe ratioofCto Eistheinverseratioofthespeeds
ofAandB respeCtively,i.e.,theratioofT toV);andsincethe
ratioofE to G is the sameas that of the distancesS andR
respectively,thepropositionisproved.

[x961
T_sotu_MVt, PRox-osrrlO_VI

If twoparticlesare carriedat a uniformrate,the ratioof
theirspeedswillbetheproductof theratioofthe distances
traversedbytheinverseratioofthetime-intervalsoccupied.

LetA andB be the twoparticleswhichmoveat a uniform
rate; andlet the respectivedistancestraversedby themhaye
the ratio of V.._- C ,
to T, but letthe
time-intervalsbe 1_
asStoR. Then _
I say the speedB G
of A will bear t_" "_
to the speedof Fig.44
B a ratiowhichisthe productoftheratioof thedistanceV to
thedistanceT andthetime-intervalRto thetime-intervalS.

LetCbethespeedat whichA traversesthedistanceVduring
the time-intervalS;andletthe speedC bearthe-sameratioto
anotherspeedE asV bearsto T; thenE willbe the speedat
whichB traversesthe distanceT duringthe time-intervalS.
If nowthe speedE isto anotherspeedGasthe time-intervalR
is to thetime-intervalS,thenG willbethe speedat whichthe

particle
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particleB traversesthe distanceT duringthe time-intervalR.
Thuswehave the speedC at whichthe particleA coversthe
distanceV duringthetimeSandalsothespeedG at whichthe
particleB traversesthe distanceT duringthe time R. The
ratioofC to G is the produc°cofthe ratioC to E andE to G;
theratioofC to E isby definitionthe sameasthe ratioof the
distanceVto distanceT; andthe ratioofE to G isthe sameas
theratioofR to S. Hencefollowstheproposition.

SAT.V.TheprecedingiswhatourAuthorhaswrittenconcern-
inguniformmotion. Wepassnowto a newandmorediscrim-
inatingconsiderationof naturallyacceleratedmotion,suchas
that generallyexperiencedby heavyfallingbodies;followingis
the titleandintrodu_ion.

[197]
NATURAT,I,YACCEI,ERATt_,DMOTION

The propertiesbelongingto uniformmotionhavebeendis-
cussedin the precedingsection;but acceleratedmotionremains
to beconsidered.

And firstofallit seemsdesirableto findandexplaina defini-
t_n bestfittingnaturalphenomena.Foranyonemayinventan
arbitrarytype of motionand discussits properties;thus, for
instance,somehaveimaginedhelicesandconchoidsasdescribed
bycertainmotionswhicharenotmetwithin nature,andhave
verycommendablyestablishedthepropertieswhichthesecurves
possessinvirtueoftheirdefinitions;but wehavedecidedto con-
siderthe phenomenaof bodiesfallingMth an accelerationsuch
as ad'tuallyoccursin nature and to makethis definitionof
acceleratedmotionexhibitthe essentialfeaturesof observed
acceleratedmotions.Andthis,at last,afterrepeatedeffortswe
trustwehavesucceededindoing. Inthisbeliefweareconfirmed
mainlyby the considerationthat experimentalresultsare seen
to agreewith and exa£tlycorrespondwith thoseproperties
whichhave been, one after another,demonstratedby us.
Finally,in the investigationof naturallyacceleratedmotionwe
wereled,byhandasitwere,infollowingthehabitandcustomof

nature
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natureherself,in all her variousother processes,to employ
onlythosemeanswhicharemostcommon,simpleandeasy.

For I thinknoonebelievesthat swimmingor flyingcanbe
i accomplishedin a mannersimpleror easierthanthat instinc-

tivelyemployedbyfishesandbirds.
: When,therefore,I observea stoneinitiallyat rest falling

froman elevatedpositionand continuallyacquiringnewin-
crementsofspeed,whyshouldI notbelievethat suchincreases
takeplacein a mannerwhichisexceedinglysimpleandrather
obviousto everybody?If nowweexaminethemattercarefully
wefindnoadditionor incrementmoresimplethanthat which
repeatsitselfalwaysin the samemanner. This we readily
understandwhenweconsiderthe intimaterelationshipbetween
timeandmotion;forjustasuniformityofmotionisdefinedby
andconceivedthroughequaltimesandequalspaces(thuswe
calla motionuniformwhenequaldistancesaretraversedduring
equal time-intervals),so alsowemay, in a similarmanner,
throughequal time-intervals,conceiveadditionsof speedas
takingplacewithoutcomplication;thuswemaypic°mreto our

[I981
minda motionasuniformlyandcontinuouslyacceleratedwhen,
duringanyequalintervalsoftimewhatever,equalincrements
of speedare givento it. Thusif anyequalintervalsof time
whateverhaveelapsed,countingfromthe timeat whichthe
movingbodyleftits positionofrestandbeganto descend,the
amountof speedacquiredduringthe first two time-intervals
will be doublethat acquiredduringthe first time-interval
alone;so theamountaddedduringthreeofthesetime-intervals
willbetreble;andthat infour,quadruplethatofthefirsttime-
interval. To put the mattermoreclearly,if a bodywereto
continueits motionwiththe samespeedwhichit hadacquired
duringthe firsttime-lntervalandwereto retainthissameuni-
formspeed,thenitsmotionwouldbetwiceasslowasthatwhich
it wouldhaveif itsvelocityhadbeenacquiredduringtwotime-
intervals.

Andthus,it seems,weshallnot be farwrongifweput the
incrementof speedas proportionalto the incrementof time;

hence
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hencethedefinitionofmotionwhichweareaboutto discussmay
bestatedasfollows:Amotionissaidtobeuniformlyaccelerated,
whenstartingfromrest,it acquires,duringequaltime-intervals,
equalincrementsofspeed.

SAGR.AlthoughI can offerno rationalobjecCtionto this or
indeedto anyotherdefinition,devisedbyanyauthorwhomso-
ever, sinceall definitionsare arbitrary,I may nevertheless
withoutoffensebe allowedto doubtwhethersuchadefinitionas
theabove,establishedinanabstracCtmanner,correspondsto and
describesthat kind of acceleratedmotionwhichwemeet in
naturein thecaseoffreelyfallingbodies.AndsincetheAuthor
apparentlymaintainsthat the motiondescribedin his defini-
tion is that of freelyfallingbodies,I wouldliketo clearmy
mind of certaindifficultiesin order that I may later apply
myselfmore earnestlyto the propositionsand their demon-
strations.

SALV.It iswellthat youandSimplicioraisethesedifficulties.
They are, I imagine,the samewhichoccurredto me whenI
firstsawthistreatise,andwhichwereremovedeitherbydiscus-
sionwiththe Authorhimself,orby turningthematteroverin
myownmind.

SAGI_..WhenI thinkofaheavybodyfallingfromrest,that is,
startingwithzerospeedandgainingspeedin proportionto the

['99]
timefromthe beginningof themotion;suchamotionaswould,
forinstance,in eightbeatsofthe pulseacquireeightdegreesof
speed;havingat the endof the fourthbeat acquiredfourde-
grees;at the endofthe second,two;at the endofthefirst,one:
andsincetimeisdivisiblewithoutlimit,it followsfromallthese
considerationsthat if the earlierspeedofa bodyislessthanits
presentspeedin a constantratio, then thereis no degreeof
speedhoweversmall(or,onemaysay, no degreeof slowness
howevergreat)withwhichwemaynotfindthisbodytravelling
afterstartingfrominfiniteslowness,i. e.,fromrest. Sothat if
that speedwhichit hadat the endofthe fourthbeatwassuch
that, ifkeptuniform,the bodywouldtraversetwomilesin an
hour,and ifkeepingthe speedwhichit hadat the endof the

second
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secondbeat, it wouldtraverseonemileanhour,wemustinfer
that, as the instantof startingis moreandmorenearlyap-
proached,thebodymovessoslowlythat,if itkeptonmovingat
thisrate,it wouldnottraverseamilein anhour,or ina day,or
in ayearor ina thousandyears;indeed,it wouldnottraversea
spanin an evengreatertime;a phenomenonwhichbafflesthe
imagination,whileoursensesshowusthat a heavyfallingbody
suddenlyacquiresgreatspeed.

SM_v.Thisisoneofthe difficultieswhichI alsoat thebegin-
ning,experienced,butwhichI shortlyafterwardsremoved;and
theremovalwaseffecCtedbythe veryexperimentwhichcreates
thedifficultyforyou. Yousaytheexperimentappearsto show
that immediatelyaftera heavybodystartsfromrest itacquires
a veryconsiderablespeed:andI saythat thesameexperiment
makesclearthefacetthat theinitialmotionsofafallingbody,no
matterhowheavy,arevery slowandgentle. Placea heavy
bodyupona yieldingmaterial,andleaveit therewithoutany
pressureexceptthat owingto its ownweight;it is clearthat if
oneliftsthisbodya cubitor twoandallowsit to falluponthe
samematerial,it will,withthisimpulse,exertanewandgreater
pressurethanthat causedbyits mereweight;andthiseffec°cis
broughtaboutbythe [weightofthe]fallingbodytogetherwith
the velocityacquiredduringthe fall,an effecCtwhichwillbe
greaterand greateraccordingto the heightofthe fall,that is
accordingas the velocityof the fallingbodybecomesgreater.
Fromthequalityandintensityofthe blowwearethusenabled
to accuratelyestimatethespeedofafallingbody. Buttellme,
gentlemen,isit not truethat if ablockbeallowedto fallupona
stakefroma heightoffourcubitsanddrivesit intotheearth,

[zoo]
say, fourfinger-breadths,that comingfroma heightof two
cubitsitwilldrivethe stakeamuchlessdistance,andfromthe
heightofonecubitastilllessdistance;andfinallyiftheblockbe
liftedonlyonefinger-breadthhowmuchmorewillit accomplish
than if merelylaid on top of the stake withoutpercussion?
Certainlyvery little. If it be liftedonlythe thicknessof a
leaf,the effectwillbealtogetherimperceptible.Andsincetheeffec°c
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effec_tof the blowdependsuponthe velocityof this striking
body,cananyonedoubtthemotionisveryslowandthe speed
morethansmallwheneverthe eiTecCt[oftheblow]isimpercepti-
ble? Seenowthepoweroftruth;the sameexperimentwhichat
first glanceseemedto showone thing,whenmorecarefully
examined,assuresusofthecontrary.

Butwithoutdependinguponthe aboveexperiment,whichis
doubtlessvery conclusive,it seemsto methat it oughtnot to
bedifficultto establishsuchafa_ by reasoningalone. Imagine
a heavystoneheldin theairat rest;the supportisremovedand
thestonesetfree;thensinceit isheavierthantheairit beginsto
fall,andnot withuniformmotionbut slowlyat thebeginning
andwithacontinuouslyacceleratedmotion.Nowsincevelocity
canbe increasedanddiminishedwithoutlimit,what reasonis
thereto believethat sucha movingbodystartingwithinfinite
slowness,that is,fromrest,immediatelyacquiresa speedoften
degreesratherthan oneof four,or of two,or of one,or of a
half,orofa hundredth;or,indeed,ofanyoftheinfinitenumber
ofsmallvalues[ofspeed]? Praylisten. I hardlythinkyouwill
refuseto grantthat the gainof speedof the stonefallingfrom
restfollowsthe samesequenceasthediminutionandlossofthis
samespeedwhen,by someimpellingforce,thestoneisthrownto
its formerelevation:but evenifyoudonotgrantthis,I donot
seehowyoucandoubtthat the ascendingstone,diminishingin
speed,mustbeforecomingto restpass througheverypossible
degreeofslowness.

SIMP.But if the numberof degreesof greaterand greater
slownessislimitless,theywillneverbe allexhausted,therefore
suchan ascendingheavybodywillneverreachrest,but will
continuetomovewithoutlimitalwaysat a slowerrate;but this
isnottheobservedfa_.

SA_v.This wouldhappen,Simplicio,if the movingbody
weretomaintainitsspeedforanylengthoftimeat eachdegree
of velocity;but it merelypasseseachpointwithoutdelaying
morethan an instant:and sinceeachtime-intervalhowever

[2oi]
smallmay bedividedintoan infinitenumberof instants,these

will
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willalwaysbesu_cient[innumber]tocorrespondto theinfinite
degreesofdiminishedvelocity.

That suchaheavyrisingbodydoesnotremainforanylength
oftimeat anygivendegreeofvelocityis evidentfromthe fol-
lowing:becauseif,sometime-intervalhavingbeenassigned,the
bodymoveswith the samespeedin the lastas in thefirstin-
stantofthat time-interval,it couldfromthisseconddegreeof
elevationbe in like mannerraisedthroughan equalheight,
justas it wastransferredfromthe firstelevationto thesecond,
andby the samereasoningwouldpassfromthe secondto the
third and wouldfinallycontinuein uniformmotionforever.

Saam Fromtheseconsiderationsit appearsto me that we
may obtain a propersolutionof the problemdiscussedby
philosophers,namely,what causesthe accelerationin the
naturalmotionofheavybodies? Since,as it seemsto me,the
force[_irt_t]impressedbytheagentprojecCtingthebodyupwards
diminishescontinuously,thisforce,solongasit wasgreaterthan
the contraryforceof gravitation,impelledthebodyupwards;
whenthe two are in equilibriumthe bodyceasesto riseand
passesthroughthestateofrestin whichthe impressedimpetus
[impeto]is notdestroyed,but onlyitsexcessovertheweightof
thebodyhasbeenconsumed--theexcesswhichcausedthebody
to rise. Thenasthediminutionoftheoutsideimpetus[impeto]
continues,andgravitationgainstheupperhand,the fallbegins,
but slowlyat firston accountof the opposingimpetus[virt_z
impressa],alargeportionofwhichstillremainsin thebody;but
as thiscontinuesto diminishit alsocontinuesto bemoreand
moreovercomebygravity,hencethe continuousaccelerationofmotion.

Sn_P.Theideaisclever,yetmoresubtlethansound;foreven
if the argumentwereconclusive,it wouldexplainonlythe case
in whicha naturalmotionis precededby a violentmotion,in
whichtherestillremainsaCtivea portionofthe externalforce
[virthesterna];butwherethereisnosuchremainingportionand
thebodystartsfroman antecedentstateofrest,the cogencyof
thewholeargumentfails.

SACR.I believethat youaremistakenandthat thisdistinc-tion
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tionbetweencaseswhichyoumakeissuperfluousorrathernon-
existent. But, tell me, cannota proje&ilereceivefromthe
proje&oreithera largeor asmallforce[v/rt_]suchaswillthrow
it to a heightof a hundredcubits,andeventwentyor fouror
one ?

[zoz]
S_w.Undoubtedly,yes.
SAcg.So thereforethis impressedforce[virt_impressa]may

exceedthe resistanceof gravityso slightlyas to raiseitonly
a finger-breadth;and finallythe force[v/rt_]of the projector
maybe just largeenoughto exac°dybalancethe resistanceof
gravityso that the body is not liftedat all but merelysus-
tained. Whenoneholdsa stoneinhishanddoeshedoanything
but giveit a forceimpelling[v/rt_impellente]it upwardsequal
tothepower[facoltd]ofgravitydrawingit downwards? Anddo
younot continuouslyimpressthis force[virtU]uponthe stone
as longas youholdit in the hand? Doesit perhapsdiminish
withthetimeduringwhichoneholdsthestone?

Andwhatdoesit matterwhetherthissupportwhichprevents
the stonefromfallingis furnishedby one'shandor bya table
or by a ropefromwhichit hangs? Certainlynothingat all.
You must conclude,therefore,Simplicio,that it makesno
differencewhateverwhetherthefallofthestoneisprecededbya
periodof rest whichis long,short,or instantaneousprovided
onlythe falldoesnot take placeso longas the stoneis a&ed
uponby a force[v/rtfi]opposedto its weightandsufficientto
holdit at rest.

SAT.v.The presentdoesnot seemto be daepropertime to
investigatethe causeofthe accelerationof naturalmotioncon-
cerningwhichvariousopinionshavebeenexpressedbyvarious
philosophers,someexplainingk by attra&ionto the center,
othersto repulsionbetweenthe very smallpartsof the body,
whilestillothersattributeit to acertainstressinthesurrounding
mediumwhichclosesin behindthe fallingbodyand drivesit
fromoneof its positionsto another. Now,all thesefantasies,
andotherstoo,oughtto be examined;but it isnotreallyworth
while. At presentit is the purposeof ourAuthormerelyto

investigate
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investigateand to demonstratesomeof the propertiesof ac-
celeratedmotion(whateverthe causeof thisaccelerationmay
be)--meaningtherebyamotion,suchthatthemomentumofits
velocity[imomentidellasuavelocitY]goeson increasingafter
departurefromrest,in simpleproportionalitytothetime,which
is the sameas sayingthat in equaltime-intervalsthe body
receivesequalincrementsofvelocity;andifwefindtheproper-
ties[ofacceleratedmotion]whichwillbedemonstratedlaterare
realizedinfreelyfallingandacceleratedbodies,wemayconclude
that the assumeddefinitionincludessucha motionof failing
bodiesandthat theirspeed[accelerazione]goesonincreasingas
thetimeandthedurationofthemotion.

[203]
SAGR.So far as I seeat present,the definitionmighthave

beenput a little moreclearlyperhapswithoutchangingthe
fundamentalidea,namely,uniformlyacceleratedmotionissuch
that its speedincreasesin proportionto thespacetraversed;so
that, forexample,the speedacquiredby a bodyin fallingfour
cubitswouldbe doublethat acquiredin fallingtwocubitsand
thislatterspeedwouldbedoublethat acquiredin thefirstcubit.
Becausethereis nodoubtbut that a heavybodyfallingfrom
the heightof sixcubitshas, and strikeswith, a momentum
[impeto]doublethat it hadatthe endofthreecubits,triplethat
whichithadattheendofone.

SALV.It isvery comfortingto me to havehadsucha com-
panioninerror;andmoreoverletmetellyouthatyourproposi-
tionseemssohighlyprobablethat ourAuthorhimselfadmitted,
whenI advancedthisopinionto him,thathehadforsometime
sharedthe samefallacy. Butwhatmostsurprisedmewasto
see two propositionsso inherentlyprobablethat they com-
mandedthe assentofeveryoneto whomtheywerepresented,
provenin a few simplewordsto be not onlyfalse,but im-
possible.

SIM1,.I am oneof thosewhoacceptthe proposition,and
believethat afallingbodyacquiresforce[vires]initsdescent,its
velocityincreasingin proportionto the space,and that the
momentum[momento]ofthefallingbodyisdoubledwhenit falls

from
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froma doubledheight;thesepropositions,it appearsto me,
oughtto beconcededwithouthesitationorcontroversy.

SALV.Andyettheyareasfalseandimpossibleasthat motion
shouldbe completedinstantaneously;andhereis a veryclear
demonstrationof it. If the velocitiesarein proportionto the
spacestraversed,or to be traversed,then these spacesare
traversedin equalintervalsof time;if, therefore,the velocity
withwhic_thefailingbodytraversesa spaceofeightfeetwere
doublethat withwhichit coveredthefirstfourfeet(justas the
one distanceis doublethe other)then the time-intervalsre-
quiredforthesepassageswouldbe equal. But foroneandthe
samebody to falleightfeet andfourfeetin the sametime is
possibleonlyinthecaseofinstantaneous[discontinuous]motion;

[204]
but observationshowsus that the motionofa fallingbodyoc-
cupiestime,andlessofit incoveringa distanceoffourfeetthan
ofeightfeet;thereforeit isnottruethat itsvelocityincreasesin
proportiontothespace.

Thefalsityofthe otherpropositionmaybeshownwithequal
clearness.Forifweconsiderasinglestrikingbodythedifference
ofmomentumin its blowscan dependonlyupondifferenceof
velocity;forif the strikingbodyfallingfroma doubleheight
wereto delivera blowofdoublemomentum,it wouldbeneces-
saryfor this bodyto strikewith a doubledvelocity;but with
this doubledspeedit wouldtraversea doubledspacein the
sametime-interval;observationhowevershowsthat the time
requiredforfallfromthegreaterheightislonger.

SAQI_.Youpresentthese reconditematterswithtoo much
evidenceand ease;this greatfacilitymakesthemlessappre-
ciatedthan theywouldbe had theybeenpresentedin a more
abstrusemanner. For, in my opinion,peopleesteemmore
lightlythat knowledgewhichtheyacquirewithsolittle labor
thanthatacquiredthroughlongandobscurediscussion.

S_LV.If thosewhodemonstratewithbrevityand clearness
the fallacyofmanypopularbeliefsweretreatedwithcontempt
insteadof gratitudethe injurywouldbe quitebearable;buton
the otherhandit is veryunpleasantandannoyingto seemen,

who
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whoclaimtobepeersofanyoneina certainfieldofstudy,take
for grantedcertainconclusionswhichlater arequicklyand
easilyshownbyanotherto be false. I donot describesucha
feelingas oneof envy,whichusuallydegeneratesintohatred
andangeragainstthosewhodiscoversuchfallacies;Iwouldcall
it a strongdesireto maintainolderrors,ratherthan accept
newlydiscoveredtruths. Thisdesireat timesinducesthemto
uniteagainstthesetruths,althoughat heartbelievinginthem,
merelyforthepurposeof loweringtheesteemin whichcertain
othersareheldbytheunthinkingcrowd.Indeed,I haveheard
fromourAcademicianmany suchfallaciesheld as true but
easilyrefutable;someoftheseIhaveinmind.

SAGI_.You must not withholdthemfromus, but, at the
propertime,tellusaboutthemeventhoughanextrasessionbe
necessary.Butnow,continuingthethreadofourtalk,it would[205]
seemthat upto thepresentwehaveestablishedthedefinitionof
uniformlyacceleratedmotionwhichis expressedas follows:

A motionis said to be equallyor uniformlyaccelerated
when,startingfromrest,itsmomentum(celeritatismomenta)
receivesequalincrementsin equaltimes.

SALv.Thisdefinitionestablished,theAuthormakesa single
assumption,namely,

The speedsacquiredby oneand the samebodymoving
downplanesof differentinclinationsare equalwhenthe
heightsoftheseplanesareequal.

By theheightofan inclinedplanewemeantheperpendicular
letfallfromthe upperendoftheplaneuponthehorizontalline
drawnthroughthe lowerend of the sameplane. Thus, to
illustrate,let the lineABbe horizontal,and lettheplanesCA
andCDbeinclinedtoit; thentheAuthorcallstheperpendicular
CBthe "height"of theplanesCAandCD;he supposesthat
the speedsacquiredby oneand the samebody,descending
alongtheplanesCAandCDtotheterminalpointsAandD are
equalsincethe heightsof theseplanesarethe same,CB;and
alsoit mustbe understoodthatthis speedisthat whichwould
beacquiredbythe samebody.fallingfromC toB. Sagr.
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SAog.Yourassumptionappearsto meso reasonablethat it

oughtto beconcededwithoutquestion,providedofcoursethere
are no chanceor outsideresistances,andthat the planesare

_o hard and smooth,and that the
figureof the movingbodyis per-
felly round,so that neitherplane
normovingbodyisrough.Allre-
sistanceand oppositionhaving
been removed,my reason tells

A me at oncethat a heavyandper-
Fig.45 fec°dyroundballdescendingalong

the linesCA,CD, CBwouldreachthe terminalpointsA,D,
B,withequalmomenta[impetieguah].

SALV.Yourwordsarevery plausible;but I hopeby experi-
mentto increasetheprobabilityto anextentwhichshallbelittle
shortofa rigiddemonstration.

[206]
Imaginethis page to representa verticalwall,with a nail

drivenintoit; and fromthe naillet therebe suspendeda lead
bulletof oneor twoouncesby meansof a fineverticalthread,
AB,sayfromfourto sixfeetlong,onthiswalldrawahorizontal
lineDC,at rightanglesto theverticalthreadAB,whichhangs
abouttwofinger-breadthsin frontof thewall. Nowbringthe
threadABwiththeattachedballintothepositionACandsetit
free;firstit willbeobservedto descendalongthe arc CBD,to
passthe pointB, andto travelalongthe arcBD, till it almost
reachesthehorizontalCD,aslightshortagebeingcausedbythe
resistanceof the air and the string;fromthiswemayrightly
inferthat theballin its descentthroughthe arcCBacquireda
momentum[impeto]on reachingB, whichwasjust sufficientto
carryit througha similararc BDto the sameheight. Having
repeatedthisexperimentmanytimes,letusnowdriveanailinto
the wallcloseto the perpendicularAB,sayat E or F, so that
it proje_sout somefiveor sixfinger-breadthsin orderthat the
thread,againcarryingthebulletthroughthearcCB,maystrike
uponthenailEwhenthebulletreachesB,andthuscompelit to
traversethe arcBG,describedaboutE as center. Fromthis

we
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wecanseewhatcanbe doneby thesamemomentum[impeto]
whichpreviouslystartingat the samepointB carriedthesame
bodythroughthe arcBD tothehorizontalCD. Now,gentle-
men,youwillobservewithpleasurethat theballswingstothe
pointG in the horizontal,andyouwouldseethe samething
happenif theobstaclewereplacedat somelowerpoint,sayat
F,aboutwhichtheballwoulddescribethearcBI,theriseofthe

A/

Fig.46
ballalwaysterminatingexa&lyonthe lineCD. Butwhenthe
nailis placedso lowthat the remainderof thethreadbelowit
willnotreachtotheheightCD(whichwouldhappenifthenail
wereplacednearerB than to the interse&ionofABwiththe[207]
horizontalCD)thenthe threadleapsoverthe nailandtwists
itselfaboutit.

Thisexperimentleavesnoroomfordoubtas to the truthof
oursupposition;forsincethetwoarcsCBandDBareequaland
similarlyplaced,the momentum[momento]acquiredbythe fall
throughthearcCBisthesameasthatgainedbyfallthroughthe
arcDB; but themomentum[momento]acquiredat B,owingto
fallthroughCB,isableto liftthesamebody[mobile]throughthe
arc BD; therefore,the momentumacquiredin the fallBD is
equalto that whichliftsthe samebodythroughthe samearc
fromB to D; so,in general,everymomentumacquiredby fallthrough
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throughan arc is equalto that whichcanlift the samebody
throughthe samearc. Butall thesemomenta[momentz]which
causea risethroughthe arcsBD,BG,andBI are equal,since
they are producedby the samemomentum,gainedby fall
throughCB,as experimentshows.Thereforeall the momenta
gainedbyfallthroughthearcsDB,GB,IBareequal.

SAcR.The argumentseemsto mesoconclusiveandthe ex-
perimentsowelladaptedto establishthe hypothesisthat we
may,indeed,considerit asdemonstrated.

SALV.I donotwish,Sagredo,that wetroubleourselvestoo
muchaboutthismatter,sincewearegoingtoapplythisprinciple
mainlyin motionswhichoccuronplanesurfaces,andnotupon
curved,alongwhichaccelerationvariesin a mannergreatly
differentfromthat whichwehaveassumedforplanes.

So that, althoughthe aboveexperimentshowsus that the
descentofthemovingbodythroughthe arcCBconfersuponit
momentum[momento]just sufficientto carry it to the same
heightthroughanyofthearcsBE),BG,BI,wearenotable,by
similarmeans,to showthat the eventwouldbe identicalin
the caseofa perfedtlyroundballdescendingalongplaneswhose
inclinationsare respe&ivelythe sameas the chordsof these
arcs. It seemslikely,ontheotherhand,that, sincetheseplanes
formanglesat the pointB,they willpresentan obstacleto the
ballwhichhasdescendedalongthe chordCB,andstartsto rise
alongthe chordBD,BG,BI.

In strikingtheseplanessomeof its momentum[impeto]will
belostanditwillnotbeableto riseto theheightofthelineCD;
but this obstacle,whichinterfereswith the experiment,once
removed,it is clearthat the momentum[im2e[v](whichgains

[ o8]
in strengthwithdescent)willbe ableto carrythe bodyto the
sameheight. Letus then,for the present,take thisas a pos-
tulate,the absolutetruthofwhichwillbe establishedwhenwe
find that the inferencesfromit correspondto andagreeper-
fe&lywithexperiment.Theauthorhavingassumedthissingle
principlepassesnextto the propositionswhichhe clearlydem-
onstrates;thefirstoftheseisasfollows:
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T_EoP,x_ I, PRo_osmoNI

The timeinwhichanyspaceis traversedby a bodystart-
ingfromrestanduniformlyacceleratedisequaltothetime
in whichthat samespacewouldbetraversedby thesame
bodymovingat a uniformspeedwhosevalueisthe mean
ofthe highestspeedandthe speedjustbeforeacceleration
began.

Let us representby the lineABthe timein whichthe space
CD is traversedby a bodywhichstartsfromrestat C andis
uniformlyaccelerated;let the finaland highestvalueof the
speedgainedduringthe intervalABbe representedbytheline
EB drawnat rightanglesto AB;drawthe lineAE, then all
linesdrawnfromequidistantpointsonABandparallelto BE
willrepresenttheincreasingvaluesofthespeed, c
beginningwiththe instantA. Let thepointF G _. -
bisecCtthe lineEB; drawFG parallelto BA,
andGAparallelto FB,thusformingaparallel-
ogramAGFBwhichwillbeequalinareato the
triangleAEB,sincethe sideGFbisecCtstheside
AEat thepointI; forif theparallellinesinthe
triangleAEBareextendedto GI, thenthesum x,
ofalltheparallelscontainedinthequadrilateral/
isequalto thesumofthosecontainedinthetri-
angleAEB;for thosein the triangleIEF are
equal to thosecontainedin the triangleGIA,
whilethoseincludedinthetrapeziumAIFBare i
common.Sinceeachandeveryinstantoftime_ 1_
in the time-intervalABhas its corresponding j
pointon the lineAB,fromwhichpointspar- ,_
allelsdrawninandlimitedbythetriangleAEB D
representthe increasingvaluesof thegrowing Fig.47
velocity,andsinceparallelscontainedwithinthe re.angle rep-
resentthevaluesofaspeedwhichisnotincreasing,butconstant,
it appears,inlikemanner,thatthemomenta[momenta]assumed
bythe movingbodymayalsoberepresented,inthe caseof the
acceleratedmotion,by the increasingparallelsof the triangleAEB;
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[2o9]

AEB,and,inthecaseoftheuniformmotion,bytheparallelsof
therec°cangleGB. For,whatthemomentamaylackinthefirst
partoftheacceleratedmotion(thedeficiencyofthemomenta
beingrepresentedbytheparallelsofthetriangleAGI)ismade
upbythemomentarepresentedbytheparallelsofthetriangle
IEF.

Henceit isclearthatequalspaceswillbetraversedinequal
timesbytwobodies,oneofwhich,startingfromrest,moveswith

Art a uniformacceleration,whilethe momentumof
"_.theother,movingwithuniformspeed,is one-half

o D. its maximummomentumunderacceleratedmo-
_ tion. Q._.D.
F._ THEOREMII, PROPOSITIONII

Thespacesdescribedbyabodyfallingfromrest
a witha uniformlyacceleratedmotionareto each

otherasthesquaresofthe time-intervalsem-
ployedintraversingthesedistances.

. Y LetthetimebeginningwithanyinstantAberep-
resentedbythestraightlineABinwhicharetaken
anytwotime-intervalsADandAE. LetHIrepre-
sentthedistancethroughwhichthebody,starting
fromrestat H, fallswithuniformacceleration.If
HLrepresentsthespacetraversedduringthetime-
intervalAD,andHM that coveredduringthe in-

Bi t tervalAE,thenthespaceR_Istandsto thespace
- " LHina ratiowhichisthesquareoftheratioofthe

timeAEto thetimeAD;orwemaysaysimplythat
thedistancesHMandHI.arerelatedasthesquares

Fig.48 ofAEandAD.
DrawthelineACmakinganyanglewhateverwiththe line

AB;andfromthepointsD andE, drawtheparallellinesDO
andEP;ofthesetwolines,DOrepresentsthegreatestvelocity
attainedduringthe intervalAD,whileEPrepresentsthemax-
imumvelocityacquiredduringthe intervalAE. But it has
just beenprovedthat sofar as distancestraversedarecon-

cerned
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cernedit is preciselythe samewhethera bodyfallsfromrest
with a uniformaccelerationorwhetherit fallsduringan equal
time-intervalwitha constantspeedwhichisone-halfthe max-
imumspeedattainedduringthe acceleratedmotion.It follows
thereforethat thedistancesH1VIandHLarethesameaswould
betraversed,duringthe time-intervalsAEandAD,byuniform
velocitiesequalto one-halfthoserepresentedby DOand EP
respecCtively.If, therefore,one can showthat the distances
HMandHL are in the sameratioas the squaresofthe time-
intervalsAEandAD,ourpropositionwillbeproven.

[2IO1
Butin the fourthpropositionofthe firstbook[p.157above]

it hasbeenshownthat thespacestraversedbytwoparticlesin
uniformmotionbeartooneanothera ratiowhichisequalto the
productof the ratioof the velocitiesby the ratioof thetimes.
But inthiscasetheratioofthevelocitiesisthesameasthe ratio
ofthe time-intervals(forthe ratioofAEto ADisthe sameas
that ofx/4EPto I/4DOorofEPto DO). Hencetheratioofthe
spacestraversedis the sameas the squaredratioof the time-
intervals. Q.v..D.

Evidentlythenthe ratioofthe distancesisthe squareof the
ratioofthefinalvelocities,that is,ofthelinesEPandDO,since
thesearetoeachotherasAEtoAD.

COROT.IARY I

Henceit is clearthat ifwetakeanyequalintervalsof time
whatever,countingfromthe beginningofthe motion,suchas
AD,DE, EF, FG, in whichthe spacesHL,LM,MN,NI are
traversed,thesespaceswillbearto oneanotherthesameratio
astheseriesofoddnumbers,I, 3,5,7;forthisistheratioofthe
differencesof the squaresof the lines[whichrepresenttime],
differenceswhichexceedoneanotherby equalamounts,this
excessbeingequalto thesmallestline[viz.theonerepresentinga
singletime-interval]:orwemaysay[thatthisisthe ratio]ofthe
differencesofthe squaresofthe naturalnumbersbeginningwith
unity. While,
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While,therefore,duringequalintervalsoftimethe velocities

increaseasthe naturalnumbers,theincrementsin thedistances
traversedduringtheseequaltime-intervalsaretooneanotheras
theoddnumbersbeginningwithunity.

SA6R.Pleasesuspendthe discussionfora momentsincethere
just occursto mean ideawhichI wantto illustratebymeans
of adiagramin orderthat it maybe dearerboth to you and
tome.

Let thelineAI representthelapseoftimemeasuredfromthe
initialinstantA throughA drawthe .straightlineAFmaking

ajA any.anglewhatever;.,join the terminal
/i "pointsI andF; dlvldethetimeAI inhalf

at C; drawCBparallelto IF. Let us
considerCBas the maximumvalueof

] the velocitywhichincreasesfromzero"B p-c at the beginning,in simpleproportion-
ality to the interceptson the triangleABCof linesdrawnparallelto BC;or

/ whatisthesamething,letussupposethe

velocityto increasein proportionto the2v g _ _t z time;thenI admitwithoutquestion,in

' viewoftheprecedingargument,that the

spacedescribedby a bodyfailingin the
i aforesaidmannerwill be equalto the

spacetraversedbythesamebodyduring
thesamelengthof timetravellingwitha
uniformspeedequalto EC, the halfof

It. il. o BC. Furtherlet us imaginethat the
Fig.49 [21I]

bodyhas fallenwith acceleratedmotionso that, at the in-
stant C, it has the velocityBC. It is clearthat if the body
continuedto descendwith the samespeedBC, withoutac-
celeration,it would in the next time-intervalCI traverse
doublethe distancecoveredduringthe intervalAC,with the
uniformspeedECwhichishalfofBC;but sincethefallingbody
acquiresequalincrementsof speedduringequalincrementsof
time, it followsthat the velocityBC, duringthe nexttime-

interval
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interval CI willbe increasedby an amountrepresentedby the
parallelsofthe triangleBFGwhichis equalto the triangleABC.
ILthen, oneadds to the velocityGI halfof thevelocityFG,the
highest speed acquiredby the acceleratedmotion and deter-
mined by the parallelsof the triangleBFG, he will have the
uniformvelocitywith which the same spacewouldhave been
describedin the time CI; and sincethis speedIN is three times
as great as ECit followsthat the spacedescribedduringthe in-
tervalCI isthree timesasgreatasthat describedduringtheinter-
val AC. Let us imaginethe motionextendedoveranotherequal
time-intervalIO, and the triangleextendedto APO; it is then
evident that if the motioncontinuesduring the intervalIO, at
theconstantrate IF acquiredby accelerationduringthe timeAI,
the spacetraversedduringthe intervalIO willbe fourtimesthat
traversedduringthe firstintervalAC, becausethe speed IF is
fourtimes the speedEC. But ifwe enlargeourtrianglesoasto
includeFPQ whichis equalto ABC, stillassumingLheaccelera-
tion to be constant,we shalladd to the uniformspeedan incre-
mentRQ, equal toEC; then the valueofthe equivalentuniform
speedduring the time-intervalIO willbe five timesthat during
the firsttime-intervalAC; thereforethe spacetraversedwillbe
quintuplethat duringthe first intervalAC. It is thus evident
by simple computationthat a movingbody starting fromrest
and acquiringvelocityat a rate proportionalto the time,will,
during equal intervals of time, traversedistances which are
relatedto eachother as the oddnumbersbeginningwithunity,
I, 3, 5;* or consideringthe total spadetraversed,that covered

[212[
in doubletimewill be quadruplethat coveredduringunit time;
in triple time, the space is nine timesas greatas in unit time.

*Asillustratingthegreatereleganceandbrevityofmodernanalytical
methods,onemayobtaintheresultof Prop.n directlyfromthe fun-
damentalequation

s=I/,g(t',-t l)=g/2 +t3 tl)
whereg istheaccelerationofgravityands,thespacetraversedbetween
theinstantstxandh. Ifnowt2- tl= I,sayonesecond,thens = g]_(t2+ ta)
wheret_+tx,mustalwaysbean oddnumber,seeingthatit isthesumof
twoconsecutivetermsintheseriesofnaturalnumbers. [Trans.]
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Andin generalthe spacestraversedarein +.heduplicateratioo_f
thetimes,i.e.,inthe ratioofthesquaresofthe times.

SnwP.In truth, I findmorepleasurein thissimpleandclear
argumentofSagredothanin theAuthor'sdemonstrationwhich
to me appearsratherobscure;so that I am convincedthat
mattersareas described,oncehavingacceptedthe definitionof
uniformlyacceleratedmotion. Butasto whetherthisaccelera-
tion is that whichonemeetsin nature in the caseof falling
bodies,I amstilldoubtful;andit seemsto me,notonlyformy
ownsakebut alsoforall thosewhothink as I do, that this
wouldbe the propermomentto introduceoneof thoseexperi-
mentswandthere are many of them, I understand--which
illustratein severalwaystheconclusionsreached.

SALV.Therequestwhichyou,asa manofscience,make,is a
veryreasonableone;for this is the custom--andproperlyso---
in thosescienceswheremathematicaldemonstrationsareapplied
to naturalphenomena,as is seenin the caseof perspecCtive,
astronomy,mechanics,music,andotherswherethe principles,
onceestablishedbywell-chosenexperiments,becomethefounda-
tionsofthe entiresuperstrucCture.I hopethereforeit willnot
appearto be awasteoftimeifwediscussat considerablelength
this first and most fundamentalquestionupon whichhinge
numerousconsequencesof whichwehave in thisbookonlya
smallnumber,placedthereby the Author,whohasdoneso
muchto openapathwayhithertoclosedto mindsofspeculative
turn. So far as experimentsgothey havenotbeenneglecCted
bythe Author;andoften,inhiscompany,I haveattemptedin
the followingmannerto assuremyselfthat the acceleration
acCtuallyexperiencedbyfallingbodiesisthatabovedescribed.

A pieceof woodenmouldingor scantling,about I2 cubits
long,half a cubit wide,and three finger-breadthsthick,was
taken;on its edgewascut a channela littlemorethan one
fingerinbreadth;havingmadethisgrooveverystraight,smooth,
and polished,andhaving lined it with parchment,alsoas
smoothand polishedas possible,we rolledalongit a hard,
smooth,and very roundbronzeball. Having placed this

[ I3] board
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boardin a slopingposition,by liftingoneendsomeoneortwo
cubitsabovetheother,werolledtheball,asI wasjust saying,
alongthechannel,noting,in amannerpresentlyto bedescribed,
the timerequiredto makethe descent.We repeatedthisex-
perimentmorethanoncein orderto measurethe timewithan
accuracysuch that the deviationbetweentwo observations
neverexceededone-tenthof a pulse-beat.Havingperformed
thisoperationandhavingassuredourselvesofitsreliability,we
nowrolledthe ballonlyone-quarterthelengthofthe channel;
andhavingmeasuredthe timeof its descent,wefoundit pre-
ciselyone-halfoftheformer. Nextwetriedotherdistances,com-
paringthetimeforthewholelengthwiththatforthehalf,orwith
that for two-thirds,orthree-fourths,orindeedforanyfra_ion;
in suchexperiments,repeateda fullhundredtimes,wealways
foundthat thespacestraversedwereto eachotherasthesquares
ofthe times,andthiswastrueforall inclinationsofthe plane,
i.e.,ofthe channel,alongwhichwerolledthe ball. Wealso
observedthatthetimesofdescent,forvariousinclinationsofthe
plane,boreto oneanotherpreciselythat ratiowhich,asweshall
seelater,theAuthorhadpredictedanddemonstratedforthem.

Forthe measurementof time,weemployeda largevesselof
water placedin an elevatedposition;to the bottomof this
vesselwassoldereda pipeofsmalldiametergivinga thinjet of
water,whichwecolle_edinasmallglassduringthetimeofeach
descent,whetherforthewholelengthofthechannelorforapart
ofits length;the waterthuscollecCtedwasweighed,aftereach
descent,ona veryaccuratebalance;thedifferencesandratiosof
theseweightsgaveus thedifferencesandratiosofthetimes,and
this with suchaccuracythat althoughthe operationwasre-
peatedmany,manytimes,therewasnoappreciablediscrepancy
in theresults.

S_P. I wouldliketo havebeenpresentat theseexperiments;
but feelingconfidencein the carewithwhichyou performed
them,and in the fidelitywith whichyou relatethem, I am
satisfiedandacceptthemastrueandvalid

SM,v. Therrwecanproceedwithoutdiscussion.
[2_4]
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COROT,I,ARYII
Secondly,itfollowsthat, startingfromanyinitialpoint,ifwe

takeany twodistances,traversedin anytime-intervalswhatso-
"i_ ever,thesetime-intervalsbearto oneanotherthe same
• ratioas oneofthe distancesto themeanproportionalof

the twodistances.
ForifwetaketwodistancesSTandSYmeasuredfrom

the initialpointS,themeanproportionalofwhichisSX,
T the timeoffall throughSTis to thetimeoffallthrough
.:I¢:SYasSTistoSX;oronemaysaythetimeoffallthrough

SYis to thetimeoffallthroughSTasSYisto SX. Now
sinceit has beenshownthat the spacestraversedare in

Y¢"thesameratioasthesquaresofthe times;andsince,more-
Fig.5Oover' the ratio of the spaceSY to the spaceST is the
squareof the ratioSYto SX,it followsthat the ratioofthe
timesof fall throughSYandST is the ratioofthe respec°dve
distancesSYandSX.

SCHOLIUM

The abovecorollaryhasbeenprovenfor the caseofvertical
fall;but it holdsalsoforplanesinclinedat anyangle;forit isto
beassumedthat alongtheseplanesthevelocityincreasesin the
sameratio,that is,inproportionto the time,or,ifyouprefer,as
the seriesofnaturalnumbers.*

SAr,v.Here,Sagredo,I shouldllke,if it be not too tediousto
Simplicio,to interruptfora momentthe presentdiscussionin
orderto makesomeadditionson the basisofwhathasalready
beenprovedandof whatmechanicalprincipleswehavealready
learnedfromourAcademician.This additionI makefor the
betterestablishmenton logicalandexperimentalgrounds,ofthe
principlewhichwe haveaboveconsidered;andwhat is more
important,forthepurposeofderivingit geometrically',afterfirst
demonstratinga singlelemmawhichisfundamentalin thescience
ofmotion[impet_].

*ThedialoguewhichintervenesbetweenthisScholiumandthefollow-
ingtheoremwaselaboratedbyViviani,at thesuggestionofGalileo.
SeeNationalEdition,viii,23. [Trans.]
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SAGR.If the advancewhichyou proposeto make is such as

will confirmand fully establishthesesciencesof motion,I will
gladly devoteto it any lengthof time. Indeed,I shallnot only

[215]
be gladto haveyou proceed,but I begofyou at onceto satisfy
the curiositywhichyou have awakenedin me concerningyour
proposition;andIthinkthat Simplicioisofthe samemind.

SIMP.QuiterighL
SALV.SincethenI haveyourpermission,let usfirstof allcon-

siderthis notable£ac°c,that the momentaor speeds[imomentiole
velocitY]ofone and the samemovingbodyvarywith the inclina-
tionof the plane.

The speedreachesa maximumalonga verticaldirection,and
for other dirertionsdiminishesas the plane divergesfrom the
vertical. Therefore the impetus, ability, energy, [l'impeto,il
talento,l'energia]or, one might say, the momentum[ilmomento]
of descentof the movingbody is diminishedby the plane upon
whichit is supportedand alongwhichit rolls.

For the sakeofgreaterclearnessereCtthe lineABperpendicular
to the horizontalAC; next drawAID,AE, AF, etc., at different
inclinationsto the horizontal. ThenI saythat all themomentum
of the fallingbodyis alongthe verticaland is a maximumwhenit
fallsin that dirertlon;the momentumis lessalongDA and still
lessalongEA,and evenlessyet alongthe moreinclinedplaneFA.
Finallyon the horizontalplane the mo- B
mentum vanishesaltogether;the body J)
findsitself in a conditionof indifference
asto motionor rest;hasno inherenttend- Ig
encyto movein any dirertion,and offers
noresistanceto beingset inmotion. For
just as a heavy bodyor systemof bodies
cannotof itselfmoveupwards,or recede
from the commoncenter [comuncentro]H(31
towardwhichall heavythingstend, soit ! A
is impossibleforany bodyof its ownac- O
cord to assumeany motionother than Fig.51
one which carriesit nearerto the aforesaidcommoncenter.
Hence,alongthe horizontal,by whichwe understanda surface,
everypointofwhichisequidistantfromthissamecommoncenter,
the bodywillhavenomomentumwhatever. This
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[516]

This changeof momentumbeingclear,it is herenecessaryfor
me to explainsomethingwhichour Academicianwrotewhen in
Padua, embodyingit in a treatiseon mechanicspreparedsolely
for the use of his students, and provingit at lengthand conclu-
sivelywhen consideringthe originand nature of that marvellous
machine,the screw. What he provedis the mannerin whichthe
momentum[impeto]varieswiththe inclinationofthe plane,asfor
instancethat oftheplaneFA,oneendofwhichiselevatedthrough
a verticaldistanceFC. Thisdire_ionFC is that alongwhichthe
momentumof a heavybodybecomesa maximum;let us discover
whatratio thismomentumbearsto that of the samebodymoving
alongthe inclinedplane FA. This ratio, I say, is the inverseof
that of the aforesaidlengths. Suchis the lemmaprecedingthe
theoremwhichI hopeto demonstratea littlelater.

It is clearthat the impellingforce[impeto]acCtingon a bodyin
descentis equal to the resistanceor least force[resistenzaoforza
minima]sufficientto holdit at rest. In orderto measurethis force
and resistance_orzae resistenza]I proposeto use the weightof
anotherbody. Let us placeupon the plane FA a body G con-
necCtedto the weightH by means of a cord passingover the
point F; then the body H will ascend or descend,along the
perpendicular,the same distancewhichthe body G ascendsor
descendsalongthe inclinedplane FA; but this distancewill not
be equalto theriseorfallofG alongthe verticalinwhichdirection
aloneG, asother bodies,exertsits force[resistenza].Thisis clear.
For if weconsiderthe motionof the bodyG, fromA to F, in the
triangleAFC to be madeup ofa horizontalcomponentAC and a
verticalcomponentCF, and rememberthat this bodyexperiences
no resistanceto motionalongthe horizontal(becauseby such a

[2x71
motionthe bodyneithergainsnor losesdistancefromthecommon
centerof heavythings) it followsthat resistanceis met only in
consequenceof the body risingthroughthe verticaldistanceCF.
Sincethenthe bodyG inmovingfromA toF offersresistanceonly
in so far as it rises throughthe vertical distanceCF, whilethe
other bodyH must fallverticallythroughthe entiredistanceFA,
and sincethis ratio is maintainedwhetherthe motionbe largeor
small,the two bodiesbeinginextensiblyconnected,we are able
to assertpositivelythat, in.caseof equilibrium(bodiesat rest) the

momenta,
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momenta,thevelocities,or theirtendencyto motion[propensioni
al mot@i. e., the spaceswhichwouldbe traversedby them in
equaltimes,mustbe in the inverseratioto theirweights. This is
whathas beendemonstratedineverycaseof mechanicalmotion.*
So that, inorderto hold the weight(3at rest,onemustgive H a
weightsmallerin the sameratio asthedistanceCFis smallerthan
FA. If wedothis,FA:FC=weightG:weightH; then equilibrium
willoccur,that is,the weightsH andG willhavethe sameimpell-
ing forces [momentieguali],and the two bodieswill come to
rest.

And sincewe are agreedthat the impetus,energy,momentum
or tendencytomotionof a movingb.odyis asgreatas theforceor
least resistance[forzaoresistenzamzn_ma]sufficientto stopit,and
sincewe havefoundthat the weightH is capableof preventing
motionin theweightG, it followsthat the lessweightHwhoseen-
tireforce[momentototale]is alongtheperpendicular,FC,willbean
exactmeasureof the componentof force[momentoparziale]which
the largerweightG exertsalongthe planeFA. But the measure
of the total force[totalmomento]onthe bodyG is its ownweight,
sinceto preventits fall it is onlynecessaryto balanceit withan
equal weight,providedthis secondweightbe freeto moveverti-
cally;thereforethe componentof the force[momentoparziale]on
G alongthe inclinedplaneFAwillbearto themaximumandtotal
forceon this samebodyG alongthe perpendicularFC the same
ratio as the weightH to the weightG. This ratio is, by con-
struction, the samewhichthe height, FC, of the inclinedplane
bearsto the lengthFA. We havehere the lemmawhichI pro-
posedto demonstrateand which,as you will see,has been as-
sumedby our Authorin the secondpart of the sixthproposition
ofthepresenttreatise.

SAGg.From what you haveshownthus far, it appearsto me
that one might infer, arguingex aequaliconla proportioneper-
turbata,that the tendencies[momentz]ofoneandthe samebodyto
movealongplanesdifferentlyinclined,but havingthe sameverti-
cal height, as FA and FI, are to each other inverselyas the
lengthsofthe planes.

[218]

SAT.V.Perfectlyright. This point established,I pass to the
demonstrationofthe followingtheorem:

*A nearapproachto the principleof virtualworkenunciatedby
JohnBernoulliin17I7. [Trans.]
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If a bodyfallsfreelyalongsmoothplanesinclinedat anyangle
whatsoever,but of the sameheight,the speedswithwhichit
reachesthe bottomarethe same.

First we must recallthe fact that on a planeof any inclination
whatevera body starting from rest gains speedor momentum
[laquantit&dell'impao]in directproportionto the time, in agree-
mentwiththe definitionofnaturallyacceleratedmotiongivenby
theAuthor. Hence,ashe hasshownin theprecedingproposition,
the distancestraversedare proportionalto the squaresof the
times and thereforeto the squaresof the speeds. The speed
relationsarehere the sameas in the motionfirst studied[i. e.,
verticalmotion],sinceineachcasethe gainof speedis proportional
to the time.

LetABbe an inclinedplanewhoseheightabovethe levelBC is
AC. Aswehaveseenabovethe forceimpelling[l'impeto]a body

A tofallalongtheverticalACis totheforce

whichdrivesthe samebodyalongthe in-

clinedplaneABasAB is toAC. Onthe
inclineAB, lay off AD a third propor-
tionaltoABand AC; then the forcepro-
ducingmotionalongAC is to that along

" AB (i.e.,alongAD)as thelengthACis to
B B IJthe lengthAD. Andthereforethe body

Fig.52 willtraverse the spaceAD,alongthe in-
clineAB,in the sametimewhichit wouldoccupyin fallingthever-
ticaldistanceAC, (sincetheforces[moment,]arein thesameratio
as thesedistances);alsothe speedat C is to thespeedat D asthe
distanceACis to thedistanceAD. But,accordingtothedefini-
tionof acceleratedmotion,the speedat B is to the speedof the
samebody at D asthe timerequiredto traverseAB is to the time
requiredforAD; and,accordingto the last corollaryofthe second
proposition,the timeof passingthroughthedistanceAB bearsto
the time of passingthroughAD the same ratioas the distance
AC (a mean proportionalbetweenABand AD)to AD. Accord-
inglythe two speedsat B and C eachbearto the speedat D the
sameratio,namely,that of thedistancesACandAD;hencethey
areequal. This is the theoremwhichI setoutto prove.

Fromtheabovewe arebetterableto demonstratethefollowing
thirdpropositionof theAuthorin whichhe employsthe following
principle,namely,the timerequiredto traversean inclinedplane

is
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is to that requiredto fall throughtheverticalheightofthe plane
inthe sameratioasthelengthofthe planeto itsheight.

[219]
For,accordingto the secondcorollaryofthesecondproposition,

if BArepresentsthe timerequiredto passover the distanceBA,
the timerequiredto passthe distanceADwillbe a meanpropor-
tional betweenthese two distancesand will be representedby
the lineAC; but ifACrepresentsthe timeneededto traverseAD
it willalsorepresentthe timerequiredto fallthroughthe distance
AC,sincethe distancesACand AD aretraversedinequaltimes;
consequentlyif ABrepresentsthe timerequiredforABthen AC
willrepresentthe timerequiredforAC. Hencethetimesrequired
to traverseABand ACare toeachotheras the distancesABand
AC.

In like mannerit can be shownthat the timerequiredto fall
throughAC is to the timerequiredfor any other inclineAE as
the lengthACisto thelengthAE; therefore,exaequali,thetimeof
fall alongthe inclineABis to that alongAEas the distanceABis
to the distanceAE,etc.*

Onemightby applicationof this sametheorem,as Sagredowill
readilysee,immediatelydemonstratethe sixthpropositionof the
Author; but let us here end this digressionwhich Sagredohas
perhapsfoundrathertedious,thoughI considerit quite important
forthe theoryofmotion.

SACR.On the contraryit has givenme greatsatisfaction,and
indeed I find it necessaryfor a completegrasp of this principle.

SALv.I willnowresumethereadingof thetext.[215]
TttEOltEMIII, PROPOSXTXONIII

If one and the same body, starting from rest, fallsalong
an inclinedplaneand alsoalonga vertical,eachhavingthe
sameheight, the times of descentwill be to eachother as
the lengthsof the inclinedplane and the vertical.

Let ACbe the inclinedplaneandAB the perpendicular,each
having the same verticalheight above the horizontal,namely,
BA;then I say, the time of descentof one and the samebody

*Putting_hisargumentina modernandevidentnotation,onehas
AC= 1h gt_andAD= 1[__--gt_.If now_-_2= tLB.AD,itfoUowsat
oncethat t_= t_. [Trans.] Q"_"_"
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[zI6l

alongthe planeACbearsa ratioto the timeoffall alongthe
perpendicularAB,whichis the sameasthe ratioofthe length
ACto thelengthAB. LetDG,EI andLFbe anylinesparallel

to the horizontalCB; then it followsfrom
• whathasprecededthat abodystartingfrom

A willacquirethesamespeedat the pointG
a Dasat D, sincein eachcasethe verticalfallis

the same;in likemannerthe speedsat I and
E willbe the same;soalsothoseat L andF.
Andingeneralthe speedsat the twoextremi-
tiesof anyparalleldrawnfromanypointon
AB to the correspondingpointonACwillbe

© _ _ equal.
Fig.53 Thus the two distancesAC and AB are

traversedat the samespeed. But it hasalreadybeenproved
[zI7]

that iftwodistancesaretraversedbyabodymovingwithequal
speeds,thenthe ratioofthe timesofdescentwillbethe ratioof
the distancesthemselves;therefore,the timeof descentalong
ACis to that alongAB as the lengthoftheplaneAC is to the
verticaldistanceAB. O.v.D.

[181
SacR.It seemsto methat theabovecouldhavebeenproved

clearlyandbrieflyonthebasisofa propositionalreadydemon-
strated,namely,that the distancetraversedin the caseof
acceleratedmotionalongACorABis the sameasthat covered

[zr9]
by auniformspeedwhosevalueisone-halfthemaximumspeed,
CB;the twodistancesAC andAB havingbeentraversedat the
sameuniformspeedit is evident,fromPropositionI, that the
timesofdescentwillbeto eachotherasthedistances.

COROLLARY

Hencewemay inferthat the timesof descentalongplanes
havingdifferentinclinations,but thesameverticalheightstand

to
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to oneanotherin the sameratioas thelengthsof theplanes.
ForconsideranyplaneAMextendingfromA tothe horizontal
CB;thenit maybe demonstratedinthe samemannerthatthe
timeof descentalongAMis to the timealongAB as thedis-
tanceAMistoAB; butsincethetimealongAB istothat along
ACasthelengthABistothelengthAC,itfollows,excequali,that
asAMistoACsois the timealongAMto thetimealongAC.

IV,PRoPosmoIV
Thetimesof descentalongplanesof the samelengthbut
of differentinclinationsare to eachotherin the inverse
ratio of the squareroots of their heights

Froma singlepointB drawthe planesBAandBC,having
the samelengthbut differentinclinations;letAE andCD be
horizontallinesdrawnto meet the perpendicularBD; and

[22ol
letBErepresentthe heightoftheplaneAB,andBDtheheight
ofBC; alsoletBIbe a meanproportionalto BDandBE; then
the ratioof BD to BI is equalto the B
squarerootof the ratioof BD to BE. .m,
Now,I say,the ratioofthe timesofde- /,I/
scentalongBAandBCistheratioofBD / /
toBI;so that the timeof descentalong / /
BAis relatedto the heightof the other / /
planeBC,namelyBD asthe timealong / /
BCis relatedto the heightBI. Nowit / / _-
mustbe provedthat the timeof descent& _/
alongBAisto thatalongBCasthelength _y
BDisto thelengthBI.

DrawIS parallelto DC;and sinceit Fig.54
hasbeenshownthat the timeoffallalongBAisto that along
the verticalBE as BAisto BE;and alsothat the timealong
BE isto that alongBDas BEis to BI; and likewisethat the
timealongBIDisto that alongBCasBDisto BC,or asBI to
BS;it follows,excequali,that thetimealongBAisto that along
BC asBAto BS,or BCto BS. However,BCisto BSas BD
isto BI;hencefollowsourproposition.
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THEO_ V, PRoPosmo_V
The timesofdescentalongplanesof differentlength,slope
andheightbearto oneanothera ratiowhichis equalto
the productof theratioofthe lengthsbythe squareroot
oftheinverseratiooftheirheights.

Draw the planesAB and AC, havingdifferentinclinations,
lengths,andheights. My theoremthenis that the ratioofthe

A timeof descentalongACto that alongABis
.41 equaltotheproductof theratioofACto AB

//' [ by thesquarerootoftheinverseratiooftheir
/./ ! heights.

/ / I ForletADbeaperpendicularto whichare
/ / ]Gdrawnthe horizontallinesBGandCD;alsoB ¢ /_ i letAL bea meanproportionalto theheights

/ ] AGandAD;fromthe pointL drawa hori-
1_/ [I_zontallinemeetingAC inF; accordinglyAF
/ ] willbea meanproportionalbetweenACand

/ [ AE. NowsincethetimeofdescentalongAC
C/ 110is to that alongAE as the lengthAF is to

Fig.55 AE; and sincethe timealongAEis to that
alongAB asAE istoAB,it isclearthat thetimealongACisto
thatalongAB asAF istoAB.[2i]

Thusit remainsto beshownthat theratioofAFtoABisequal
to the productofthe ratioofACto ABby the ratioofAGto
AL,whichis the inverseratioof thesquarerootsoftheheights
DA andGA. Nowit is evidentthat, ifweconsiderthe line
ACin connectionwithAFandAB,the ratioofAFto ACisthe
sameasthat orAL toAD,orAGto ALwhichisthesquareroot
of the ratioof theheightsAGandAD;but theratioofACto
AB is theratioof the lengthsthemselves.Hencefollowsthe
theorem.

THEOm_MVI, PROPOSITIOnVI
I__romthehighestorlowestpointina verticalcirclethere
be drawnanyinclinedplanesmeetingthecircumferencethetimes
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timesofdescentalongthesechordsare eachequalto the
other.

Onthe horizontallineGHconstrufitaverticalcircle.Fromits
lowestpoint--thepointof tangencywiththehorizontal,draw
the diameterFAandfromthe highestpoint,A,drawinclined
planesto B and (2,anypoints
whateveron the circumference;
thenthe timesof descentalong B
theseare equal. DrawBD and
CEperpendicularto the diame-
ter; makeAI a meanpropor-¢
tionalbetweentheheightsofthe
planes,AEand AD; and since
the refitanglesFA.AEand FA.
ADarerespefitivelyequalto the
squaresofACandAB,whilethe
rectangleFAakEis to the refit- ....
angleFA_ADas AE is to AD, G _
it followsthat the squareofAC Fig.56
is to the squareofAB as the lengthAEis to the lengthAD.
Butsincethe lengthAEisto ADas the squareofAI isto the
squareofAD, it followsthat the squareson the linesACand
ABareto eachotherasthesquaresonthelinesAI andAD,and
hencealsothe lengthAC is to the lengthABas AI is to AD.
But it haspreviouslybeendemonstratedthat the ratioof the
time of descentalongAC to that alongAB is equalto the
produfitof the tworatiosACto AB andADto AI; but this
lastratioisthesameasthatofABtoAC. Thereforetheratioof
the timeof descentalongACto that alongABis the product
ofthe tworatios,ACto ABandABto AC. Theratioofthese
timesisthereforeunity. Hencefollowsourproposition.

Byuseoftheprinciplesofmechanics[exmechanic#]onemay
obtainthe sameresult,namely,that a fallingbodywillrequire
equaltimesto traversethe distancesCAandDA,indicatedin
thefollowingfigure.LayoffBAequaltoDA,andletfallthe

[zzzl
perpendicularsBE and DF; it followsfromthe principlesofmechanics
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mechanicsthat the componentof the momentum[momentum
ponderis]acCtingalongthe inclinedplaneABCis to the total
momentum[i.e.,the momentumof the bodyfallingfreely]as

BEis to BA; in likemanner
the momentumalong the
planeADis to its total mo-
mentum[i.e.,themomentum
of the bodyfallingfreely]as
DFistoDA,ortoBA.There-
fore the momentumof this
sameweightalongthe plane

_ DAisto that alongthe plane
ABC as the lengthDF is to

_._ thelengthBE;forthisreason,thissameweightwillin equal
A mF timesaccordingto thesecond

Fig.57 propositionof the firstbook,
traversespacesalongthe planesCAandDAwhichareto each
otherasthelengthsBE andDF. Butit canbeshownthatCA
isto DAasBE isto DF. Hencethefallingbodyvcilltraverse
the twopathsCAandDAin equaltimes.

Moreoverthe fa_ that CAiSto DAasBEisto DF maybe
demonstratedas follows:JoinC andD; throughD, drawthe
lineDGLparallelto AF andcuttingthelineACin I; through
B drawthe lineBH,alsoparallelto AF. Thenthe angleADI
willbe equalto the angleDCA,sincetheysubtendequalarcs
LAandDA,andsincethe angleDACis common,the sidesof
the triangles,CADandDM, aboutthecommonanglewillbe
proportionalto eachother; accordinglyas CAis to DAso is
DAto IA,that is as BAis to IA, or asHAis to GA,that is
asBEisto DF. _. D.

The samepropositionmaybe moreeasilydemonstratedas
follows:OnthehorizontallineABdrawa circlewhosediameter
DCisvertical. Fromtheupperendofthisdiameterdrawany
inclinedplane,DF,extendingtomeetthecircumference;then,I
say, a bodywilloccupythe sametime in fallingalongthe
planeDF as alongthe diameterDC. For drawFG parallel

to



THIRD DAY 191
to ABandperpendicularto DC;joinFC; andsincethe timeof
fall alongDC is to that alongDG as the meanproportional

[223]
betweenCD andGDis to GDitself;and sincealsoDF is a
meanproportionalbetweenDC andDG, the angleDFC in-
scribedina semicirclebeinga right-
angle,and FG beingperpendicular

to DC, it followsthat the timeof /"_ \____ 1_

fallalongDCisto that alongDGas f J
thelengthFDisto GD. Butit has //,,I
alreadybeendemonstratedthat theF_"
timeof descentalongDF is to that [
alongDGasthelengthDFistoDG; _
hencethetimesofdescentalongDF \
andDCeachbearto thetimeof fall _ _ " /_,
alongDG the same ratio; conse- _ \
quentlytheyareequal.

In likemannerit maybe shown_ c
that ifonedrawsthechordCEfrom Fig.58
the lowerendof the diameter,alsothe lineEH parallelto the
horizon,andjoinsthepointsE andD, thetimeofdescentalong
EC,willbethe sameasthat alongthe diameter,DC.

COROLLARYI
Fromthisit followsthat thetimesofdescentalongallchords

drawnthrougheitherCorDareequaloneto another.

COROIJ,ARYII
It alsofollowsthat, if fromanyonepointtherebe drawna

verticallineandaninclinedonealongwhichthetimeofdescent
.isthe same,the inclinedlinewillbe a chordof a semicircleof
whichtheverticallineisthediameter.

COROllARYIII
Moreoverthe timesof descentalonginclinedplaneswillbe

equalwhenthe verticalheightsofequallengthsof theseplanesare
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areto eachotherasthelengthsoftheplanesthemselves;thusit
is clearthat the timesof descentalongCA andDA, in the
figurejust beforethe last, are equal,providedthe vertical
heightof AB (ABbeingequalto AD),namely,BE, is to the
verticalheightDF asCAisto DA.

SAcR.Pleaseallowmeto interruptthelecturefora moment
inorderthatI mayclearupanideawhichjustoccurstome;one
which,if it involvenofallacy,suggestsat leasta freakishand

[2241
interestingcircumstance,suchas oftenoccursin natureandin
therealmofnecessaryconsequences.

If, fromanypointfixedin a horizontalplane,straightlines
be drawnextendingindefinitelyin all dire_ions,and ff we
imagineapointto movealongeachoftheselineswithconstant
speed,allstartingfromthefixedpointat the sameinstantand
movingwithequalspeeds,thenit isclearthat allofthesemov-
ing pointswilllie uponthe circumferenceof a circlewhich
growslargerandlarger,alwayshavingtheaforesaidfixedpoint
asitscenter;thiscirclespreadsoutinpreciselythesamemanner
as the littlewavesdo in the caseof a pebbleallowedto drop
intoquietwater,wherethelmpac°cofthestonestartsthemotion
in alldirections,whilethe pointof lmpac_cremainsthe center
oftheseever-expandingcircularwaves. But imaginea vertical
planefromthe highestpointofwhichare drawnlinesinclined
at everyangleand extendingindefinitely;imaginealsothat
heavyparticlesdescendalongtheselineseachwitha naturally
acceleratedmotionandeachwith a speedappropriateto the
inclinationof its line. If thesemovingparticlesare always
visible,whatwillbethe locusoftheirpositionsat anyinstant?
Nowtheanswerto thisquestionsurprisesme,forI amledby_e
precedingtheoremsto believethat theseparticleswillalways
lieuponthe circumferenceof a singlecircle,everincreasingin
sizeasthe particlesrecedefartherandfartherfromthepointat
whichtheirmotionbegan. To be moredefinite,let A be the
fixedpointfromwhicharedrawnthe linesAFandM-Iinclined
at any anglewhatsoever.On the perpendicular/_Btakeany
twopointsC _ndDaboutwhich,ascenters,circlesaredescribed

passing
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passingthrough the point A, and cutting the inclined lines
at the pointsF, H, B, E, G, I. Fromthe precedingtheoremsit
is clearthat, ifparticlesstart, at the sameinstant, fromA and
descendalongthese lines,when one is at E anotherwill be at
G and anotherat I; at a later instant A
theywillbe foundsimultaneouslyat
F, H and B; these, and indeedan

infinite numbe_22_°ther particles_ /

travellingalong an infinitenumber
of differentslopeswill at successive
instants always lie upon a single x
ever-expandingcircle.Thetwokinds
of motion occurringin nature give
rise thereforeto two infiniteseries
of circles,at once resemblingand Fig.59
differingfromeachother; the onetakes its risein the centerof
an infinitenumberof concentriccircles;the other has its origin
in the contac°c,at their highestpoints,of an infinitenumberof
eccentriccircles;the formerareproducedby motionswhichare
equal and uniform; the latter by motions which are neither
uniformnor equal amongthemselves,but whichvary fromone
to anotheraccordingto theslope.

Further, if fromthe two points chosenas originsof motion,
we draw lines not only along horizontal and vertical planes
but inall direcCtionsthen just as in the formercases,beginning
at a singlepoint ever-expandingcirclesare produced,so in the
latter casean infinitenumberof spheresare producedabout a
singlepoint, or rather a singlesphere which expandsin size
withoutlimit; and this in twoways,onewith the originat the
center,the otheron the surfaceof the spheres.

S_v. The idea is reallybeautifuland worthy of the clever
mindofSagredo.

Sn_P.Asfor me, I understandin a generalway howthe two
kinds of natural motionsgive rise to the circlesand spheres;
and yet as to the producCtionofcirclesby acceleratedmotionand
its proof,I am notentirelyclear;but the facetthat onecantake

the
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theoriginofmotioneitherat theinmostcenterorat theverytop
ofthe sphereleadsoneto think that theremaybe somegreat
mysteryhiddenin thesetrueandwonderfulresults,a mystery
relatedto the creationof the universe(whichis said to be
sphericalin shape),and relatedalso to the seatof the first
cause[primacausa].

SaJ.v.I haveno hesitationin agreeingwithyou. But pro-
foundconsiderationsofthSskindbelongto ahighersciencethan
ours[api_taltedottrinechelenostre].Wemustbe satisfiedto
belongto that classof lessworthyworkmenwhoprocurefrom
the quarrythe marbleout ofwhich,later,the giftedsculptor
producesthosemasterpieceswhichlayhiddenin thisroughand
shapelessexterior. Now,ifyouplease,letusproceed.

[2z6]
THEOREMVII, PROPOSITIONVII

I{theheightsoftwoinclinedplanesaretoeachotherinthe
sameratioasthe squaresof theirlengths,bodiesstarting
fromrestwilltraversetheseplanesin equaltimes.

Taketwoplanesofdifferentlengthsanddifferentinclinations,
AEandAB,whoseheightsareAF andAD:letAFbeto ADas

Athe squareofAE is to the squareof
_A_B;then,I say,that a body,starting
fromrestatA,willtraversetheplanes
AEandABinequaltimes. Fromthe
verticalline,drawthehorizontalpar-

G I_allellinesEF andDB, the latter cut-tingAE at G. SinceFA:DA=EA*:
B--_2,andsinceFA:DA=EA:GA,it

_, followsthat EA:GA--_2 : B--_2.
:FHenceBAis a meanproportionalbe-

Fig.6o tweenEA and GA. Now sincethe
timeofdescentalongABbearsto thetimealongAGthe same
ratiowhichABbearsto AGandsincealsothe timeof descent
alongAGis to the timealongAEasAGis to a meanpropor-
tionalbetweenAGandAE,that is,to AB,it follows,ex¢equali,

that
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thatthetimealongABisto the timealongAEasABistoitself.
Thereforethe timesare equal. Q.E.D.

THEOm_aVIII, P_oPosmoNVIII
Thetimesofdescentalongallinclinedplaneswhichintersedt
oneandthe sameverticalcircle,eitherat its highestor
lowestpoint,areequalto the timeoffallalongthevertical
diameter;forthoseplaneswhichfallshortofthisdiameter
thetimesareshorter;forplaneswhichcutthisdiameter,the
timesarelonger.

Let ABbe the verticaldiameterof a circlewhichtouchesthe
horizontalplane. It hasalready
beenproventhat the timesofde- _a.
scent alongplanesdrawnfrom
eitherend,A or B, to the cir-
cumferenceare equal. In order
to showthat the timeofdescentI}

[227]
alongthe planeDF whichfalls
shortof the diameteris shorter
wemaydrawtheplaneDBwhich
isboth longerandlesssteeplyin-
dinedthanDF;whenceit follows .....
thatthetimealongDFislessthan"' B
that alongDB andconsequently Fig.6I
alongAB. In like manner,it is shownthat the timeof de-
scentalongCOwhichcutsthediameterisgreater:forit isboth
longerand lesssteeplyinclinedthan CB. Hencefollowsthe
theorem.

THEOREMIX,PRoeosmoNIX
Iffromanypointonahorizontalllnetwoplanes,inclined
atanyangle,aredrawn,andiftheyarecutbyalinewhich
makeswiththemanglesalternatelyequaltotheanglesbe-
tweentheseplanesandthehorizontal,thenthetimesre-
quiredto traversethoseportionsoftheplanecutoffby
the aforesaidline are equal.

Through
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Throughthe point C bn the horizontallineX, drawtwo

planesCD and CE inclinedat any anglewhatever:at any
pointin the lineCD layoffthe angleCDFequalto the angle
XCE;let thelineDF cut CEat F sothat the anglesCDFand
CFDarealternatelyequalto XCEandLCD;then,I say,the

.... timesof descentoverCD

x and CF are equal. Now

sincethe angle CDF is
equalto the angleXCEby
construcCtion,it is evident

D _B //'_ c that the angleCFD must

_ _¢: beequalto theangleDCL.
For if the commonangle
DCF be subtracCtedfrom
the threeanglesof the tri-

Fig.6_ angleCDF,togetherequal
to tworightangles,(towhichare alsoequalalltheangleswhich
canbedescribedaboutthepointConthe lowersideof theline
LX)there remainin the triangletwo angles,CDFand CFD,
equalto thetwoanglesXCEandLCD;but,by hypothesis,the
anglesCDFandXCEareequal;hencetheremainingangleCFD
isequalto theremainderDCL. TakeCEequaltoCD;fromthe
pointsDandEdrawDAandEBperpendiculartothehorizontal
lineXL; andfromthe pointC drawCGperpendicularto DF.
NowsincetheangleCDGis equalto the angleECBand since
DGCandCBEarerightangles,itfollowsthatthetrianglesCDG
andCBEareequiangular;consequentlyDC:CG=CE:EB. But
DCisequalto CE,andthereforeCGisequaltoEB. Sincealso
the anglesat C andatA, in the triangleDAC,areequalto the
anglesat F and (3 in the triangleCGF,wehaveCD:DA=
FC:CGand, permutando,DC:CF--DA:CG=DA:BE.Thus
the ratio of the heightsof the equalplanesCD and CE is
thesameasthe ratioofthe lengthsDCandCF. Therefore,by

[2 8]
CorollaryI ofProp.VI, thetimesofdescentalongtheseplanes
willbe equal. Q.E.D.

Analternativeproofis thefollowing:DrawFSperpendicular
to
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to the horizontalline AS. Then,since the triangleCSF is
similarto the triangleDGC,wehave SF:FC--GC:CD;and
sincethe triangleCFG is similarto the triangleDCA,we
haveFC:CG=CD:DA.L z. c _" x:

Hence,ex cquali, SF: _"/_ [ //_xa c,

CG=CG:DA. There-
foreCG isa meanpro-
portionalbetween SF
andDA,whileDA:SF=
D-A_:C-G_. Againsince x
thetriangleACT)issim- _ [_.---"7_

ilarto thetriangleCGF,
we have DA'_C=GC:
CF and, I_ermutando,
DA:CG= DC:CF:also Fig.63
b-A2:C-G_=D--C_:_2. Butit hasbeenshownthat D-A2:C-G_=
DA:SF. ThereforeD-C_.'CF*=DA:FS.Hencefromthe above
Prop.VII,sincetheheightsDAandFSof the planesCDand
CFareto eachotherasthesquaresofthelengthsofthe planes,
it followsthat the timesof descentalongtheseplaneswillbe
equal.

THEOREM X, PROPOSITIONX

Thetimesofdescentalonginclinedplanesofthesame
height,butofdifferentslope,aretoeachotherasthelengths
of theseplanes;andthis istruewhetherthe motionstarts
from rest or whetherit is precededby a fall from a
constantheight.

LetthepathsofdescentbealongABCandABDto thehorizon-
talplaneDCsothat thefallsalongBDandBCareprecededby
thefallalongAB;then,I say,that thetimeofdescentalongBD
is to the timeofdescentalongBCasthe lengthBDis to BC.
Drawthe horizontalline_A_FandextendDB untilit cuts this

[229]
lineat F; letFE bea meanproportionalbetweenDF andFB;
drawEOparallelto DC;thenAOwillbe a meanproportional
betweenCAandAB. If nowwerepresentthetimeoffallalong

AB
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ABbythelengthA_B,thenthe timeofdescentalongFBwillbe
representedbythedistanceFB; soalsothetimeoffallthrough
the entiredistanceAC willbe representedby the meanpro-
portionalAO:andfor the entiredistanceFD by FE. Hence
the timeoffallalongthe remainder,BC,willbe representedby

A. "_!. BO,andthat alongtheremainder,BD,

"byBE; but sinceBE:BO--BD'_C,it

follows,ifwe allowthe bodiesto fall
firstalongAB andFB,or,whatis the
samething,alongthe commonstretch
AB,thatthe timesofdescentalongBD
and BCwillbe to eachother as the

o lengthsBDandBC.Butwehavepreviouslyproventhat
_ thetimeofdescent,fromrestatB, along

Fig.64 BDis tothe timealongBCin the ratio
whichthelengthBDbearsto BC. Hencethetimesofdescent
alongdifferentplanesofconstantheightareto eachotherasthe
lengthsoftheseplanes,whetherthemotionstartsfromrestor is
precededbyafallfroma constantheight. Q._. 9.

THeOReMX_I,P_oPosmoNXI
If a planebedividedintoanytwopartsandifmotionalong
it startsfromrest, thenthe timeofdescentalongthe first
part is to the timeof descentalongthe remainder "-_
as the lengthof thisfirstpart is to the excessofa
meanproportionalbetweenthisfirstpartandtheen-
tire lengthoverthisfirstpart.

Let the fall take place,fromrestat A, throughtile
entiredistanceABwhichis dividedat anypointC; also e
letAFbea meanproportionalbetweentheentirelength p
BAandthefirstpartAC;thenCFwilldenotetheexcess
ofthemeanproportionalFAoverthefirstpartAC. Now,
I say,the timeof descentalongACwillbetothe timeof B
subsequentfallthroughCB as the lengthACisto CF.Fig.65
Thisis evident,becausethetimealongACis to the timealong
the entiredistanceABasACis to themeanproportionalAF.

Therefore,
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Therefore,divldendo,the time alongAC willbe to the time
alongthe remainderCBasACisto CF. If weagreeto repre-
sentthe timealongACby the lengthACthenthe timealong
CBwillberepresentedbyCF. Q._. D.

[ 3o]
In casethemotionisnotalongthestraightlineACBbutalongthebrokenlineACDto thehorizon- A

tal lineBD,andif fromF wedraw _
thehorizontallineFE, itmayinlike
mannerbe provedthat the time
alongACisto thetimealongthein-
clinedlineCDasACisto CE. For
the time alongAC is to the time
alongCBas AC is to CF; but it
has alreadybeenshownthat the D_'
timealongCB,afterthefallthrough Fig.66
thedistanceAC,isto thetimealongCD,afterdescentthrough
the samedistance_AC,asCBisto CD,or,asCFisto CE;there-
fore,excequali,the timealongACwillbeto thetimealongCD
asthelengthACisto thelengthCE.

THEOg_XII, PRoPosmonXII
If a verticalplaneand anyinclinedplanearelimitedby
twohorizontals,andifwetakemeanproportionalsbetween
the lengthsof theseplanesand thoseportionsof them
whichliebetweentheirpointofintersecCtionandtheupper
horizontal,then the time of fall alongthe perpendicular
bearsto thetimerequiredto traversetheupperpartofthe
perpendicularplusthe timerequiredto traversethe lower
part of the intersecCtingplanethe sameratio whichthe
entirelengthof the verticalbearsto a lengthwhichisthe
sum of the meanproportionalon the verticalplus the
excessof the entirelengthof the inclinedplaneoverits
meanproportional.

LetAFandCDbetwohorizontalplaneslimitingthevertical
planeACandthe inclinedplaneDF; letthe twolast-mentloned
planesintersecCtat B. LetARbe ameanproportionalbetween

the
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the entireverticalACandits upperpart AB;andlet FSbe a
meanproportionalbetweenFD andits upperpart FB. Then,
I say,the timeoffallalongtheentireverticalpathACbearsto
the timeoffallalongitsupperportionABplusthe timeoffall

A_1_ alongthe lowerpart ofthe inclined
plane,namely,BD, the sameratio
whichthe lengthAC bearsto the
meanproportionalon the vertical,
namely,AR,plusthelengthSDwhich

is the excessof theentireplaneDF

over its meanproportionalFS.
Jointhe pointsR andS givinga

horizontallineRS. Nowsincethe
D o c timeof fall throughthe entiredis-

Fig.67 tanceAC is to the time alongthe
portionAB as CAis to themeanproportionalAR it follows
that, if we agreeto representthe timeof fallthroughACby
the distanceAC,the timeof fallthroughthe distanceABwill
berepresentedbyAR;andthe timeof descentthroughthe re-
mainder,BC,willberepresentedbyRC. But,if thetimealong
ACis takento be equalto the lengthAC, thenthe timealong
FDwillbeequalto thedistanceFD;andwemaylikewiseinfer
that thetimeofdescentalongBE),whenprecededbyafallalong
FB orAB,is numericallyequalto the distanceDS. Therefore

thetime requiredto fallalongthepathACisequalto ARplus
PC;whilethetimeofdescentalongthebrokenlineABDwillbe
equaltoARplusSD. Q.E.D.

The samethingis true if, in placeof a verticalplane,one
takesanyotherplane,asfor instanceNO;the methodofproof
isalsothesame.

PROBLEMI, PROPOSITIONXIII
Givena perpendicularlineof limitedlength,it is required
to finda planehavinga verticalheightequalto the given
perpendicularandso inclinedthat a body,havingfallen
fromrest alongthe perpendicular,willmakeits descent

along
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alongthe inclinedplanein the sametimewhichit occu-
piedinfallingthroughthegivenperpendicular.

LetABdenotethe givenperpendicular:prolongthis lineto
C makingBCequalto AB,anddrawthe horizontallinesCE
andAG. It isrequiredto drawaplanefromBto thehorizontal
line CE suchthat aftera bodystartingfromrestat A has
fallenthroughthe distanceAB, it willcompleteits pathalong
thisplanein anequaltime. LayoffCDequalto BC,anddraw
thelineBD. ConstructthelineBEequalto thesumofBDand
DC;then, I say,BE is the requiredplane. ProlongEB tillit
intersectsthe horizontalAGat G. Let GF be a meanpro-
portionalbetweenGE and GB; _ @
thenEF:FB=EG.K3F,and _--_2: --
F--B2=E--O2:G--F2=EG:GB. But /EGistwiceGB;hencethesquare
of EF istwicethe squareofFB;

soalsois the squareofDBtwice_../fif/the squareofBC. Consequently
EF:FB=DB:BC,andcomponendo
et permutando,EB'J)B+BC= D 0
BF:BC. But EB=DB+ BC; Fig.68
henceBF=BC=BA. If weagreethat thelengthABshallrep-
resentthetimeoffallalongthelineAB,thenGBwillrepresent
the timeof descentalongGB,andGFthetimealongtheentire
distanceGE; thereforeBF willrepresentthe timeof descent
alongthedifferenceof thesepaths,namely,BE,afterfallfrom
Got fromA. Q._. F.

[23 ]
PRosn_-mIf,PP.oPosiTIO_XIV

Given an inclinedplaneand a perpendicularpassing
throughit, to finda lengthonthe upperpart of the per-
pendicularthroughwhichabodywillfallfromrest in the
sametimewhichis requiredto traversethe inclinedplane
afterfallthroughtheverticaldistancejustdetermined.

LetACbe the inclinedplaneandDB theperpendicular.It is
requiredto findon McverticalAD a lengthwhichwillbe

traversed
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traversedbya body,fallingfromrest,inthe sametimewhichis
neededby the samebodyto traversethe planeAC afterthe
aforesaidfall. Drawthe horizontalCB; layoffAEsuchthat
BA+ zAC'.AC---AC'-A_E,andlay offAR suchthat BA-_A_C=
EA-AkR.FromR drawRX perpendicularto DR;then,I say,
X is the point sought. For sinceBAq-2AC'.AC=AC'_A_E,it
follows,dividendo,that BA+AC-_AC=CE'akE.And since
BA'_C=EA'A_R,we have, componendo,BA+ AC'_A_C=ER:
RA. But BA+ AC'.AC=CE'AE,henceCE:EA=ER'_RA=
sum of the antecedents:sum of the consequents=CR'aRE.

D ThusRE is seento bea meanpropor-
tionalbetweenCRandRA. Mordover
sinceit has been assumedthat BA:

XI RAC=EA'.AR,andsinceby similartri-

] / angleswe have BA'JkC=XA'a_-R,it
followsthat EA-_AR=XA'JkR. Hence

A EA andXA areequal. But ifweagree

// that the timeof fallthroughRA shall
be representedbythe lengthRA,then
the timeoffallalongRCwillbe repre-
sentedby the lengthRE whichis a

¢ !_ meanproportionalbetweenRAandRC;
Fig. 69 likewiseAEwillrepresentthe timeof

descentalongACafterdescentalongRAor alongAN. But
the timeof fallthroughXA is representedby the lengthXA,
whileRA representsthe timethroughRA. But it has been
shownthat XAandAEareequal. O.F..F.

PROBLE_III, PRoPosrrIo_"XV
Givena verticalline anda planeinclinedto it, it is re-
quiredto finda lengthon the verticallinebelowitspoint
ofinterseCtionwhichwillbe traversedin thesametimeas
the inclinedplane,eachof thesemotionshavingbeenpre-
cededby a fallthroughthegivenverticalline.

LetABrepresenttheverticallineandBCtheinclinedplane;it
isrequiredto finda lengthontheperpendicularbelowitspoint
ofinterseCtion,whichafterafallfromAwillbetraversedin the

same
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sametimewhichisneededforBCafteranidenticalfallfromA.
DrawthehorizontalAD,intersecCtingtheprolongationofCBat
D; letDE be a meanproportionalbetweenCD andDB;lay[233]
offBF equalto BE;alsoletAGbe a thirdproportionalto BA
andAF. Then,I say,BGis thedistancewhicha body,after
fallingthroughAB,willtraversein the A
sametimewhichisneededfortheplane "-'-'7
BC after the same preliminaryfall. /Forif weassumethat the timeof fall
alongAB is representedbyAB, then/'
thetimeforDBwillbe representedby/DB. AndsinceDEis ameanpropor-
tionalbetweenBDandDC, thissame
DEwillrepresentthe timeof descent
alongtheentiredistanceDCwhileBE
willrepresentthetimerequiredforthe
differenceof thesepaths,namely,BC,
providedin eachcasethe fall is from
restat D or at A. In likemannerwe
mayinferthat BF representsthe time Fig.7°
ofdescentthroughthe distanceBGafterthesamepreliminary
fall;but BF isequalto BE. Hencethe problemissolved.

THEO_SMXIII, PROPOSITIONXVI
If a limitedinclinedplaneanda limitedverticallineare
drawnfromthe samepoint,andif thetimerequiredfora
body,startingfromrest,to traverseeachof theseis the
same,thenabodyfallingfromanyhigheraltitudewilltrav-
ersetheinclinedplanein lesstimethanisrequiredforthe
verticalline.

Let EBbe the verticalllneandCE the inclinedplane,both
startingfromthecommonpointE, andbothtraversedin equal
timesby a bodystartingfromrest at E; extendthe vertical
line upwardsto any pointA, fromwhichfallingbodiesare
allowedtostart. Then,I saythat,afterthefallthroughAE,the
inclinedplaneEC willbe traversedin lesstime thanthe per-

pendicular
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pendicularEB. JoinCB,drawthe horizontalAD,andprolong
CEbackwardsuntilit meetsthe latterinD; letDF beamean
proportionalbetweenCD andDE whileAGis madea mean
proportionalbetweenBAandAE. DrawFG andDG; then

[234]
sincethetimesofdescentalongECandEB, startingfromrest
at E, areequal,it follows,accordingto CorollaryII ofProposi-

tionVI that theangleat C isa
Drightangle;but the angleatA

is alsoa rightangleand the
anglesat the vertex E are
equal;hencethetrianglesAED
and CEBare equiangularand
thesidesabouttheequalangles
are proportional;henceBE:
EC= DE:EA. Consequently

G the re&angleBE.EAis equal
to the re&angleCE.ED;and

c sincethe re&angleCD.DEex-
ceedsthe rectangleCE.EDby
thesquareofED,andsincethe
re&angleBA.AEexceedsthe
rectangleBE.EAbythesquare
ofEA,it followsthattheexcess
of the re&angleCD.DEover
the re&angleBA_kE,or what
isthe samething,theexcessof
the squareof FD over the

Fig.71 squareof AG,willbe equalto
theexcessofthe squareofDEoverthesquareofAE,whichex-
cessis equalto the squareof AD. ThereforeF-D*=G--A_-t-
-_)*=G--D*.HenceDF is equalto DG,and the angleDGF
is equalto the angleDFGwhilethe angleEGFislessthanthe
angleEFG,andtheoppositesideEF islessthan the opposite
sideEG. If nowweagreeto representthe timeoffallthrough
AE bythelengthAE,thenthetimealongDEwillberepresented
byDE. AndsinceAGisa meanproportionalbetweenBAand

AE,
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AE,it followsthat AGwillrepresentthetimeoffallthroughthe
totaldistanceA.B,andthe differenceEGwillrepresentthe time
offall,fromrestat A, throughthedifferenceofpathEB.

In likemannerEF representsthe timeofdescentalongEC,
startingfromrestatDorfallingfromrestatA. Butithasbeen
shownthatEFislessthanEG;hencefollowsthetheorem.

COROLLARY
Fromthisandthe precedingproposition,it is clearthat the

verticaldistancecoveredby a freelyfallingbody,aftera pre-
liminaryfall,andduringthe time-intervalrequiredto traverse
an inclinedplane,is greaterthan the lengthof the inclined
plane, but less than the distancetraversedon the inclined
planeduringan equaltime,withoutanypreliminaryfall. For
sincewehavejust shownthat bodiesfallingfroman elevated
pointA willtraversethe planeECin Fig.7I in a shortertime
thanthe verticalEB, it is evidentthat the distancealongEB
whichwillbe traversedduringa timeequalto that ofdescent
alongECwillbe lessthanthewholeofEB. Butnowin order
to showthat thisverticaldistanceisgreaterthanthelengthof
the inclinedplaneEC,wereproduce A I_
Fig.70 of the precedingtheoremin ' /
whichtheverticallengthBGistray-

./
ersedin the sametimeas BCaftera
preliminaryfall throughAB. That /
BG is greaterthan BC is shownas /"
follows:sinceBE and FB are equal _ _ F

[23s]
whileBA is lessthan BD, it follows"_"
thatFBwillbeartoBAagreaterratio
than EB bearsto BD; and,compon-
endo,FA willbear to BA a greater
ratiothan El) to DB; but FA'.AB-- @
GF:FB (sinceAF is a meanpropor- Fig.72
tionalbetweenBAandAG)andin likcmannerED:BE)=CE:
EB. HenceGBbearsto BF a greaterratiothanCBbearsto
BE;thereforeGB isgreaterthanBC.
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PROBLEMIV, PROPOSITIONXVII

Givena verticallineandan inclinedplane,it is required
to layoffa distancealongthegivenplanewhichwillbetrav-
ersedby a body,afterfallalongthe perpendicular,in the
sametime-intervalwhichis neededfor this bodyto fall
fromrestthroughthegivenperpendicular.

LetABbe theverticallineandBE the inclinedplane. The
problemis to determineon BE a distancesuchthat a body,

__ DafterfallingthroughAB,willtraverseit

B_// inatimeequaltothat requiredto traverse
theperpendicularABitself,startingfrom

. rest.

l_/ DrawthehorizontalADandextendtheplaneuntil it meetsthis linein D. Lay

_/ offFB equalto BA;andchoosethepoint

E suchthat BD:FD=DF'.DE. Then,I
say,the timeof descentalongBE,after
fallthroughAB,isequaltothetimeoffall,

Fig.73 fromrestat A, throughAB. For, ifwe
assumethat the lengthABrepresentsthe timeof fallthrough
AB,thenthetimeoffallthroughDBwillberepresentedby the
timeDB;andsinceBD:FD=DF:DE,it followsthat DF will
representthe timeof descentalongthe entireplaneDEwhile

* BF representsthe timethroughthe portionBE startingfrom
restat D; but the timeof descentalongBEafterthe prelimi-
nary descentalongDB is the sameasthat after apreliminary
fallthroughAB. HencethetimeofdescentalongBEafterAB
willbeBF whichof courseisequalto the timeof fallthrough
ABfromrestatA/ O.E.F.

[zs6]
PROBLEMV, PROPOSITIONX-VIII

Giventhedistancethroughwhichabodywill{allvertically
fromrestduringagiventlme-lnterval,andg_vena|soa
smallertime-interval,itisrequiredtolocateanother[equal]

vertical
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verticaldistancewhichthe bodywilltraverseduringthis
givensmallertime-interval.

Let the verticallinebe drawnthroughA,andon this linelay
offthe distanceABwhichistraversedby a bodyfallingfrom
restat A,duringa timewhichmay alsobe A
representedby AB. Draw the horizontal ./Ix
lineCBE,andonit layoffBCto represent _ [\
the givenintervalof timewhichis shorter_ (" BI \ C
thanAB. It is requiredto locate,in the \
perpendicularabovementioned,a distance
whichis equalto ABandwhichwillbede-
scribedinatimeequaltoBC. Jointhepoints
AandC;then,sinceBC<BA,it followsthat x
the angleBAC<angleBCA. ConstrucCtthe \_
angleCAEequalto BCAandlet E be the xx
pointwhereAEintersectsthehorizontalline; _x_
drawEl) at rightanglesto AE,cuttingthe
verticalatD; layoffDFequaltoBA. Then,
I say,thatFD is that portionofthevertical Fig.74
whicha bodystartingfromrestatAwilltraverseduringtheas-
signedtime-lntervalBC. For, if in the right-angledtriangle
AEDaperpendicularbedrawnfromthe right-angleatE to the
oppositesideAD,thenAEwillbeameanproportionalbetween
DAandABwhileBEwillbe a meanproportionalbetweenBD
and BA,or betweenFA andAB (seeingthat FA isequalto
DB);andsinceit hasbeenagreedto representthetimeof fall
throughABbythe distanceAB,itfollowsthat AE,orEC,will
representthetimeoffallthroughtheentiredistanceAD,while
EBwillrepresentthe timethroughAF. Consequentlythe re-
mainderBCwillrepresentthe timeof fallthroughtheremain-
ingdistanceFD. Q.E.F.

[_371
PROm,EMVI,PRoPosrrro_XIX

Giventhedistancethroughwhicha bodyfallsina vertical
llnefromrestandgivenalsothe timeoffall,it isrequired
to findthetimeinwhichthe samebodywill,later,traverse

an
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an equaldistancechosenanywherein the samevertical
line.

OntheverticallineAB,layoffACequaltothedistancefallen
fromrest at A, alsolocateat randoman equaldistanceDB.

._ Let the timeof fallthroughACbe
representedbythe lengthAC.It is

requiredto findthe timenecessary

.Cto traverseDB afterfallfromrest
• at A. Aboutthe entirelengthAB

describethe semicircleAEB;from
A C drawCE perpendicularto AB;

_ join the pointsA and E; the line

AEwillbe longerthanEC; layoff
EFequalto EC. Then,I say,the
differenceFAwillrepresentthetime
requiredfor fallthroughDB. For

BsinceAEis ameanproportionalbe-
tweenBAandACandsinceACrep-
resentsthetimeoffallthroughAC,

C_ it followsthat AE willrepresent
thetimethroughtheentiredistance
AB. AndsinceCE is a meanpro-
portionalbetweenDAandAC (see-

1_ ing that DA=BC) it followsthat
Fig.75 CE, that is,EF, willrepresentthe

timeoffallthroughAD. Hencethe difference.A_Fwillrepresent
the timeoffallthroughthe differenceDB. Q._. D.

COROLIARY
Henceit is inferredthat if the timeof fallfromrestthrough

anygivendistanceis representedby that distanceitself,then
thetimeoffall,afterthegivendistancehasbeenincreasedby a
certainamount,willbe representedby the excessof the mean
proportionalbetweenthe increaseddistanceand the original
distanceoverthe meanproportionalbetweenthe originaldis-
tanceandthe increment.Thus,for instance,ifweagreethat

AB
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ABrepresentsthetimeof fall,fromrestat A, throughthe dis-
tanceAB,andthat ASis the increment,thetimerequiredto
traverse_AB,afterfallthroughSA,willbetheexcessofthe
meanproportionalbetweenSBandBAoverthe mean
proportionalbetweenBAandAS.

[z:38] "<
PROBLEMVII,PROPOSITION

Givenanydistancewhateverandaportionofitlaid
offfromthe pointat whichmotionbegins,it isre-
quiredto findanotherportionwhichliesat theother
endofthedistanceandwhichistraversedinthesame
timeasthefirstgivenportion. Fig. 76

Let the givendistancebe CBandletCDbe that part ofit
c whichis laid off fromthe beginningof motion.It is

requiredto findanotherpart, at the end B, whichis
traversedin the same time as the assignedportion

D CD. Let BA be a mean proportionalbetweenBC
and CD; also let CE be a third proportionalto BC
andCA. Then,I say,EB willbe the distancewhich,
after fall fromC, willbe traversedin the sametime
as CD itself. For if we agree that CB shallrepre-
sentthe timethroughthe entiredistanceCB,thenBA

._ (which,of course,is a meanproportionalbetweenBC
and CD)willrepresentthe time alongCD; and since
CAis a meanproportionalbetweenBCandCE,it fol-
lowsthat CA willbe the time throughCE; but the
total lengthCBrepresentsthe time throughthe total
distanceCB. Thereforethe differenceBAwillbe the

Fig.77timealongthe differenceof distances,EB,afterfalling
fromC; but this sameBAwasthe timeof fallthroughCD.
ConsequentlythedistancesCDandEBaretraversed,fromrest
at A,in equaltimes, q._..F.

THEO_XIV,PRoPosmo_XXI
If, onthe pathof a bodyfallingverticallyfromrest,one
laysoffaportionwhichis traversedinanytimeyoupleaseand
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andwhoseupperterminuscoincideswiththe pointwhere
the motionbegins,andif thisfallis followedby a motion
deflegtedalonganyinclinedplane,thenthespacetraversed
alongtheinclinedplane,duringatime-intervalequaltothat
occupiedin the previousverticalfall,willbe greaterthan
twice,andlessthanthreetimes,the lengthofthe vertical
fall.

LetABbe averticallinedrawndownwardsfromthehorizon-
tal lineAE,andletit representthepathofa bodyfallingfrom
restat A; chooseany portionACof this path. ThroughC
drawany inclinedplane,CG,alongwhichthe motionis con-
tinuedafterfallthroughAC. Then,I say,that the distance

[539]
traversedalongthisplaneCG,duringthe time-intervalequal
to that of the fall throughAC, is morethantwice,but less

A B thanthreetimes,thissame

c_///_ distanceAC. Letuslayoff

A _ CF equal to AC,and ex-
tendthe planeGC untilit
meetsthe horizontalinE;

chooseG such that CE:

EF=EF:EG. If nowwe
p assumethat the time of

fallalongACisrepresented
G bythelengthAC,thenCE

willrepresentthe time of
!_ descentalong CE, while

CF, or CA,willrepresent•
Fig.78 the timeof descentalong

CG. It nowremainsto be shownthatthedistanceCGismore
than twice,and lessthan threetimes,the distanceCAitself.
SinceCE:EF=EF_G, it followsthat CE:EF=CF:FG;but
EC<EF; thereforeCF willbe lessthan FG andGC willbe
morethantwiceFC,orAC. AgainsinceFE<_EC(forEC is
greaterthanCA,or CF),wehaveGFlessthantwiceFC, and
alsoGClessthanthreetimesCF,or CA. Q.E.D.

Thispropositionmaybe statedina moregeneralform;since
what
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whathasbeenprovenforthecaseofaverticalandinclined
planeholdsequallywellinthecaseofmotionalongaplaneof
anyinclinationfollowedby motionalonganyplaneofless
steepness,ascanbeseenfromtheadjoiningfigure.Themethod
ofproofisthesame.

[_o]
PRo_._VIII,PRoPosmo_XXII

Giventwounequaltime-intervals,alsothedistancethrough
whicha bodywillfallalonga verticalline,fromrest, during
the shorterofthese intervals,it is requiredtopassthrough
the highest point of this vertical line a plane so inclined
that the timeof descentalongit willbe equalto the longer
of the givenintervals.

Let A representthe longerand B the shorterof the twoun-
equal time-intervals,also let CD represent the length of the

J 'IS
Fig.79

verticalfall,fromrest,duringthe time]3. It is requiredto pass
throughthe point C a planeof such a slopethat it willbe trav-
ersedin the timeA.

Draw _romthepoint C to thehorizontala lineCX of sucha
length that B:A =CD:CX. It is clear that CX is the plane
alongwhich a body will descendin the giventimeA. For it
has beenshownthat the timeof descentalongan inclinedplane
bears to the time of fall through its vertical height the same
ratio whichthe lengthof the plane bearsto its verticalheight.
Thereforethe time alongCX is to the time alongCD as the
lengthCX is to the lengthCD, that is, as the time-intervalA is

tO
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to thetime-intervalB:butB isthetimerequiredto traversethe
verticaldistance,CD,startingfromrest;thereforeA isthe time
requiredfordescentalongtheplaneCX.

PROBT_MIX, PROPOSmONXXlII
Giventhetimeemployedbyabodyinfallingthroughacer-
tain distancealonga verticalline, it is requiredto pass
throughthe lowerterminusofthisverticalfall,a planeso
inclinedthat this bodywill,afterits verticalfall,traverse
on thisplane,duringa time-intervalequalto thatof the
verticalfall,a distanceequalto anyassigneddistance,pro-

[2411
videdthisassigneddistanceismorethantwiceandlessthan
threetimes,theverticalfall.

Let AS be any verticalline,and let AC denoteboth the
lengthof the verticalfall,fromrestat A, and alsothe time

_ r _ _ _. requiredfor this fall. Let
IR bea distancemorethan

'-- IA _._'l_,twice and less than three
[_ times,AC. It is required

_ to passa planethroughthe
_' [ pointC so inclinedthat a

- " [ body,afterfallthroughAC,
will,duringthe time AC,
traversea distanceequalto

,1,._ IR. Lay offRN andNM
Fig.8o eachequaltoAC. Through

thepointC,drawaplaneCEmeetingthehorizontal,A.E,atsuch
a pointthat IM:MN--AC:CE.Extendthe planeto O,and
layoffCF,FG andGOequalto RN,NM,andMI respectively.
Then,I say, the timealongthe inclinedplaneCO,afterfall
throughAC,isequalto thetimeoffall,fromrestat A,through
AC. For since OG:GF=FC:CE,it follows,componendo,
that OF:FG_-OF:FC=FE:EC,and sincean antecedentis
to its consequentasthesumof theantecedentsisto the sumof
the consequents,we haveOE'.EF=EF:EC. Thus EF is a
meanproportionalbetweenOE and EC. Havingagreedto

represent



THIRD DAY 213
representthetimeoffallthroughACbythelengthACit follows
that ECwillrepresentthetimealongEC,andEFthetimealong
theentiredistanceEO,whilethedifferenceCFwillrepresentthe
time alongthe differenceCO; but CF=CA; thereforethe
problemissolved.ForthetimeCAisthetimeoffall,fromrest
at A, throughCAwhileCF (whichis equalto CA)is thetime
requiredto traverseCOafter descentalongEC or afterfall
throughAC. Q.E.F.

It is to be remarkedalsothat the samesolutionholdsif the
antecedentmotiontakesplace,notalongavertical,butalongan
inclinedplane. This caseis illustratedin the followingfigure
wherethe antecedentmotionis alongthe inclinedplaneAS

[242]
underneaththe horizontalAE. Theproofisidenticalwiththe
preceding.

SCHOLIUM

Oncarefulattention,it willbeclearthat,thenearerthegiven
lineIR approachesto threetimesthe lengthAC,thenearerthe

I M l_ l_.
I ' '| I i , I

/a
Fig.8I

inclinedplane, CO, alongwhichthe secondmotiontakes
place,approachesthe perpendicularalongwhichthe space
traversed,duringthe timeAC,willbe threetimesthe distance
AC. Fori/IR be takennearlyequalto threetimesAC,then
IM willbe almostequalto MN;and since,by constrnd_don,IM:
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IM-.MN=AC:CE,it followsthat CE is but littlegreaterthan
CA:consequentlythepointE willlienearthepointA,andthe
linesCOandCS,forminga veryacuteangle,willalmostcoin-
cide. But,ontheotherhand,if thegivenline,IR,beonlythe
leastbit longerthantwiceAC,the lineIM willbeveryshort;
fromwhichit followsthat ACwillbeverysmallin comparison
withCEwhichis nowsolongthat it almostcoincideswiththe
horizontallinedrawnthroughC. Hencewecaninferthat, if,
afterdescentalongtheinclinedplaneACoftheadjoiningfigure,
themotioniscontinuedalongahorizontalline,suchasCT,the
distancetraversedby a body,duringa timeequalto the time
offallthroughAC,willbeexactlytwicethe distanceAC. The
argumenthereemployedisthe sameasthepreceding.Forit is
clear,sinceOE:EF=EF'.EC,that FC measuresthe time of
descentalongCO. But, ifthehorizontallineTCwhichistwice
as longas CA,be dividedintotwoequalpartsat V thenthis
linemustbe extendedindefinitelyin the directionofX before
it will intersectthe line AE produced;and accordinglythe
ratioofthe infinitelengthTX to theinfinitelengthVXisthe
sameas the ratioof the infinitedistanceVX to the infinite
distanceCX.

The sameresultmaybe obtainedby anothermethodof ap-
proach,namely,byreturningtothesamelineofargumentwhich
wasemployedin the proofof the first proposition.Let us

[z431
considerthe triangleABC,which,by linesdrawnparallelto its
base,representsforusa velocityincreasinginproportionto the
time;if theselinesareinfinitein number,justas the pointsin
the lineAC are infiniteor as the numberof instantsin any
intervaloftimeisinfinite,theywillformtheareaofthetriangle.
Letusnowsupposethat themaximumvelocityattained--that
representedby thelineBC--tobe continued,withoutaccelera-
tionandatconstantvaluethroughanotherintervaloftimeequal
to thefirst. Fromthesevelocitieswillbe builtup, in a similar
manner,the area of the parallelogramADBC,whichis twice
that of the triangleABC;accordinglythe distancetraversed
withthesevelocitiesduringanygivenintervaloftimewillbe

twice
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twice that traversedwith the velocitiesrepresentedby the
triangleduringan equalintervalof time. But alonga horizontal
plane the motion is uniformsince here it experiencesneither
accelerationnor retardation; thereforewe con-l). A
cludethat thedistanceCDtraversedduringatime-_ ;
interval equal to AC is twice the distanceAC; _ .-
for the latter is coveredby a motion,starting : :
from rest and increasingin speed in proportion :
to the parallel lines in the triangle, whilethe -:
former is traversed by a motion representedby L:
the parallel lines of the parallelogramwhich,
beingalsoinfinitein number,yieldan area twice_ _
that of the triangle. Fig.82

Furthermorewemay remarkthat anyvelocityonceimparted
to a moving body will be rigidlymaintained as longas the
external causesof accelerationor retardation are removed,a
conditionwhich is foundonly on horizontalplanes;for in the
caseof planeswhichslopedownwardsthere is alreadypresenta
causeof acceleration,whileon planes slopingupward there is
retardation;from this it followsthat motionalonga horizontal
plane is perpetual; for, if the velocitybe uniform,it cannotbe
diminishedor slackened,much less destroyed. Further, al-
thoughany velocitywhicha bodymay haveacquiredthrough
natural fall is permanentlymaintainedsofar as its ownnature
[suaptenaturalis concerned,yet it must be rememberedthat if,
after descent along a plane inclineddownwards,the body is
deflectedto a plane inclinedupward,thereis alreadyexistingin
this latter plane a causeof retardation;for in any such plane
this samebody is subjecCtto a natural accelerationdownwards.
Accordinglywe have here the superpositionof two different
states, namely,the velocityacquiredduringthe precedingfall
whichif actingalonewouldcarry the bodyat a uniformrate to
infinity,and the velocitywhichresultsfroma natural accelera-
tion downwardscommonto all bodies. It seemsaltogether
reasonable,therefore,ifwewish to tracethe futurehistoryofa
body whichhas descendedalongsomeinclinedplane and has
been deflected along someplane inclinedupwards,for us to

a3$11ine
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assumethat the maximumspeedacquiredduringdescentis
permanentlymaintainedduringthe ascent. In the ascent,
however,there supervenesa naturalinclinationdownwards,
namely,amotionwhich,startingfromrest,is acceleratedat the

[z44]
usualrate. If perhapsthis discussionis a littleobscure,the
followingfigurewillhelpto makeitclearer.

Let us supposethat the descenthasbeenmadealongthc
downwardslopingplaneAB,fromwhichthe bodyisdefle_ed
soas to continueits motionalongthe upwardslopingplane
BC;andfirstlet theseplanesbeofequallengthandplacedsoas
to makeequalangleswith the horizontallineGH. Nowit is
wellknownthat abody,startingfromrestatA,anddescending
alongAB,acquiresa speedwhichis proportionalto the tlme,

¢_ _, A. whichisa maximum.... at B, andwhichis
........ "" maintainedby the

body solongas all
causesof fresh ac-
celerationorretarda-

I4. tion are removed;
Fig.83 the accelerationto

whichI refer is that to whichthe bodywouldbe subje_
if its motionwere continuedalongthe planeAB extended,
whilethe retardationis that whichthe bodywouldencounter
if its motionweredeflectedalongthe planeBCinclinedup-
wards;but, upon the horizontalplaneGH, the bodywould
maintaina uniformvelocityequalto that whichit hadac-
quiredat B afterfall fromA;moreoverthisvelocityis such
that, duringan intervalof time equalto the time of descent
throughAB,the bodywilltraversea horizontaldistanceequal
to twiceAB. Nowletus imaginethissamebodyto movewith
the sameuniformspeedalongthe planeBCso that herealso
duringa time-intervalequalto that ofdescentalongAB,it will
traversealongBCextendeda distancetwiceAB; but let us
supposethat, at theveryinstant_.]_ebodybeginsits ascentit is
subje6ted,by its very--nature_m the same influenceswhich

surrounded
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surroundedit duringits descentfromA along_A_B,namely,it
descendsfromrestunderthesameaccelerationasthatwhichwas
effec°dvein AB, andit traverses,duringan equalintervalof
time,the samedistancealongthissecondplaneas it didalong
AB;it isclearthat,bythussuperposinguponthebodyauniform
motionofascentandanacceleratedmotionofdescent,itwillbe
carriedalongtheplaneBCasfarasthepointCwherethesetwo
velocitiesbecomeequal.

If nowweassumeanytwopointsD andE, equallydistant
{tomthe vertex]3,wemaythen inferthat the descentalong
BDtakesplacein thesametimeastheascentalongBE. Draw
DF parallelto BC;weknowthat, afterdescentalongAD,the
bodywillascendalongDF; or, if,on reachingD, the bodyis
carriedalongthe horizontalDE, it willreachE withthe same
momentum[impetus]withwhichit leftD; hencefromE the
bodywillascendasfar asC,provingthat the velocityat E is
thesameasthat atD.

Fromthiswemaylogicallyinferthat abodywhichdescends
[ 4s]

alonganyinclinedplaneandcontinuesits motionalonga plane
inclinedupwardswill,on accountof the momentumacquired,
ascendto an equalheightabovethe horizontal;sothat if the
descent is along D ¢_ A EABthe bodywill -x \ / /
be carriedup the _ _ / /
planeBCasfaras
thehorizontalline
ACD:andthis is
true whetherthe B
inclinationsofthe Fig.84
planesare the sameor different,as in the caseof the planes
AB andBD. But by a previouspostulate[p.184]the speeds
acquiredby fall alongvariouslyinclinedplaneshavingthe
sameverticalheightare the same. If thereforethe planes
EB and BD havethe sameslope,the descentalongEBwill
be ableto drive the bodyalongBDas far as D; and since
this propulsioncomesfromthe speedacquiredon reaching

the
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the pointB,it followsthat thisspeedat B isthesamewhether
thebodyhasmadeitsdescentalongABorEB. Evidentlythen
the bodywillbe carriedup BDwhetherthe descenthasbeen
madealongABor alongEB. Thetimeof ascentalongBD is
howevergreaterthan that alongBC,justas the descentalong
EB occupiesmoretime than that alongAB;moreoverit has
beendemonstratedthat the ratiobetweenthelengthsofthese
timesisthesameasthat betweenthelengthsoftheplanes.We
must next discoverwhat ratio existsbetweenthe distances
traversedin equaltimesalongplanesofdh°/erentslope,butof
the sameelevation,that is, alongplaneswhichare included
betweenthe sameparallelhorizontallines. This is doneas
follows:

THEOREMXV, PROPOSITION
Giventwoparallelhorizontalplanesandaverticallinecon-
nectingthem;givenalsoan inclinedplanepassingthrough
thelowerextremityofthisverticalline;then,if abodyfall
freelyalongthe verticallineandhaveits motionreflected
alongthe inclinedplane,the distancewhichit willtraverse
alongthisplane,duringa timeequalto that oftheverti-
calfall,isgreaterthanoncebut lessthantwicethevertical
line.

LetBCandHGbe the twohorizontalplanes,connecCtedby
theperpendicular.A.E;alsoletEB representthe inclinedplane

B A C
i , |1¢

H 1_ G
Fig.85

alongwhichthe motiontakesplaceafterthe bodyhas fallen
alongAE andhasbeenreflecCtedfromE towardsB. Then,I
say,that,duringatimeequalto that offallalongAE,thebody
will ascendthe inclinedplanethrougha distancewhichis

greater
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greaterthanAEbut lessthantwiceAE. LayoffEl) equalto
AE and chooseF so that EB:BD=BD-S3F.Firstwe shall

[245]
showthat F is the point to whichthe movingbodywillbe
carriedafterrefle_ionfromE towardsB duringa timeequalto
that offallalongAE;andnextweshallshowthat thedistance
EFisgreaterthanEAbutlessthantwicethatquantity.

Letus agreeto representthe timeof fallalongAEby the
lengthAE,thenthe timeofdescentalongBE,orwhatis the
samething,ascentalongEBwillberepresentedbythedistanceEB.

Now,sinceDB is ameanproportionalbetweenEB andBF,
andsinceBEis thetimeofdescentfortheentiredistanceBE,
it followsthat BDwillbethetimeofdescentthroughBF,while
theremainderDEwillbethetimeofdescentalongtheremainder
FE. But thetimeofdescentalongthefallfromrestat Bisthe
sameasthe timeofascentfromE to F afterreflectionfromE
withthe speedacquiredduringfalleitherthroughAEorBE.
ThereforeDE representsthe timeoccupiedby the body in
passingfromE to F, afterfallfromAto E andafterrefie_ion
alongEB. But by construgfionED is equalto AE. This
concludesthefirstpartofourdemonstration.

Nowsincethe wholeof EB is to the wholeof BD as the
portionDB is to the portionBF,wehavethe wholeofEBis
to the wholeof BD asthe remainderEl) is to the remainder
DF; but EB>BD andhenceED>DF,and EF is lessthan
twiceDE or AE. Q.E.D.

Thesameis truewhenthe initialmotionoccurs,notalonga
perpendicular,but uponan inclinedplane:the proofisalsothe
sameprovidedtheupwardslopingplaneislesssteep,i.e.,longer,
thanthedownwardslopingplane.

THEOREMXVI,P_OPOSmONXXV
If descentalonganyinclinedplaneis followedby motion
alongahorizontalplane,the timeofdescentalongthe in-
dinedplanebearsto the timerequiredto traverseanyas-
signedlengthofthe horizontalplanethe sameratiowhich

twice
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twicethe lengthof the inclinedplanebearsto the given
horizontallength.

Let CBbeanyhorizontallineandABan inclinedplane;after
descentalongABlet themotioncontinuethroughthe assigned

A horizontaldistanceBD. Then,

I say,thetimeof descentalong
ABbearsto the _imespentin

' traversingBD the same ratio
c, D, z . B whichtwiceAB bearsto BD.

Fig.86 For, layoff;BCequalto twice
ABthenit follows,fromapreviousproposition,that thetimeof
descentalongABisequalto thetimerequiredto traverseBC;
but the timealongBC is to the timealongDB as the length
CBis to the lengthBD. Hencethe timeofdescentalongAB

[z47]
isto the timealongBD astwicethe distanceABisto the dis-
tanceBD. q. _. D.

PROBLEMX, PROPOSITIONXX-VI

Givena verticalheightjoiningtwohorizontalparallellines;
givenalsoa distancegreaterthanonceandlessthantwice
thisverticalheight,it is requiredto passthroughthefoot
ofthegivenperpendicularaninclinedplanesuchthat,after
fall throughthe givenverticalheight,a bodywhosemo-
tionis defle6tedalongthe planewilltraversetheassigned
distanceina timeequalto thetimeofverticalfall.

Let AB be the verticaldistanceseparatingtwo parallel
horizontallinesAOandBC;alsoletFEbegreaterthanonceand
lessthantwiceBA. Theproblemisto passa planethroughB,
extendingto the upperhorizontalline,andsuchthat a body,
afterhavingfallenfromA to B, will,if its motionbedeflecCted
alongthe inclinedplane,traversea distanceequalto EF in a
timeequalto that offallalongAB. Lay off;EDequalto AB;
then the remainderDF willbe lessthanAB sincethe entire
lengthEF islessthantwicethisquantity;alsolayoff;DI equal
to DF, and choosethe point X such that EI:ID=DF:FX;
fromB,drawtheplaneBOequalin lengthto EX. Then,I say,

that
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thatthe planeBOis theonealongwhich,afterfallthroughAB,
a bodywilltraversetheassigneddistanceFE ina timeequalto
the timeof fallthroughAB. LayoffBRandRSequalto ED
and DF respectively;then sinceEI:ID=DF:FX,we have,
componendo,El) =DX-Y_=ED-J3F=EX.ZZD=BO:OR=

o A

Fig.87
RO:OS.If we representthe timeof fall alongAB by the
lengthAB,thenOBwillrepresentthe timeof descentalong

[248]
OB,andRO willstandfor the timealongOS,whilethe re-
mainderBRwillrepresentthetimerequiredforabodystarting
fromrestatO to traversethe remainingdistanceSB. But the
timeofdescentalongSBstartingfromrestat O is equalto the
timeofascentfromB to S afterfallthroughAB. HenceBOis
that plane,passingthroughB, alongwhicha body,afterfall
throughAB,willtraversethedistanceBS,equalto theassigned
distanceEF, in thetime-intervalBRorB_A. Q.E.F.

XVlI,P oPosiTioXXVlI
If a bodydescendsalongtwoinclinedplanesofdifferent
lengthsbut ofthesameverticalheight,thedistancewhich
it willtraverse,inthelowerpartofthelongerplane,during
a time-intervalequalto that of descentoverthe shorter
plane,is equalto the lengthof the shorterplaneplusa
portionof it to whichthe shorterplanebearsthe same
ratiowhichthe longerplanebearsto the excessof the
longerovertheshorterplane.

LetAC be the longerplane,AB,the shorter,andAD the
commonelevation;on the lowerpartofAClay offCE equal

to
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to AB. ChooseF such that CA'akE=CA:CA-AB=CE'.EF.
Then,I say,that FCisthat distancewhichwill,afterfallfrom
A,betraversedduringatime-intervalequalto that requiredfor

A descentalongAB. For since

¢_*_ CA'.AE=CE'.EF,it follows

that the remainderEA: the
remainder AF = CA:AE.
ThereforeAE is a meanpro-
porfionalbetweenAC and
AF. Accordinglyifthelength

DABis employedto measure
Fig.88 thetimeoffallalongAB,then

the distanceACwillmeasurethetimeofdescentthroughAC;
but the timeof descentthroughAFismeasuredby the length
AE, andthat throughFC by EC. NowEC=AB;andhence
followstheproposition.

[249]
PROBLEMXI, PROPOSITIONXXVIII

LetAGbeanyhorizontallinetouchinga circle;letABbethe
diameterpassingthroughthe pointof contagt;andletAEand
EB representany twochords. The problemis to determine
whatratiothetime offallthrough A G
AB bears to the time of descent ,._-.,. ' /
overbothAEandEB. ExtendBE
till it meetsthe tangentat G,and
drawAF soas to bisegtthe angle :_'\".../
BAE.Then,I say,thetimethrough 3ABisto thesumof the timesalong
AEandEB asthe lengthAE isto
the sumofthe lengthsAEandEF.
For sincethe angleFABis equal
to the angleFAE,whilethe angle .B
EAGis equalto the angleABF it Fig.89
followsthattheentireangleGAFisequaltothesumoftheangles
FABandABF. ButtheangleGFAisalsoequalto thesumof
thesetwoangles.Hencethe lengthGF is equalto the length

GA
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GA;andsincethe re6tangleBG.GEis equalto the squareof
GA, it willalsobe equalto the squareofGF, or BG:GF=
GF._E. If nowwe agreeto representthe time of descent
alpngAEby the lengthAE,thenthelengthGEwillrepresent
the timeofdescentalongGE,whileGFwillstandforthe time
of descentthroughthe entiredistanceGB; so alsoEF will
denotethe timethroughEB afterfallfromGor fromAalong
AE. Consequentlythe timealongAE,orAB,is to the time
alongAEandEBasthelengthAEistoAE+EF. Q.E.D.

A shortermethodis to layoffGFequaltoGA,thusmaking
GF a meanproportionalbetweenBG andGE. The restof
theproofisasabove.

THEOm_MXVIII, PROPOSmONXXIX
Givena limitedhorizontalline,at oneend ofwhichis
erecteda limitedverticallinewhoselengthis equalto one-
haKthe givenhorizontalline;thena body,fallingthrough
this givenheightandhavingits motiondeflecCtedintoa
horizontaldirecCtion,willtraversethe givenhorizontaldis-
tanceandverticalline
in less time than it o
willanyotherverti- -A
caldistanceplusthe N
givenhorizontaldis- _/

[25ol L , o
LetBCbethegivendis-_ c

tance in a horizontal
plane;at the endB erecCt
a perpendicular,onwhich 'c. ....'D..
lay offBA equalto half Fig. 9°
BC. Then,I say,that the timerequiredfora body,starting
fromrestat A, to traversethe twodistances,AB andBC,is
the leastof allpossibletimesin whichthissamedistanceBC
togetherwith a verticalportion,whethergreateror lessthan
AB,canbetraversed.

LayoffEB greaterthanAB,as in the firstfigure,andless
than
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than.A_B,as in the second.It must be shownthat the time
requiredto traversethe distanceEB plusBCis greaterthan
that requiredforABplusBC. Letus agreethat the length
ABshallrepresentthe timealongAB,thenthetimeoccupiedin
traversingthe horizontalportionBCwillalsobe AB, seeing
that BC=2AB;consequentlythe timerequiredforbothAB
andBCwillbe twiceAB. Choosethe point0 suchthat EB:
B0=BO:BA,thenB0 willrepresentthe time of fall through
EB. Againlay offthe horizontaldistanceBD equalto twice
BE; whenceit is clearthat BOrepresentsthe time alongBD
afterfallthroughEB. SeleCta pointN suchthat DB:BC--
EB:BA=OB_N. Now sincethe horizontalmotionis uni-
formandsince0B is the timeoccupiedin traversingBD,after
fallfromE, it followsthat NBwillbe the timealongBCafter
fallthroughthe sameheightEB. Henceit isclearthat 0B plus
BN representsthe timeof traversingEB plusBC;and, since
twiceBAisthe timealongABplusBCoit remainsto be shown
that OB+BN>2BA.

But sinceEB'.BO=B0_A,it followsthat EB_A--0--Bh
_--A_.MoreoversinceEB_A =OB:BNit followsthatOB:BN=
0-B_:B--A_. But 0B:BN--(OB:BA)(BA:BN),and therefore
AB:BN=OB:BA,that is,BAis a meanproportionalbetween
B0 and BiN. Consequently0B+BN>2BA. q. _. D.

[2s ]
THEOIU_MX]TK,PRoPosmoNXXX

A perpendicularis let fallfromanypointin a horizontal
line;it is requiredto passthroughanyotherpointin this
samehorizontallineaplanewhichshallcuttheperpendicu-
larandalongwhichabodywilldescendtotheperpendicular
intheshortestpossibletime. Suchaplanewillcutfromthe
perpendiculara portionequalto the distanceof the as-
sumedpoint in the horizontalfromthe upperendof the
perpendicular.

LetACbeanyhorizontallineandBanypointinitfromwhich
is droppedthe verticallineBE). Chooseanypoint C in the
horizontalline and l_iyoff,on the Vertical,the distanceBE

equal
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equalto BC; joinC andE. Then,I say,that of all inclined
planesthat canbepassedthroughC,cuttingtheperpendicular,
CE isthat onealongwhichthe descentto the perpendicularis
accomplishedin the shortesttime. For,drawthe planeCF
cuttingtheverticalaboveE, and
theplaneCGcuttingthevertical
belowE; anddrawIK,a parallel
verticalline,touchingat C acir- x
cledescribedwithBCas radius.
LetEKbedrawnparallelto CF,_ c_andextendedto meetthe tan-
gent,aftercuttingthecircleat L. r,
Nowit is clearthat the timeof
fallalongLEisequalto thetime
alongCE; but the time along
KE is greaterthan alongLE;
thereforethe time alongKE is
greaterthanalongCE. Butthe G[
time alongKE is equalto the .ItimealongCF, sincetheyhave
the samelengthand the same
slope;and,in likemanner,itfol-
lowsthat the planesCGandIE,
havingthe samelengthandthe Fig.9I
sameslope,willbe traversedinequaltimes. Also,sinceHE<
IE, the time alongHE willbe lessthan the time alongIE.
ThereforealsothetimealongCE(equalto the timealongHE),
willbeshorterthanthetimealongIE. Q._.D.

THFoUXX,PgoPosmoNXXXI
If a straightlineisinclinedat anyangleto thehorizontal
andif,fromanyassignedpointinthehorizontal,aplaneof
quickestdescentis to be drawnto the inclinedline,that
planewillbe the onewhichbisecCtsthe anglecontained

[ 52]
betweentwo linesdrawnfromthe givenpoint,oneper-

pendicular
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pendicularto the horizontalline,the otherperpendicular
to theinclinedline.

Let CDbe a lineinclinedat anyangleto the horizontalAB;
andfromanyassignedpointA in the horizontaldrawACper-
pendicularto A_B,andAE perpendicularto CD; drawFA so
asto biseCtthe angleCAE. Then,I say,that ofallthe planes
whichcanbe drawnthroughthe pointA, cuttingthe lineCD

at any pointswhatsoever
AF is the oneof quickest
descent[in quo tempore
omniumbrevissimofiatde-

_ scensus].Draw FG par-
allelto AE; the alternate

_ anglesGFAandFAEwill_.be equal;also the angle
EAFisequalto the angle
FAG. Thereforethe sides
GFandGAof thetriangle

/ FGAare equal. Accord-
inglyifwedescribea circle

A li_ aboutGascenter,withGA
as radius,this circlewillFig.9_ passthroughthe pointF,

andwilltouchthe horizontalat the pointA andthe inclined
lineat F; forGFCisa rightangle,sinceGFandAEareparallel.
It isclearthereforethat all linesdrawnfromA to the inclined
line,with the singleexceptionof FA,willextendbeyondthe
circumferenceof thecircle,thusrequiringmoretimetotraverse
anyofthemthanisneededforFA. q.E.D.

LEMMA
If two circlesonelyingwithinthe otherare in contaCt,
and if any straightline be drawntangentto the inner
circle,cuttingthe outercircle,andif threelinesbe drawn
fromthe pointat whichthe circlesarein contaCtto three
pointsonthe tangentialstraightline,namely,thepointof
tangencyon the innercircleandthe twopointswherethe

straight
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straightlineextendedcutsthe outercircle,then these three
lineswillcontainequalanglesat the pointof contacCt.

Let the two circlestoucheachother at the point A, the center
of the smallerbeingat B, the centerof the largerat C. Draw

[2s3l
the straight lineFG touchingthe innercircleat H, and cutting
the outer at the points F and G; alsodrawthe threelinesAF,
All, and AG. Then, I say, the anglescontainedby theselines,
FAIl and GAll,are equal. Pro- X
longAH to the circumferenceat
I; from the centersof the circles,
drawBHand CI; jointhe centers /
B and C and extendthe lineuntil _ {_
it reachesthe point of contacCtat r-N<,
A and cuts the circles at the -\
points O and N. But nowthe _ H
linesBH and CI are parallel,be-
causethe anglesICN and HBO
are equal, each being twice the
angleIAN. AndsinceBH,drawn
from the center to the point of Fig.93
contacCtisperpendicularto FG,it followsthat CI will alsobe
perpendicularto FGand that the arc FI is equalto the arc IG;
consequentlythe angleFAI is equalto the angle LAG.Q.E.D.

XXI,PRoPosmoXXXlI
If in a horizontalline any two points are chosenand if
throughoneofthesepointsa linebedrawninclinedtowards
the other, and if from this other point a straight line is
drawnto the inclinedline in sucha direcCtionthat it cuts
off from the inclinedline a portionequal to the distance
betweenthe two chosenpointson the horizontalline,then
the timeofdescentalongthelinesodrawnislessthan along
any other straight linedrawnfrom the samepoint to the
same inclinedline. Alongother lineswhich make equal
anglesonoppositesidesof thisline,the timesofdescentare
the same.

Let
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LetA andB be anytwopointsona horizontalline:through

B drawan inclinedstraightlineBC,andfromB layoffa dis-
tanceBD equalto BA;jointhe pointsA andD. Then,I say,
the timeof descentalongAD islessthan alonganyotherline
drawnfromA to the inclinedlineBC. Fromthe pointA draw
AEperpendicularto BA;andfromthe pointD drawDEper-
pendicularto BD, intersectingAEat E. Sincein the isosceles

_k triangleABD,we havethe
anglesBADandBDAequal,

[254]
theircomplementsDAEand
EDA are equal. Hence if,
with E as centerandEA as
radius,wedescribea circleit
willpassthroughD andwill
touchthe linesBA and BD
at the pointsAandD. Now
sinceAistheendoftheverti-
callineAE,thedescentalong
ADwilloccupylesstimethan

Fig.94 alongany other line drawn
fromthe extremityA to the lineBCandextendingbeyondthe
circumferenceofthe circle;whichconcludesthefirstpartofthe
proposition.

If however,weprolongtheperpendicularlineAE,andchoose
anypointF uponit,aboutwhichascenter,wedescribea circle
of radiusFA, thiscircle,AGC,willcut the tangentlinein the
pointsGandC. Drawthe linesAGandACwhichwillaccord-
ingto the precedinglemma,deviateby equalanglesfromthe
medianlineAD. The time of descentalongeitherof these
linesisthe same,sincetheystartfromthe highestpointA,and
terminateonthecircurrfferenceofthe circleAGC.

PROBT.vMXII, PRoPosrrlo_XXXIII
Givena limitedverticallineandan inclinedplaneofequal
height,havinga commonupperterminal;it is required
tofinda pointonthe verticalline,extendedupwards,from

which
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whicha bodywillfalland,whendeflectedalongtheinclined
plane,willtraverseit in the sametime-intervalwhichis
requiredforfall,fromrest,throughthegivenverticalheight.

Let AB be the givenlimitedverticalline andAC an in-
dinedplanehavingthe samealtitude. It isrequiredto findon
theverticalBA,extendedaboveA,a pointfromwhicha falling
bodywilltraversethe distanceACin the sametimewhichis
spentin falling,fromrestat A, throughthe givenverticalline
AB. Drawthe lineDCEat rightanglesto AC,andlayoffCD
equalto AB;alsojointhepointsA andD; thentheangleADC
willbe greaterthantheangleCAD,sincethesideCAisgreater
thaneitherABorCD. MaketheangleDAEequalto theangle

[z55]
ADE,anddrawEF perpendicularto AE; thenEFwillcutthe
inclinedplane, ex- [ /
tendedbothways,at It
F. Lay offAI and
AGeachequaltoCF; A
throughG drawthe xlg _ //[
ho zontallineGH.K'- /I
Then,Isay, H isthe / _ / " / [
pointsought. _ _ / / [

For,ifweagreeto _ Cx_/ [ [B
let the length AB _ _/_ [
representthetimeof V _ /
fall alongthe verfi- J_. _ /
calAB,thenACwill/ - Not
likewiserepresentthetimeofdescentfromx
restat A,alongAC; Fig.95
andsince,intheright-angledtriangleAEF,thelineEChasbeen
drawnfromtherightangleatEperpendiculartothebaseAF,it
followsthat AEwillbeameanproportionalbetweenFAandAC,
whileCEwillbe ameanproportionalbetweenACandCF,that
isbetweenCAandAI. Now,sinceACrepresentsthe timeof
descentfromA alongAC,it followsthat AEwillbe the time
alongthe entiredistanceAF,andECthe timealongAI. Butsince
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sincein the isoscelestriangleAEDthe sideEAis equalto the
sideED it followsthat EDwillrepresentthe timeoffallalong
AF,whileEC isthe timeof fallaIongAI. ThereforeCD, that
is A.B,willrepresentthe timeoffall,fromrestat A, alongIF;
whichisthesameassayingthatABisthetimeoffall,fromGor
fromH, alongAC. E.F.

PROBLEMXIII,PROPOSITIONi_
Givena limitedinclinedplaneanda verticallinehaving
their highestpoint in common,it is requiredto finda
pointin the verticallineextendedsuchthat a bodywill
fallfromit andthentraversetheinclinedplanein thesame
timewhichisrequiredto traversethe inclinedplanealone
startingfromrestat thetopofsaidplane.

Let AC and AB be an inclinedplaneand a verticalline
respeCtively,havinga commonhighestpointat A. It is re-
quiredto finda pointin theverticalline,aboveA,suchthat a
body,fallingfromit andafterwardshavingits motiondireCted
alongA_B,willtraverseboth the assignedpart of the vertical

[256]
lineandthe planeAB in the sametimewhichis requiredfor
theplaneABalone,startingfromrestat A. DrawBCa hori-
zontallineandlayoffANequalto .A_C;choosethe pointL so
that AB'.BN--AL:LC,andlayoffAI equalto AL;choosethe
pointE suchthat CE,laidoffonthe verticalACproduced,will
be a thirdproportionalto ACandBI. Then,I say,CEis the
distancesought;so that, if the verticallineis extendedabove
AandifaportionAXislaidoffequalto CE,thenabodyfalling
fromX willtraverseboth the distances,XA andAB, in the
sametime as that required,whenstartingfromA,to traverse
ABalone.

DrawXR parallelto BCand intersecCtingBAproducedin
R; nextdrawEr) parallelto BCandmeetingBAproducedin
D; onADas diameterdescribea semicircle;fromB drawBF
perpendicularto AD,and prolongit till it meetsthe circum-
ferenceof the circle;evidentlyFB is a meanproportional
betweenABandBD,whileFAisa meanproportionalbetween

DA
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DAandAB. TakeBSequalto BI andFHequalto FB. Now
sinceAB_D =AC:CEand sinceBF is a meanproportional

[ sT]
betweenABandBD,whileBI isa meanproportionalbetween
AC and CE, it followsthat BA:AC=FB:BS,and sinceBA:
AC=BA_N=FB_S we shall have, convertendo,BF-.FS=
AB:BN=AL'.LC. Consequentlythe rectangleformedby FB

lg I IJ

c

Fig.96
andCL is equalto the recCtanglewhosesidesare ALandSF;
moreover,thisrectangle_A_L.SFis the excessof the recCtangle
AL.FB,orAI.BF,overtherecCtangleAI.BS,orM.IB. Butthe
recCtangleFB.LCisthe excessoftherectangleAC.BFoverthe
re,angleAL.BF;andmoreovertherecCtangleAC.BFisequalto
the rec°cangleAB.BIsinceBA-_A_C=FB:BI;hencethe excess
ofthe recCtangleAB.BIoverthe recCtangleAI.BF,orAI.FH,is
equalto the excessofthe rectangleAI.FHoverthe rectangle
AI.IB;thereforetwicethe recCtangleM.FH is equalto the sumof
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of the redtanglesAB.BI and AI.IB, or 2AI.FH=2AI.IB+
B-I_. Add_ to eachside,then_2AI.IB+BI2 +_ =_=
zAI.FH+AI_. AgainaddB-F_to eachside,thenAB2q-BF_=
_ = 2AI.FH+ _2 + _-_ = zAI.FH+ __T_+ F--H_. But
_* =zAH.HF+ _" + H-_'_;and hence zAI.FH+ _2 +
F--H2=zAH.I-IF+ _2 + _i_. Subtracering_ from each
sidewe have2AI.FH+_* =2AH.HF+AH_. Sincenow_FH
is a fadtorcommonto both re,angles, it followsthat AH is
equalto AI; for ifAHwereeithergreateror smallerthanAI,
thenthetworecCtanglesAH.HFplusthesquareofHAwouldbe
eitherlargeror smallerthanthe tworecCtanglesAI.FHplusthe
squareof IA, a resultwhichis contraryto whatwehavejust
demonstrated.

If nowweagreeto representthe timeof descentalongAB
by the lengthAB, thenthe timethrough_ACwilllikewisebe
measuredbyAC;andIB,whichisa meanproportionalbetween
AC andCE,willrepresentthe timethroughCE,orX_A,from
restat X. Now,sinceAF isa meanproportionalbetweenDA
andAB,or betweenRBandAB,andsinceBF,whichisequal
to FH, is a meanproportionalbetweenAB and BD, that is
betweenAB andAR, it follows,froma precedingproposition
[PropositionXIX, corollary],that the differenceAHrepresents
the timeofdescentalongABeitherfromrestat R or afterfall
fromX,whilethe timeofdescentalongAB,fromrestat A, is
measuredby the lengthAB. Butas hasjust beenshown,the
timeof fall throughXA ismeasuredby IB,whilethe timeof
descentalongA_B,afterfall,throughRAorthroughXA,isIA.
Thereforethe timeofdescentthroughXA plusABismeasured
by the lengthAB,which,of course,alsomeasuresthe timeof
descent,fromrestat A,alongABalone. Q.F..F.

[zSs]
PROBLEMXIV,PROPOSITIONXX.XV

Givenaninclinedplaneandalimitedverticalline,itisre-
quiredtofindadistanceontheinclinedplanewhichabody,
startingfromrest,willtraverseinthesametimeasthat
neededtotraverseboththeverticalandtheinclinedplane.

Let
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LetABbe theverticallineandBCtheinclinedplane. It is

requiredto layoffonBCadistancewhichabody,startingfrom
rest,willtraversein a timeequalto that whichis occupiedby
fallthroughtheverticalABandbydescentoftheplane. Draw
thehorizontallineAD,whichintersecCtsat E theprolongationof
the inclinedplaneCB;layoffBF equalto BA,andaboutE as
center,withEF as radiusdescribethe circleFIG. ProlongFE
untilit interse_sthe circumferenceat G. Choosea pointH
suchthat GB'J3F=BH'_-I_F.Drawthe lineHI tangentto the

I" D

Fig.97
circleat I. AtB drawthelineBKperpendicularto FC,cutting
thelineEILat L;alsodrawLMperpendiculartoELandcutting
BCatM. Then,I say,BMisthedistancewhichabody,start-
ingfromrestat B,willtraversein the sametimewhichis re-
quiredto descendfromrestat A throughbothdistances,AB
and BM. Lay offEN equal to EL; then sinceGB:BF--
BH'.HF,we shallhave, permutando,GB:BH=BF'MF,and,
dividendo,GH:BH--BH'_-I-F.Consequentlythe recCtangle
GH.HFisequalto the squareonBH;but thissamerectangle
is alsoequalto the squareonHI; thereforeBHis equalto HI.
Since,in the quadrilateralILBH,the sidesliB and HI are

equal
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equalandsincethe anglesat B andI arefightangles,it follows
that the sidesBLandLI arealsoequal:but EI --EF;therefore

[ s9]
thetotal lengthT,E,orNE, is equalto the sumofLBandEF.
If wesubtracCtthe commonpartEF, the remainderFN willbe
equalto LB: but, by construc°don,FB=BA and, therefore,
LB=AB4-BN. If againweagreeto representthe timeof fall
throughABby the lengthA_B,thenthe timeofdescentalong
EBwillbemeasuredbyEB;moreoversinceENis ameanpro-
portionalbetweenME and EB it willrepresentthe time of
descentalongthe wholedistanceEM; thereforethe difference
ofthesedistances,BM,willbetraversed,afterfallfromEB,or
AB,in a timewhichisrepresentedbyBN. Buthavingalready
assumedthedistanceABasameasureofthetimeoffallthrough
AB,thetimeofdescentalongABandBMismeasuredbyAB4-
BN. SinceEBmeasuresthe timeof fall,fromrestat E, along
EB, the timefromrest at B alongBM willbe the meanpro-
portionalbetweenBEandBM,namely,BL. The timethere-

A 13foreforthe pathAB+
BM,startingfromrest
at A is AB4-BN;but
thetimeforBMalone,
startingfromrestat 13,
isBL; andsinceit has
already been shown
that BL= AB+ BN,
thepropositionfollows.

Anotherandshorter
proofis the following:

Fig.98 Let BCbetheinclined
planeand BAthe vertical;at B draw a perpendicularto EC,
extendingit both ways;lay off BH equal to the excessof
BE overBA;makethe angleHEL equalto the angleBHE;
prolongELuntilitcutsBKinL; atL drawLMperpendicularto
EL andextendit till it meetsBCinM; then,I say,BM isthe
portionof BC sought. For, sincethe angleMLE is a fight
angle,BL willbe a meanproportionalbetweenMB andBE,

while
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whileLEis a meanproportionalbetweenMEandBE;layoff
EN equalto I,E;thenNE=EL=LH,andHB=NE-BL.But
alsoHB=NE-(NB+BA);thereforeBN+BA=BL. If now
weassumethelengthEBasa measureofthe timeof descent
alongEB,the timeofdescent,fromrestatB, alongBMwillbe
representedbyBL;but,ifthedescentalongBMisfromrestat
E oratA,thenthetimeofdescentwillbemeasuredbyBN;and
AB willmeasurethe timealongAB. Thereforethe timere-
quiredto traverseABandBM,namely,thesumofthedistances
ABandBN, is equalto the timeof descent,fromrestat B,
alongBMalone. Q._. F.

[26o]
LEMMA

LetDCbedrawnperpendiculartO thediameterBA;fromthe
extremityB drawthe line BED at /k_
random;drawthe lineFB. Then,I
say, FB is a meanproportionalbe-
tweenDB and BE. Jointhe points
E and F. ThroughB, draw the
tangentBGwhichwillbeparallelto
CD. Now,sincethe angleDBGis C
equalto theangleFDB,andsincethe Salternateangleof GBD is equalto
EFB, it followsthat the triangles
FDBand FEBaresimilarandhence_i _s
BD:BF=FB:BE. Fig.99 '

LEMMA
LetACbe a linewhichis longerthanDF,andlet the ratio

of ABto BCbe greaterthanthat ofDE to EF. Then,I say,
AB is greaterthan DE. For, if AB

_ ._ bearsto BCa ratiogreaterthanthatof
_ _ p DEtoEF, thenDEwillbearto some

, , , _ lengthshorterthanEF, thesameratio
Fig.ioo whichABbearstoBC. Callthislength

EG;thensinceAB:BC=DE=EG,it follows,componendoetcon-
vertendo,
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vertendo,that CA'./kB=GD'.DE.ButsinceCAis greaterthan
GD,it followsthat BAisgreaterthanDE.

#- B LFAVIMA

LetACIBbethe quadrantofa
circle;fromBdrawBEparallelto
AC;about anypoint in the line

$ BEdescribeacircleBOES,touch-
ingABat B andintersec°dngthe
circumferenceof the quadrantat
I. JointhepointsC andB; draw
the line CI, prolongingit to S.
Then,I say,the lineCI is always
lessthan CO. Drawthe lineAI
touchingthe circleBOE. Then,

[z6I]
if the lineDI be drawn,it willbe
equal to DB; but, since DB
touchesthe quadrant,DI willalso
betangentto it andwillbeatright
angle_to AI; thusAI touchesthe
circleBOE at I. And sincethe
angleAICisgreaterthantheangle

/k _,,. ABC,subtendingas it does a

1rtoo t t enSINisalsogreaterthanthe angle
ABC. Whereforethe arc IES is
greaterthan the arc BO,andthe
line CS,beingnearerthe center,

¢:: is longerthanCB. Consequently

COis greaterthan CI, sinceSC:
CB--OC:CI.

This result wouldbe all the
Fig.ioi moremarkedif, as in the second

figure,the arc RICwerelessthan a quadrant. For the per-
pendicularDBwouldthencut thecircleCIB;andsoalsowould

DI
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DI whichis equalto BD;the angleDIAwouldbeobtuseand
thereforethelineAINwouldcutthecircleBIE. Sincetheangle
ABCislessthanthe angleAIC,whichisequalto SIN,andstill
lessthantheanglewhichthetangentat I wouldmakewiththe
lineSI, it followsthat the arcSEI is fargreaterthanthe arc
BO;whence,etc. Q.E.D.

Ta_.ORSMXXII,PROPOSITIONXXXVI
If fromthe lowestpoint of a verticalcircle,a chordis
drawnsubtendingan arc not greaterthan a quadrant,
and if fromthe twoendsof this chordtwootherchords
be drawnto anypointonthearc,thetimeofdescentalong
the twolatter chordswillbe shorterthanalongthe first,
andshorteralso,bythe sameamount,thanalongthelower
ofthesetwolatterchords.

[262]
Let CBDbe an arc, notexceedinga quadrant,takenfroma
verticalcirclewhoselowestpoint is C; let CD be the chord
[planumelevatum]sub-m B &
tendingthisarc,andletwt" ' fA" .... ..A_'
there be two otherI f//j,
chordsdrawn from C/ _ {/ ]/.
andD to any point B/ _[ ///
onthearc. Then,I say,[ /o \/_/'--
thetimeofdescentalong[ / v_.
the two chords[plana][/_ -
DB and BC is shorterId_--1"
thanalongDCalone,or[¢
alongBCalone,starting
fromrestatB. Through
the point D, drawthe _" G _ l_ 1_horizontalline MDA
cuttingCBextendedat Fig. lO2
A:drawDN andMC at rightanglesto MD,andBNat right
anglesto BD;aboutthe right-angledtriangleDBNdescribethe
semicircleDFBN,cuttingDCat F. ChoosethepointO such
that DOwillbeameanproportionalbetweenCDandDF;inlikemanner
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mannerselec°cVsothat AVisa meanproportionalbetweenCA
andAB. Let thelengthPS representthetimeofdescentalong
thewholedistanceDC orBC,bothof whichrequirethe same
time. LayoffPR suchthat CD'.DO=timePS.timePR. Then
PRwillrepresentthetimeinwhichabody,startingfromD,will
traversethedistanceDF,whileRSwillmeasurethetimeinwhich
the remainingdistance,FC,willbe traversed.ButsincePS is
alsothe time ofdescent,fromrest at B,alongBC,and ifwe
chooseT suchthat BC:CD=PS:_ thenPT willmeasurethe
timeofdescentfromAto C,forwehavealreadyshown[Lemma]
that DC isa meanproportionalbetweenACandCB. Finally
choosethepointGsuchthatCA:AV_lYI'_G,thenPGwillbe
the timeofdescentfromA toB,whileGTwillbe the residual
timeofdescentalongBCfollowingdescentfromAto B. But,
sincethe diameter,DN,ofthe circleDFNisa verticalline,the
chordsDF andDBwillbetraversedin equaltimes;wherefore
if onecan provethat a bodywilltraverseBC, afterdescent
alongDB, in a shortertimethanit willFC afterdescentalong
DF he willhaveprovedthe theorem.Buta bodydescending
fromD alongDBwilltraverseBCin the sametimeasif it had
comefromA alongAB,seeingthat thebodyacquiresthe same[2631
momentumin descendingalongDB as alongAB. Henceit
remainsonlyto showthat descentalongBCafterABisquicker
thanalongFCafterDF. Butwehavealreadyshownthat GT
representsthe timealongBCafterAB;alsothat RSmeasures
the time alongFC afterDF. Accordinglyit mustbe shown
that RS is greaterthan GT, whichmaybe doneas follows:
SinceSP_R =CD'.DO,it follows,invertendoet convertendo,
that RS:SP=OC:CD;alsowe haveSP.'_=DC:CA. And
sinceTP:PG=CA'_AV,it follows,invertendo,that PT:TG=
AC:CV,therefore,ex wquali,RS:GT=OC:CV.But, as we
shallpresentlyshow,OCis greaterthan CV;hencethe time
RSisgreaterthanthe timeGT,whichwasto be shown.Now,
since[Lemma]CFis greaterthanCBandFD smallerthanBA,
it followsthat CD:DF>CA-.AB.But CD'J)F=CO.£)F,
seeingthat CDff)O=DO'.DF;andCA'dkB=_*:_". There-

fore
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foreCO£)F>CV:VB,and,accordingto the precedinglemma,
CO>CV. Besidesthisit is clearthatthetimeofdescentalong
DC is to the time alongDBCas DOCis to the sumof DO
andCV.

SCHOLIUM

Fromthe precedingit is possibleto inferthat the path of
quickestdescent[lationemomniumvelocissimam]from one
pointto anotheris not the shortestpath,namely,a straight
line,but the arc ofa circle.*In the quadrantBAEC,having
the sideBCvertical,dividethe arc ACinto anynumberof .
equalparts,AD,DE,EF, FG,GC,andfromC drawstraight
linesto the pointsA,D,E, F, G; _ A
drawalsothe straightlinesAD,
DE, EF, FG,GC. Evidentlyde-
scentalongthepathADCisquicker

[264] D
thanalongACaloneor alongDC
fromrestat D. Butabody,start-
ingfrom rest at A, willtraverse
DC morequicklythan the path
ADC;while,if it startsfromrest
atA, itwilltraversethepathDEC 1_
in a shortertimethanDC alone.C
Hence descentalong the three Fig. lO3
chords,ADEC,willtakelesstimethan alongthe twochords
ADC. Similarly,followingdescentalongADE,thetimerequired
to traverseEFCislessthanthat neededforECalone. There-
foredescentis morerapidalongthefourchordsADEFCthan
alongthe threeADEC.Andfinallyabody,afterdescentalong
ADEF,willtraversethe twochords,FGC,morequicklythan
FC alone. Therefore,alongthefivechords,ADEFGC,descent
willbe morerapidthanalongthefour,ADEFC.Consequently

* It is wellknownthat the first correctsolutionfor the problemof
quickestdescent,under the conditionof a constantforcewasgivenby
John Bernoulli0667-I748). [Trans.]
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the nearerthe inscribedpolygonapproachesa circletheshorter
is thetimerequiredfordescentfromAto C.

Whathasbeenprovenfor the'quadrantholdstrue alsofor
smallerarcs;the reasoningisthesame.

PROBLEMXV,PRoPosmosXXXVII
Givenalimitedverticallineandan inclinedplaneofequal
altitude;it is requiredto finda distanceon the inclined
planewhichis equal to the verticalline and whichis
traversedin an intervalequalto the timeoffallalongthe
verticalline.

LetABbetheverticallineandACtheinclinedplane. Wemust
locate,on the inclinedplane,a distanceequalto the vertical

A_line AB and whichwill be

traversedby a bodystarting

from rest at A in the same
timeneededforfallalongthe
vertical line. Lay off AD
equal to AB,and bisect the
remainderDC at I. Choose

1_the pointE suchthat AC:CI
Fig.Io4 --CI:AE and lay off DG

equalto AE. ClearlyEGisequaltoAD,andalsoto AB. And
further,I say that EG isthat distancewhichwillbe traversed
by a body,startingfromrestat A, in the sametimewhichis
requiredfor that bodyto fall throughthe distanceAB. For
since AC:CI--CI:AE--ID:DG,we have, convertecuto,CA:
AI =DI:IG. Andsincethe wholeofCAis to the wholeofAI
as the portionCI is to the portionIG, it followsthat the re-

[z6S]
mainderIAisto the remainderAGasthewholeofCAisto the
wholeof AI. ThusAI is seento be a meanproportionalbe-
tweenCAandAG,whileCIisa meanproportionalbetweenCA
andAE. IfthereforethetimeoffallalongABisrepresentedby
the lengthAB,the timealongACwillbe representedbyAC,
whileCI,or ID,willmeasurethetimealongAE. SinceAI isa
meanproportionalbetweenCA andAG,and sinceCA is a

measure
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measureofthetimealongtheentiredistanceAC,itfollowsthat
AI isthetimealongAG,andthedifferenceICisthetimealong
the differenceC_; but DI wasthe time alongAE. Conse-
quentlythe lengthsDI andICmeasurethetimesalongAEand
CGrespe_ively.Thereforethe remainderDArepresentsthe
timealongEG,whichofcourseis equalto thetimealongAB.

Q. E. F.

COROT,T.ARY

Fromthisit is clearthat thedistancesoughtis boundedat
eachendbyportionsof theinclinedplanewhicharetraversed
inequaltimes.

PRObLeMXVI,PRoPosrrloNXXXVlII
Giventwohorizontalplanescut by a verticalline,it is
requiredto finda pointonthe upperpartof the vertical
linefromwhichbodiesmayfalltothehorizontalplanesand
there, havingtheir motiondefle_edinto a horizontal
dire_ion,will,duringan intervalequalto thetimeoffall,
traversedistanceswhichbearto eachotherany assigned
ratioofasmallerquantityto alarger.

LetCD andBEbethe horizontalplanescut by the vertical
ACB,and let the ratioof the smallerquantityto the larger
be that of N to FG. It is requiredto findin the upperpart
of theverticalline,AB,a pointfromwhicha bodyfallingto
the planeCD andtherehavingitsmotiondefle_edalongthis
plane,willtraverse,duringan intervalequalto itstimeoffalla
distancesuchthat ifanotherbody,fallingfromthissamepoint
to the planeBE, there haveits motiondefle_edalongthis
planeandcontinuedduringan intervalequaltoitstimeoffall,
willtraversea distancewhichbearsto the formerdistancethe

[266]
ratioofFG tON. LayoffGHequalto N,andsele_the point
LsothatFHa_IG=BC:CL.Then,I say,Listhepointsought.
For,if welay offCM equalto twiceCL,anddrawthe line
L'V[cuttingthe planeBEat O,then]30willbeequalto twiceBL

..... _ - ~ " "" 7 .....
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BL. And since FH:HG=BC:CL,we have, componendoet
convertendo,HG._F=N._F=CL.q,B=CM',BO. It is clear
that, sinceCM is doublethe di_stanceLC, the spaceCM is
that whicha bodyfallingfromL throughLCwilltraversein
the pIaneCD; and,forthe samereason,sinceBOis twicethe
distanceBL,it is clearthat BOis the distancewhicha body,

A

L

: 'N

!f L t - I

Fig.Io5
afterfallthroughLB,willtraverseduringan intervalequalto
the timeof itsfallthroughLB. Q.v.F.

SAox.Indeed,I thinkwemayconcedeto ourAcademician,
withoutflattery,hisclaimthat in the principle[principio,i. e.,
acceleratedmotion]laiddownin thistreatisehehasestablished
a newsciencedealingwitha veryoldsubjec°c.Observingwith
whateaseanddearnesshe deducesfroma singleprinciplethe
proofsof somanytheorems,I wondernot a little howsuch
a questionescapedthe attentionof Archimedes,Apollonius,
Euclidand so many other mathematiciansand illustrious
philosophers,especiallysincesomanyponderoustomeshave
beendevotedto thesubjedtofmotion.

[_671
S_v. Thereisa fragmentofEudid whichtreatsofmotion,

but
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but init thereisno indicationthatheeverbeganto investigate
thepropertyof accelerationandthemannerinwhichit varies
withslope. Sothatwemaysaythedoorisnowopened,forthe
firsttime,to a newmethodfraughtwithnumerousandwonder-
fulresultswhichinfutureyearswillcommandtheattentionof
otherminds.

SACg.I reallybelievethat just as, for instance,the few
propertiesof the circleprovenbyEuclidintheThirdBookof
hisElementsleadto manyothersmorerecondite,so the prin-
cipleswhicharesetforthin this littletreatisewill,whentaken
upbyspeculativeminds,leadtomanyanothermoreremarkable
result;andit istobebelievedthatitwillbesoonaccountofthe
nobilityofthesubjec*c,whichissuperiortoanyotherinnature.

Duringthis longandlaboriousday,I haveenjoyedthese
simpletheoremsmorethantheirproofs,manyof which,for
theircompletecomprehension,wouldrequiremorethananhour
each;thisstudy,ifyouwillbegoodenoughto leavethebook
inmyhands,isonewhichI meanto takeupat myleisureafter
wehavereadtheremainingportionwhichdealswiththemotion
of projedkiles;andthisifagreeableto youweshalltakeupto-
morrow.

SALV.I shallnotfailto bewithyou.

END OF THE THIRD DAY.

[26s1
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_ALVIATI. Oncemore,Simpliciois hereon
;l_]time; so let uswithoutdelaytakeup the

i.__. questionofmotion.ThetextofourAuthor
'_/_=_isasfollows:

THE MOTIONOFPROJECrILES
Intheprecedingpageswehavediscussedthe

propertiesof uniformmotionand of motionnaturallyaccel-
eratedalongplanesof all inclinations.I nowproposeto set
forththosepropertieswhichbelongto a bodywhosemotionis
compoundedoftwoothermotions,namely,oneuniformandone
naturallyaccelerated;theseproperties,wellworthknowing,I
proposeto demonstratein a rigidmanner.Thisis the kindof
motionseenin amovingprojectile;itsoriginI conceiveto beas
follows:

Imagineanyparticleprojectedalonga horizontalplanewith-
out friction;then weknow,fromwhat hasbeenmorefully
explainedin the precedingpages,that this particlewillmove
alongthis sameplanewith a motionwhichis uniformand
perpetual,providedthe planehasnolimits. But if theplaneis
limitedandelevated,thenthemovingparticle,whichweimag-
ineto bea heavyone,willonpassingovertheedgeoftheplane
acquire,in additionto its previousuniformand perpetual
motion,a downwardpropensitydueto itsownweight;so that
the resultingmotionwhichI callprojection[projectio],is com-
poundedofonewhichis uniformandhorizontalandofanother
whichisverticalandnaturallyaccelerated.Wenowproceedto

demonstrate
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demonstratesomeof its properties,thefirstofwhichis as fol-
lows:

[269]
THEOREMI, PROPOSITIONI

Aprojectilewhichiscarriedbyauniformhorizontalmotion
compoundedwith a naturallyacceleratedverticalmotion
describesa pathwhichis a seml-parabola.

SAGR.Here,Salviati,it willbe necessaryto stop a little
whileformy sakeand,I believe,alsofor the benefitof Sim-
plicio;for it sohappensthat I havenotgoneveryfar in my
studyofApolloniusandammerelyawareof the fact that he
treatsofthe parabolaandotherconicsections,withoutan un-
.derstandingof whichI hardlythinkonewillbe ableto follow
the proofof otherpropositionsdependinguponthem. Since
evenin thisfirstbeautifultheoremtheauthorfindsit necessary
to provethat thepathofa projecCtileisa parabola,andsince,as
I imagine,weshallhaveto dealwithonlythiskindofcurves,
it willbeabsolutelynecessarytohaveathoroughacquaintance,
ifnotwithallthepropertieswhichApolloniushasdemonstrated
for thesefigures,at leastwiththosewhichare neededfor the
presenttreatment.

SALV.You are quitetoo modest,pretendingignoranceof
factswhichnot longagoyou acknowledgedaswellknown--I
meanat the time whenwewerediscussingthe strengthof
materialsand neededto usea certaintheoremofApollonius
whichgaveyounotrouble.

SACl_.I mayhavechancedto knowit ormaypossiblyhave
assumedit, solongasneeded,forthat discussion;butnowwhen
wehavetofollowallthesedemonstrationsaboutsuchcurveswe
oughtnot,astheysay,toswallowit whole,andthuswastetime
andenergy.

SIMP.NoweventhoughSagredois,asIbelieve,wellequipped
forallhisneeds,I donotunderstandeventheelementaryterms;
foralthoughourphilosophershavetreatedthe motionof pro-
jedkiles,I do not recalltheirhavingdescribedthe pathof a
proje_ileexceptto statein a generalwaythat it is alwaysa

curved
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curvedline,unlessthe projecCtionbe verticallyupwards.But

[7o]
if the littleEuclidwhichI havelearhedsinceourpreviousdis-
cussiondoesnot enableme to understandthe demonstrations
whichareto follow,thenI shallbe obligedto acceptthe the-
oremsonfaithwithoutfullycomprehendingthem.

SALv.On the contrary,I desirethat youshouldunderstand
themfromtheAuthorhimself,who,whenhe allowedmeto see
thisworkof his,wasgoodenoughto proveformetwoof the
principalpropertiesoftheparabolabecauseI didnothappento
haveat handthebooksofApollonius.Tbzeseproperties,which
arethe onlyonesweshallneed in the presentdiscussion,he
provedin sucha waythat noprerequisiteknowledgewasre-
quired. Thesetheoremsare,indeed,givenby Apollonius,but
aftermanyprecedingones,to followwhichwouldtakea long
while. I wishto shortenourtaskbyderivingthefirstproperty

purelyandsimplyfromthe modeofgen-
erationof the parabolaandprovingthe
secondimmediatelyfromthefirst.

Beginningnowwiththe first,imagine
a rightcone,ereftedupon the circular
baseibkcwithapexat 1. The see°donof
thisconemadebya planedrawnparallel
tothe sidelk isthecurvewhichis called
a parabola.The baseof thisparabolabc

,i .]_cutsatrightanglesthediameterik ofthecircleibkc,and theaxisad is parallelto
theside/k;nowhavingtakenanypointf
in thecurvebfadrawthe straightlinefe

Fig./o6 parallelto bd; then, I say, the square
of bd is to the squareoffe in the sameratioas the axisad
is to the portion02. Throughthe point epassaplaneparallel
to thecircleibkc,producinginthe conea circularse6tionwhose
diameteris thelinegeh. Sincebdisat rightanglesto ik in the
circleibk,thesquareofbdisequalto the recCtangleformedby k/
and dk; soalso in the uppercirclewhichpassesthroughthe
pointsgfhthe squareoffe isequalto the re_Langleformedby

ge
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geandeh;hencethe squareof bdis to the squareoffe asthe
tee°tangleid.dkisto therec°canglege.eh.Andsincethelineedis
parallelto hk, the lineeh,beingparallelto dk, is equalto it;
thereforethe reftangleid.dkisto the rec°mnglege.ehas/d isto

[2711
ge,that is,asdaisto a¢;whencealsotherectangle/d.dkisto the
rectanglege.eh,that is,the squareofbdis tothe squareofre,as
the axisda isto the portionae. Q._. D.

Theotherpropositionnecessaryforthisdiscussionwedemon-
strateas follows.Letusdrawa parabolawhoseaxiscaispro-
longedupwardsto a pointd;fromanypointbdrawthelinebe
parallelto thebaseoftheparabola;ifnowthepointd ischosen
so that da= ca, then, I say, the
straight line drawn throughthe d
pointsb andd willbe tangentto
the parabolaat b. Forimagine,if
possible,thatthislinecutsthepar-
abolaaboveor that its prolonga-
tioncutsitbelow,andthroughany
pointg in it drawthe straightline
fge. Andsincethe squareoffe is a
greaterthanthe squareofge,the
squareoffewillbearagreaterratio
to the squareofbcthanthesquare
ofgeto thatofbc;andsince,bythe
precedingproposition,the square
offeisto that ofbcasthelineeais
to ca,it followsthat the lineea
willbear to the line caa greater
ratiothan the squareofgeto that
of bc,or, than the squareofedto
thatofcd(thesidesofthetriangles
degand dcbbeingproportional). Fig.xo7
Butthe lineeaisto ca,orda,inthesameratioasfourtimesthe
rec°cangleea.adis to fourtimesthesquareofad,or,whatisthe
same,the squareofcd,sincethisis fourtimesthesquareofad;
hencefourtimesthe rec°mngleea.adbearsto the squareof cda
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a greaterratiothan the squareofed to the squareof cd;but
that wouldmakefour timesthe rectangleea.adgreaterthan
the squareof ed;whichis false,the°fac'tbeingjust the oppo-
site,becausethe two portionseaandadof the lineed are not
equal. Thereforethe line db touchesthe parabolawithout
cuttingit. Q.E.D.

Sire,.Yourdemonstrationproceedstoorapidlyand,it seems
to me,you keeponassumingthat allofEuclid'stheoremsare

[272]
as familiarand availableto me as his firstaxioms,whichis
farfromtrue. Andnowthisfa_ whichyou springuponus,
that fourtimesthe rec_ngleea.adis lessthan the squareof
debecausethe two portionsea andadof the linede arenot
equalbringsmelittlecomposureofmind,but ratherleavesme
in suspense.

SALv.Indeed,allrealmathematiciansassumeonthe partof
the readerperfecCtfamiliaritywith at least the elementsof
Euclid;and hereit is necessaryin yourcaseonlyto recalla
propositionofthe SecondBookin whichheprovesthat whena
lineis cut intoequalandalsointotwounequalparts,the rec-
tangleformedon the unequalparts is lessthan that formed
on theequal(i.e.,lessthanthe squareonhalfthe line),by an
amountwhichis the squareofthe differencebetweentheequal
andunequalsegments.Fromthis it is clearthat the squareof
the wholelinewhichis equalto fourtimesthe squareof the
half is greaterthan four timesthe recCtangleof the unequal
parts. In orderto understandthe followingportionsof this
treatiseit willbe necessaryto keepin mindthe twoelemental
theoremsfromconicsecCtionswhichwehavejustdemonstrated;
and thesetwo theoremsare indeedthe only oneswhichthe
Authoruses. We can nowresumethe text and seehowhe
demonstrateshis firstpropositionin whichhe showsthat a
bodyfallingwitha motioncompoundedofa uniformhorizontal
and a naturallyaccelerated[naturaledescendente]onedescribes
a semi-parabola.

Let us imaginean elevatedhorizontallineor planeabalong
whicha bodymoveswithuniformspeedfroma to b. Suppose

this
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t_s planeto endabruptlyat b;thenat thispointthebodywill,
on accountof its weight,acquirealsoa naturalmotiondown-
wardsalongthe perpendicular/m.Drawthe linebealongthe
planeba to representtheflow,ormeasure,oftime;dividethis
lineinto a numberof segments,bc,cd,de,representingequal
intervalsoftime;fromthepointsb,c,d,e,letfalllineswhichare
parallel to the per-
pendicularbn.Onthe - • d e_ _ d_
firstof these lay off _ _ 0

anydistanceci,onthe /_seconda distancefour j_,

timesas long,df; on /[273]
the third, one nine
timesas long,eh;and
soon,in proportionto
thesquaresof cb,db,
eb,or,wemaysay,in Fig. IO8
the squaredratioof thesesamelines. Accordinglyweseethat
whilethebodymovesfrombto cwithuniformspeed,it alsofalls
perpendicularlythroughthe distanceci,andat the endof the
time-intervalbcfindsitselfat thepointi. In likemannerat the
endofthetime-intervalbd,whichisthedoubleofbc,thevertical
fallwillbefourtimesthefirstdistanceci;forithasbeenshown
in a previousdiscussionthat thedistancetraversedby a freely
fallingbodyvariesasthe squareofthetime;inlikemannerthe
spaceehtraversedduringthe time bewillbe ninetimesci;
thus it is evidentthat the distanceseh,dr, ciwillbe to one
anotheras the squaresof the linesbe,bd,bc. Nowfromthe
pointsi,f, h drawthe straightlinesio,fg,hlparallelto be;these
lineshl,fg, ioareequalto eb,dbandcb,respeCtively;soalsoare
thelinesbo,bg,blrespeCtivelyequaltod, dr,andeh. Thesquare
ofhlisto that offgasthelinelbisto bg;andthe squareoffg is
to that ofioasgbis to bo;thereforethe points_,f, h,lieonone
andthe sameparabola. In likemannerit maybe shownthat,
ifwetakeequaltime-intervalsofanysizewhatever,andifwe
imaginetheparticletobecarriedbyasimilarcompoundmotion,the
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thepositionsofthisparticle,at theendsofthesetime-intervals,
willlieononeandthesameparabola, q._. D.

S_v. Thisconclusionfollowsfromtheconverseofthefirst
of the twopropositionsgivenabove.For,havingdrawna
parabolathroughthepointsbandh,anyothertwopoints,f and
i, notfallingontheparabolamustlieeitherwithinorwithout;
consequentlythelinefg iseitherlongerorshorterthantheline
whichterminatesontheparabola.ThereforethesquareofM
willnotbeartothesquareoffgthesameratioasthelinelbto
bg,butagreaterorsmaller;thefactis,however,thatthesquare
ofMdoesbearthissameratioto thesquareoffg. Hencethe
pointfdoeslieontheparabola,andsodoalltheothers.

SACX.Onecannotdenythattheargumentisnew,subtleand
conclusive,restingas it doesuponthishypothesis,namely,
that thehorizontalmotionremainsuniform,that thevertical
motioncontinuesto beaccelerateddownwardsinproportionto
thesquareof thetime,andthatsuchmotionsandvelocitiesas
thesecombinewithoutaltering,disturbing,or hinderingeach
other,*sothatasthemotionproceedsthepathoftheproje_ile
doesnotchangeintoa differentcurve:butthis,inmyopinion,

[z74]
is impossible.Fortheaxisoftheparabolaalongwhichwe
imaginethenaturalmotionofafallingbodytotakeplacestands
perpendicularto a horizontalsurfaceandendsat thecenterof
theearth;andsincetheparaboladeviatesmoreandmorefrom
itsaxisnoproje_ilecaneverreachthecenteroftheearthor,if
it does,asseemsnecessary,thenthepathoftheproje_ilemust
transformitselfintosomeothercurveverydifferentfromthe
parabola.

Srm,.Tothesedifficulties,Imayaddothers.Oneoftheseis
thatwesupposethehorizontalplane,whichslopesneitherup
nordown,toberepresentedbya straightlineasifeachpointon
thislinewereequallydistantfromthecenter,whichisnotthe
case;forasonestartsfromthemiddle[ofthe line]andgoes
towardeitherend,he departsfartherand fartherfromthe
center[oftheearth]andisthereforeconstantlygoinguphill.
Whenceit followsthat the motioncannotremainuniform

*AverynearapproachtoNewton'sSecondLawofMotion.[Trans.]
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throughanydistancewhatever,butmustcontinuallydiminish.
Besides,I donotseehowit ispossibletoavoidtheresistanceof
themediumwhichmustdestroytheuniformityofthehorizon-
tal motionandchangethe lawof accelerationoffallingbodies.
Thesevariousdifficultiesrenderit highlyimprobablethat a
resultderivedfromsuchunreliablehypothesesshouldholdtrue
in pracCtice.

SALv.All thesedifficultiesandobjecCtionswhichyou urge
aresowellfoundedthat it is impossibleto removethem;and,
asforme,I am readyto admitthemall,whichindeedI think
ourAuthorwouldalsodo. I grantthattheseconclusionsproved
in the abstracCtwillbe differentwhenappliedin the concrete
andwillbefallacioustothisextent,that neitherwillthehorizon-
tal motionbe uniformnor the naturalaccelerationbe in the
ratioassumed,nor the path of the pro_ecCtilea parabola,etc.
But,on theotherhand,I askyounottobegrudgeourAuthor
thatwhichothereminentmenhaveassumedevenifnotstri_ly
true. Theauthority-ofArchimedesalonewillsatisfyeverybody.
In hisMechanicsandin hisfirstquadratureofthe parabolahe
takesforgrantedthat the beamofa balanceorsteelyardis a
straightline, everypoint of whichis equidistantfromthe
commoncenterofallheavybodies,andthatthecordsbywhich
heavybodiesaresuspendedareparalleltoeachother.

Someconsiderthis assumptionpermissiblebecause,in prac-
tice,ourinstrumentsandthe distancesinvolvedaresosmallin
comparisonwiththe enormousdistancefromthecenterofthe
earththatwemayconsideraminuteofarconagreatcircleasa
straightline,andmayregardtheperpendicularsletfallfromits
twoextremitiesasparallel.Forifin accrualpracCticeonehadto[ZTS]
considersuchsmallquantities,it wouldbe necessaryfirstofall
tocriticisethe architecCtswhopresume,byuseofaplumbline,to
ere_ hightowerswithparallelsides. I mayaddthat, in all
theirdiscussions,Archimedesandthe othersconsideredthem-
selvesas locatedat an infinitedistancefromthe centerof the
earth,in whichcasetheirassumptionswerenot false,and
thereforetheirconclusionswereabsolutelycorrecCt.When'wewish
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wishto applyourprovenconclusionsto distanceswhich,though
finite,areverylarge,it isnecessary_forusto infer,onthebasisof
demonstratedtruth, whatcorrectionisto bemadefor the fact
that our distancefromthe centerof the earth is not really
infinite,but merelyvery great in comparisonwith the small
dimensionsof ourapparatus.Thelargestof thesewillbe the
rangeof ourproje_iles--andevenhereweneedconsideronly
the artillery--which,howevergreat,willneverexceedfourof
thosemilesof whichas manythousandseparateus fromthe
centerof the earth;and sihcethesepathsterminateuponthe
surfaceofthe earthonlyvery slightchangescantake placein
their parabolicfigurewhich,it is conceded,wouldbe greatly
alteredif theyterminatedat thecenteroftheearth.

As to the perturbationarisingfromthe resistanceof the
mediumthis ismoreconsiderableanddoesnot,onaccountofits
manifoldforms,submitto fixedlawsand exa_ description.
Thusifweconsideronlytheresistancewhichtheairoffersto the
motionsstudiedby us,weshallseethat itdisturbsthemalland
disturbsthemin aninfinitevarietyofwayscorrespondingto the
infinitevarietyin the form,weight,andvelocityof the pro-
jec_iles.Foras to velocity,the greaterthis is,the greaterwill
be the resistanceofferedby the air; a resistancewhichwillbe
greateras the movingbodiesbecomeless dense[mengram].
Sothat althoughthefallingbodyoughtto be displaced[andare
accelerandosz]in proportionto the squareof the durationofits
motion,yet no matterhowheavythe body,if it fallsfroma
veryconsiderableheight,theresistanceoftheairwillbesuchas
to preventany increasein speedand willrenderthe motion

. [2761
uniform;and in proportionas the movingbodyis lessdense
[mengrave]this uniformitywillbe somuchthe morequickly
attainedandafterashorterfall. Evenhorizontalmotionwhich,
ifnoimpedimentwereoffered,wouldbeuniformandconstantis
alteredby theresistanceof the air andfinallyceases;andhere
againthe less dense[pig leggiero]the bodythe quickerthe
process.Of theseproperties[accidentz]of weight,of velocity,
andalsoofform[figura],infiniteinnumber,it isnot possibleto

give
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giveany exaCtdescription;hence,inorderto handlethis matter
ina scientificway, it is necessarytocut loosefromthesedifficul-
ties; and havingdiscoveredand demonstratedthe theorems,in
the caseof noresistance,to use themandapplythemwith such
limitationsas experiencewillteach. And the advantageof this
method will not be small; for the material and shapeof the
projectilemay be chosen,as denseand round as possible,so
that it willencounterthe least resistancein the medium. Nor
willthe spacesand velocitiesin generalbe sogreatbut that we
shallbe easilyabletocorreCtthemwithprecision.

In the caseof thoseprojectileswhichwe use,made of dense
[grave]material and round in shape,or of lightermaterial and
cylindricalin shape, such as arrows,thrown from a slingor
crossbow,the deviationfrom an exacCtparabolicpath is quite
insensible. Indeed, if youwillallowme a little greaterliberty,
I canshowyou, by twoexperiments,that the dimensionsofour
apparatus are so small that these externaland incidentalre-
sistances,amongwhich that of the mediumis the most con-
siderable,arescarcelyobservable.

I now proceedto the considerationof motionsthroughthe
air, sinceit is with thesethat we are nowespeciallyconcerned;
the resistanceof the air exhibits itself in two ways: first by
offeringgreater impedanceto less dense than to very dense
bodies,and secondlyby offeringgreaterresistanceto a bodyin
rapid motionthan to the samebodyin slowmotion.

Regarding the first of these, considerthe caseof two balls
having the same dimensions,but one weighingten or twelve
times as much as the other; one,say,of lead, the other of oak,
bothallowedto fallfroman elevationof I5oor2oocubits.

Experimentshowsthat they willreach the earthwith slight
differenceinspeed,showingus that inbothcasestheretardation
causedby the air is small;for if both ballsstart at the same
moment and at the sameelevation,and if the leadenone be
slightlyretardedand thewoodenonegreatlyretarded,thenthe
former ought to reach the earth a considerabledistance in
advanceof the latter, sinceit is ten times as heavy. But this

[z771
does
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doesnot happen;indeed,the gainin distanceof oneoverthe
otherdoesnot amountto the hundredthpartofthe entirefall.
Andinthe caseofaballofstoneweighingonlyathirdor halfas
muchasoneoflead,thedifferenceintheirtimesofreachingthe
earthwillbe scarcelynoticeable.Nowsincethe speed[irnpeto]
acquiredbya leadenballin fallingfromaheightofzoocubitsis
sogreatthat if themotionremaineduniformthe ballwould,in
anintervaloftimeequalto thatofthe fall,traverse4oocubits,
andsincethisspeedis soconsiderablein comparisonwiththose
which,by useofbowsorothermachinesexceptfirearms,weare
ableto giveto ourproje_iles,it followsthat wemay,without
sensibleerror,regardasabsolutelytruethosepropositionswhich
weareaboutto provewithoutconsideringthe resistanceofthe
medium.

Passingnowto the secondcase,wherewehaveto showthat
the resistanceof the air lcora rapidlymovingbodyisnot very
muchgreaterthan foronemovingslowly,ampleproofis given
by the followingexperiment.Attachto two threadsof equal
length--say four or five yards--twoequal leadenballsand
suspendthemfromthe ceiling;nowpullthemasidefromthe
perpendicular,the onethrough8oor moredegrees,the other
throughnot morethanfouror fivedegrees;so that, whenset
free, the onefalls,passesthroughthe perpendicular,andde-
scribeslargebut slowlydecreasingarcsof I6o,I5o, I4Odegrees,
etc.;theotherswingingthroughsmallandalsoslowlydiminish-
ingarcsofIO,8,6, degrees,etc.

In the firstplaceit must be remarkedthat onependulum
passesthroughits arcsofI8o0,I6O0,etc.,inthesametimethat
theother swingsthroughits Io0,8°,etc.,fromwhichit follows
that the speedofthe firstball is I6 andI8 timesgreaterthan
that ofthesecond.Accordingly,if theairoffersmoreresistance
to thehighspeedthanto the low,the frequencyofvibrationin
the largearcsof I8o° or I6o0,etc.,oughttobe lessthan in the
smallarcsof zoo,8°,40,etc.,andevenlessthanin arcsofz0,or
I°; but thispredictionis not verifiedby experiment;becauseif
twopersonsstart to countthevibrations,the onethe large,the
other the small,they willdiscoverthat after countingtens

and
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andevenhundredstheywillnot differbya singlevibration,
notevenbyafra6tionofone.

[2781
Thisobservationjustifiesthe twofollowingpropositions,

namely,thatvibrationsofverylargeandverysmallamplitude
alloccupythesametimeandthat theresistanceof theair
doesnotaffectmotionsofhighspeedmorethanthoseoflow
speed,contraryto theopinionhithertogenerallyentertained.

SAoR.Onthecontrary,sincewecannotdenythat theair
hindersbothofthesemotions,bothbecomingslowerandfinally
vanishing,wehaveto admitthattheretardationoccursinthe
sameproportionineachcase.Buthow?How,indeed,could
the resistanceofferedto theonebodybe greaterthan that
offeredtotheotherexceptbytheimpartationofmoremomen-
tumandspeed[impetoe velocitlz]to thefastbodythanto the
slow?Andifthisissothespeedwithwhichabodymovesisat
oncethecauseandmeasure[cagioneemisura]oftheresistance
whichit meets.Therefore,allmotions,fastor slow,arehin-
deredanddiminishedinthesameproportion;a result,it seems
tome,ofnosmallimportance.

S_v. Weareable,therefore,inthissecondcasetosaythat
theerrors,negle_ingthosewhichareaccidental,intheresults
whichweareabouttodemonstratearesmallinthecaseofour
machineswherethevelocitiesemployedaremostlyverygreat
and the distancesnegligiblein comparisonwith the semi-
diameteroftheearthoroneofitsgreatcircles.

SIMP.I wouldliketo hearyourreasonforputtingthepro-
jec2ilesoffirearms,i. e.,thoseusingpowder,ina differentclass
fromtheprojec2ilesemployedinbows,slings,andcrossbows,on
thegroundoftheirnotbeingequallysubje6tto changeand
resistancefromtheair.

S_v. I amledtothisviewbytheexcessiveand,soto speak,
supernaturalviolencewithwhichsuchproje6t_ilesarelaunched;
for,indeed,itappearstomethatwithoutexaggerationonemight
saythatthespeedofa ballfiredeitherfroma musketorfrom
apieceofordnanceissupernatural.Forifsucha ballbeallowed
to fallfromsomegreatelevationits speedwill,owingto the

resistance
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resistanceoftheair,notgoonincreasingindefinitely;that which
happensto bodiesof smalldensityin fallingthroughshort
.distances--Imeanthereduc°donoftheirmotionto uniformity--
willalsohappento a ballof ironorleadafterit hasfallena few
thousandcubits;this terminalor finalspeed[termina_veloci_]
isthe maximumwhichsuchaheavybodycannaturallyacquire

[z79]
in fallingthroughthe air. ThisspeedI estimateto be much
smallerthanthat impresseduponthe ballby the burningpow-
der.

An appropriateexperimentwiUserveto demonstratethis
faCt. Froma heightof onehundredor morecubitsfirea gun
[archibuso]loadedwith a lead bullet,verticallydownwards
upon a stonepavement;with the samegun shootagainsta
similarstonefroma distanceofoneortwocubits,andobserve
whichofthe twoballsis the moreflattened. Nowif the ball
whichhascomefromthe greaterelevationis foundto be the
lessflattenedof the two, thiswillshowthat the air hashin-
deredanddiminishedthe speedinitiallyimpartedto the bullet
by the powder,andthat the air willnot permita bulletto ac-
quiresogreataspeed,nomatterfromwhatheightit falls;forif
the speedimpresseduponthe ball by the firedoesnot exceed
that acquiredbyit infallingfreely[naturalmente]thenits down-
wardblowoughtto begreaterratherthanless.

ThisexperimentIhavenotperformed,butI amoftheopinion
that a musket-ballor cannon-shot,fallingfroma height as
greatasyouplease,willnot deliversostronga blowas it would
iffiredintoa wallonlyafewcubitsdistant,i. e.,at sucha short
rangethat the splittingorrendingoftheairwillnotbesufficient
torobtheshotofthat excessofsupernaturalviolencegivenitby
thepowder.

Theenormousmomentum[impel.o]oftheseviolentshotsmay
causesomedeformationofthetrajectory,makingthebeginning
oftheparabolaflatterandlesscurvedthantheend;but,sofaras
ourAuthoris concerned,this is a matterof smallconsequence
in praCticaloperations,themainoneofwhichisthepreparation
of a tableof rangesforshotsof highelevation,givingthe dis-

tance
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tanceattainedby the ball as a func°donof the angleof eleva-
tion;andsinceshotsofthiskindarefiredfrommortars[mortart]
usingsmallchargesandimpartingnosupernaturalmomentum
[impetosopranaturale]theyfollowtheirprescribedpaths very
exacCtly.

But nowlet us proceedwith the discussionin whichthe
Authorinvitesus to the studyandinvestigationofthe motion
ofabody[impetoarelmobile]whenthatmotioniscompoundedof
twoothers;andfirstthe caseinwhichthetwoareuniform,the
onehorizontal,theothervertical.

[280]
THEOREMII, PROPOSITIONII

W'hen themotionofa bodyistheresultantoftwouniform
motions,onehorizontal,theotherperpendicular,thesquare
of the resultantmomentumis equalto the sum of the
squaresofthetwocomponentmomenta.*

Letus imagineanybodyurgedbytwouniformmotionsand
let abrepresentthe verticaldisplacement,whilebcrepresents
thedisplacementwhich,inthesameinterval
of time,takesplacein a horizontaldirec-
tion. If then the distancesaband bcare
traversed,duringthe sametime-interval,_ L
with uniformmotionsthe corresponding Fig.lO9
momentawillbeto eachotherasthedistancesabandbcare to
eachother;but the bodywhichisurgedby thesetwomotions
describesthediagonalac; its momentumisproportionalto ac.
Alsothe squareof acis equalto the sumof the squaresof ab
andbc. Hencethe squareoftheresultantmomentumis equal
to thesumofthe squaresofthetwomomentaabandbc.Q.E.D.

Shay._Atthis point thereis just oneslightdifficultywhich
needsto be clearedup; for it seemsto me that the conclusion

*Intheoriginalthistheoremreadsasfollows:
"Si aliquodmobileduplicimotu_equabilimoveatur,nempeorizontaliet

perpendiculari,impetusseumomentumlationisex utroquemotucom-
po.ri_eritpotentiacequalisambobusmoment#priorummotuum."

Forthejustificationofthistranslationoftheword"potentia"and
oftheuseoftheadjective"resultant"seep. 266below.[Trans.]
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justreachedcontradi_sa previousproposition* in whichit is
claimedthat thespeed[impel.o]ofabodycomingfroma to bis
equalto that in comingfroma to c_whilenowyou conclude
that thespeed[impao]atc isgreaterthanthat atb.

SALV.Both propositions,Simplicio,are true, yet therei8 a
great differencebetweenthem. Here we are speakingof a
bodyurgedby a singlemotionwhichi8 the resultantof two
uniformmotions,whiletherewewerespeakingof twobodies
eachurgedwith naturallyacceleratedmotions,one alongthe
verticalab the other alongthe inclinedplaneac. Besidesthe
time-intervalsweretherenot supposedto be equal,that along
the inclineac beinggreaterthan that alongthe verticalab;
but the motionsof whichwe nowspeak,thosealongab,bc,
ac,areuniformandsimultaneous.

SIMP.Pardonme;I amsatisfied;praygoon.
[28 ]

SALV.OurAuthornextundertakesto explainwhathappens
whenabodyisurgedby a motioncompoundedofonewhichi8
horizontaland uniformand of anotherwhichis verticalbut
naturallyaccelerated;fromthesetwo componentsresultsthe
path of a projecCtile,whichis a parabola. The problemis to
determinethe speed[impeto]of the projecCtileat eachpoint.
Withthispurposein viewourAuthorsetsforthasfollowsthe
manner,orratherthemethod,ofmeasuringsuchspeed[impeto]
alongthe pathwhichis takenby a heavybodystartingfrom
restandfallingwithanaturallyacceleratedmotion.

Ta o= III,PgoPosi=oIII
Let the motiontake placealongthe lineab,startingfrom

restat a,andin this linechooseanypointc. Letacrepresent
the time,or the measureof the time,requiredforthe bodyto
fall throughthe spaceac; let ac alsorepresentthe velocity
[impetusseumomentum]at c acquiredby a fall throughthe
distanceac. In thelineabsele_ anyotherpointb. Theprob-
lemnowis to determinethe velocityat b acquiredby a body
in fallingthroughthe distanceab andto expressthisin terms
ofthe velocityatc, themeasureofwhichisthelengthac. Take

• Seep. 169 above. [Trans.]
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as a meanproportionalbetweenac and ab. We shallprove
that the velocityat b is to that at c as the lengthas isto the
lengthac. Drawthe horizontal
linecd,havingtwicethe length .a
of ac,and be,havingtwicethe __ .... c
lengthof ba. It then follows,
from the precedingtheorems, s
that a bodyfallingthroughthe e [
distanceac, and turned so as _-.... j , [m
to movealongthe horizontalcd Fig.IiO
with a uniformspeedequalto that acquiredon reachingc

[28z1
willtraversethe distancecd in the sameintervalof time as
that requiredto fallwithacceleratedmotionfroma to c. Like-
wisebewillbetraversedin the sametimeas ha. But the time
of descentthroughab is as; hencethe horizontaldistancebe
is alsotraversedin the timeas. Takea pointl suchthat the
timeas is to the timeac asbeis to bl;sincethe motionalong
beisuniform,the distancebl,if traversedwiththe speed[mo-
mentumceleritatis]acquiredat b, willoccupythe timeac;but
in thissametime-interval,ac,thedistancecdis traversedwith
the speedacquiredin c. Nowtwospeedsareto eachotheras
the distancestraversedin equalintervalsof time. Hencethe
speedat c is to the speedat b as cdis to bl. Butsincedcisto
beas theirhalves,namely,as cais to ha,and sincebeis to bl
as baisto sa;it followsthat dcisto blascaisto sa. In other
words,the speedat c isto that at bas caisto sa,that is,asthe
timeoffallthroughab.

Themethodofmeasuringthespeedofa bodyalongthedirec-
tion of its fall is thus clear;the speedis assumedto increase
direcCtlyasthe time.

But beforeweproceedfurther,sincethis discussionis to
dealwiththe motioncompoundedof a uniformhorizontalone
andoneacceleratedverticallydownwards--thepath of a pro-
je&ile,namely,a parabola--itisnecessarythat wedefinesome
commonstandardby whichwemayestimatethe velocity,or
momentum[velocitatem,impetumseumomentum]of both mo-tions
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tions;and sincefromthe innumerableuniformvelocitiesone
only,andthat notsele&edat random,isto becompoundedwith
a velocityacquiredby naturallyacceleratedmotion,I can
thinkofnosimplerwayofsele&ingandmeasuringthisthanto
assumeanotherof the samekind.* For the sakeof clearness,
drawthe verticalline_ to meetthe hor_ntal linebc..dc is
the heightandbcthe amplitudeof the semi-parabolaab,which
isthe resultantof the twomotions,onethat of a bodyfalling

[283]
from rest at a, throughthe distanceac, wlth naturallyac-
celeratedmotion,the otherauniformmotionalongthehorizon-

tal ad. The speedacquiredat c by a fall
.9throughthe distanceac is determinedby

the heightac;for the speedof a bodyfall-
ingfromthe sameelevationis alwaysone
andthe same;but alongthehorizontalone
maygivea bodyan infinitenumberof uni-

_; _ a_formspeeds. However,inorderthat Imay

[_ sele&oneout of thismultitudeand sepa-

rate it fromthe rest in a perfectlydefinite
manner,I willextendthe heightcaupwards
to e just as faras is necessaryandwillcall
thisdistanceae the "sublimity." Imagine
a bodyto fallfromrestat e;it isclearthat
wemaymakeits terminalspeedat a the

_: ¢ same as that with whichthe samebody
Fig.ix1 travels alongthe horizontalline ad; this

speedwillbe suchthat, in the timeofdescentalongea,it will
describea horizontaldistancetwicethe lengthof ea. This
preliminaryremarkseemsnecessary.

Thereaderisremindedthat aboveI havecalledthehorizontal
linecbthe "amplitude"of the semi-parabolaab; the axisac
ofthisparabola,I havecalledits "altitude";but thelineeathe
fallalongwhichdeterminesthe horizontalspeedI havecalled
the "sublimity." These matters havingbeen explained,I
proceedwiththedemonstration.

*Galileohereproposestoemployasastandardofvelocitytheterminal
speedofabodyfallingfreelyfromagivenheight.[Trans.]
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SAGR.Allowme,please,to interruptin orderthat I may

pointoutthe beautifulagreementbetweenthis thoughtof the
Authorand the viewsof Plato concerningthe originof the
variousuniformspeedswithwhichtheheavenlybodiesrevolve.
The latter chanceduponthe ideathat a bodycouldnot pass
fromrest to anygivenspeedandmaintainit uniformlyexcept
bypassingthroughallthedegreesofspeedintermediatebet_veen
thegivenspeedandrest. Platothoughtthat God,afterhaving
createdthe heavenlybodies,assignedthem the properand
uniformspeedswithwhichtheywereforeverto revolve;and
that Hemadethemstartfromrestandmoveoverdefinitedis-
tances undera natural and recCtilinearaccelerationsuch as
governsthe motionof terrestrialbodies. He addedthat once
thesebodieshadgainedtheirproperandpermanentspeed,their
redtilinearmotionwasconvertedintoa circularone,theonly

[2841
motioncapableofmaintaininguniformity,a motionin which
the bodyrevolveswithouteitherrecedingfromor approaching
its desiredgoal. ThisconceptionistrulyworthyofPlato;and
it isto be all themorehighlyprizedsinceitsunderlyingprinci-
plesremainedhiddenuntil discoveredby ourAuthorwhore-
movedfromthemthemaskandpoeticaldressandsetforththe
ideain corre_historicalperspe&ive.In viewofthe fa_ that
astronomicalsciencefurnishesus suchcompleteinformation
concerningthe sizeof the planetaryorbits,the distancesof
thesebodiesfromtheircentersofrevolution,andtheirvelocities,
I cannothelpthinkingthat ourAuthor(towhomthis ideaof
Platowasnotunknown)hadsomecuriosityto discoverwhether
or nota definite"sublimity"mightbe assignedto eachplanet,
suchthat, if it wereto startfromrestat thisparticularheight
andtofallwithnaturally'acceleratedmotionalongastraightline,
andwerelaterto changethe speedthusacquiredintouniform
motion,the sizeofitsorbitanditsperiodofrevolutionwouldbe
thosea_uallyobserved.

SALv.I thinkI rememberhishavingtoldmethatheonce
madethe computationandfounda satisfactorycorrespondence
withobservation.But he did notwishto speakof it, lestin

view
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viewofthe odiumwhichhismanynewdiscoverieshadalready
broughtuponhim,this mightbe addingfuelto the fire. But
ifanyonedesiressuchinformationhecanobtainit forhimself
fromthetheorysetforthinthepresen_treatment.

Wenowproceedwiththematterin hand,whichis to prove:
PROBLEMI, PROPOSITIONIV

TodeterminethemomentumofaprojecCtileateachparticular
pointin its givenparabolicpath.

Let beebe the semi-parabolawhoseamplitudeis cd and
whoseheightisdb,whichlatterextendedupwardscutsthe tan-
gentof the parabolaca in a. Throughthe vertexdrawthe
horizontallinebi parallelto cd. Nowif the amplitudecd is
equalto the entireheightda, then bi willbe equalto baand
alsoto bd;and if wetake abas the measureof the time re-
quiredforfallthroughthe distanceabandalsoof themomen-
tumacquiredat b in consequenceofits fallfromrestat a, then
if.weturn intoa horizontaldirectionthe momentumacquired
by fallthroughab[impetumab]thespacetraversedin the same
intervaloftimewillberepresentedbydcwhichistwicebi. But
a bodywhichfallsfromrestat b alongthe lineM willduring
the sametime-intervalfallthroughthe heightof the parabola

[z851
bd. Hencea bodyfallingfromrestata,turnedintoa horizontal
directionwith the speedabwilltraversea spaceequalto dc.
Nowifonesuperposesuponthismotiona fallalongbd,travers-
ingthe heightbdwhilethe parabolabcis described,thenthe
momentumofthe bodyat the terminalpointc is the resultant
of a uniformhorizontalmomentum,whosevalueis represented
by ab,andofanothermomentumacquiredby fallfromb to the
terminalpointd or c;thesetwomomentaare equal. If, there-
fore,wetake ab to be the measureof oneof thesemomenta,
say,the uniformhorizontalone, thenbf,whichis equalto bd,
willrepresentthe momentumacquiredat d or c; and ia will
representthe resultantofthesetwomomenta,that is,the total
momentumwithwhichthe proje_ile,travellingalongthe pa-
rabola,strikesat c.

With
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Withthis inmindletus take anypointontheparabola,say

e, and determinethe momentumwith whichthe projectile
passesthat point. Drawthe horizontalefandtakebga mean
proportionalbetweenbdand bf. Nowsinceab,or bd, is as-
sumedtObe the measureof the ¢_
time andof the momentum[too- AI
rnentumvelocitatis]acquiredbyfall- J/[
ingfromrestat b throughthedis- // [
tance bd, it followsthat bgwill , / / I
measurethe time and also the _o__.._.._g
momentum[impetus]acquiredat f J_-- ].
by fallfromb. If thereforewelay _ [7
offbo,equaltobg,the diagonalline _" - ]q
joininga ando willrepresentthe / q'• C"
momentumat thepointe;because / [d
the lengthabhasbeenassumedto
represent the momentumat b Fig.ii2
which,afterdiversionintoa horizontaldirection,remainscon-
stant; andbecausebomeasuresthe momentumat f or e, ac-
quiredby fall,fromrestat b,throughthe heightbf. But the
squareof aoequalsthe sumofthe squaresofabandbo. Hence
the theoremsought.

SAcg.The mannerin whichyou compoundthesedifferent
momentato obtaintheir resultantstrikesme as sonovelthat
my mind is left in no smallconfusion.I do not referto the
compositionof twouniformmotions,evenwhenunequal,and
whenone takes placealonga horizontal,the other alonga
verticaldire_ion;becausein this caseI am thoroughlycon-
vincedthat theresultantisamotionwhosesquareisequalto the
sum of the squaresof the two components.The confusion
ariseswhenoneundertakesto compounda uniformhorizontal
motionwith a verticalonewhichis naturallyaccelerated.I
trust, therefore,Wemaypursuethisdiscussionmoreat length.

[286]
Sn_P.AndI needthisevenmorethanyousinceI amnotyet

as clearin my mindasI oughtto be concerningthosefunda-
mentalpropositionsuponwhichthe othersrest. Evenin the

case
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caseof the two uniformmotions,one horizontal,the other
perpendicular,I wishto understandbetterthe mannerinwhich
youobtaintheresultantfromthecomponents.Now,Salviati,
youunderstandwhatweneedandwhatwedesire.

SALv.Your requestis altogetherreasonableand I willsee
whethermylongconsiderationofthesematterswillenableme
to makethemclearto you. Butyoumustexcuseme if in the
explanationI repeatmanythingsalreadysaidby theAuthor.

Concerningmotionsand theirvelocitiesor momenta[mov/-
mentie lorvelocit_o imperilwhetheruniformor naturallyac-
celerated,onecannotspeakdefinitelyuntilhe hasestablished
a measureforsuchvelocitiesandalsofortime. Asfortimewe
havethealreadywidelyadoptedhours,firstminutesandsecond
minutes. Soforvelocities,just asforintervalsoftime,thereis
needof a commonstandardwhichshallbe understoodand
acceptedby everyone,andwhichshallbethe sameforall. As
hasalreadybeenstated,theAuthorconsidersthevelocityofa
freelyfallingbodyadaptedto thispurpose,sincethisvelocity
increasesaccordingto the samelawin allparts of the world;
thusforinstancethe speedacquiredbya leadenballofa pound
weightstartingfrom rest and fallingverticallythroughthe
heightof,say,a spear'slengthis the samein allplaces;it is
thereforeexcellentlyadaptedforrepresentingthe momentum
[impeto]acquiredin thecaseofnaturalfall.

It still remainsfor us to discovera methodof measuring
momentumin thecaseofuniformmotionin suchawaythat all
whodiscussthe subje&willformthe sameconceptionof its
sizeand velocity[grander._e veloci@.This willpreventone
personfromimaginingit larger,anothersmaller,than it really
is; so that in the compositionof a givenuniformmotionwith
onewhichis accelerateddifferentmenmaynotobtaindifferent
valuesfor the resultant. In orderto determineand represent
suchamomentumandparticularspeed[imt_etoevelocithpartico-
late]ourAuthorhas foundno bettermethodthan to use the
momentumacquiredby abodyinnaturallyacceleratedmotion.

[2871
The speedof a bodywhichhas in this manneracquiredany

momentum
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momentumwhateverwill,whenconvertedintouniformmotion,
retainpreciselysucha speedas,duringa time-intervalequalto
that ofthe fall,willcarrythebodythrougha distanceequalto
twicethat of the fall. But sincethismatter is onewhichis
fundamentalin our discussionit is wellthat wemakeit per-
fec°dyclearbymeansofsomeparticularexample.

Letusconsiderthespeedandmomentumacquiredby abody
fallkngthroughthe height,say,of a spear[picca]asa standard
whichwemay use in the measurementof other speedsand
momentaas occasiondemands;assumefor instancethat the
timeofsuchafallisfourseconds[minutisecondid'ora];nowin
orderto measurethe speedacquiredfroma fallthroughany
otherheight,whethergreateror less,onemust not conclude
that thesespeedsbearto oneanotherthe sameratioas the
heightsoffall;forinstance,itisnottruethat a fallthroughfour
timesa givenheightconfersa speedfourtimesasgreatasthat
acquiredby descentthroughthe givenheight;becausethe
speedof a naturallyacceleratedmotiondoesnotvary in pro-
portionto the time. Ashasbeenshownabove,theratioofthe
spacesisequalto thesquareoftheratioofthetimes.

ILthen,as is often donefor the sakeof brevity,we take
the samelimitedstraightlineas themeasureofthe speed,and
of the time,andalsoofthe spacetraversedduringthat .a
time,it followsthat the durationof fall andthe speed
acquiredby the samebodyin passingoveranyother
distance,isnotrepresentedbythisseconddistance,but •f'
by a meanproportionalbetweenthe two distances.
This I canbetterillustrateby an example.In thever-
ticallineac,lay offtheportionabto representthe dis-
tancetraversedby a bodyfallingfreelywith acceler-
atedmotion:thetimeof fallmayberepresentedbyany
limitedstraightline,but forthesakeofbrevity,weshall ¢
representit bythe samelengthab;thislengthmayalso
beemployedas a measureofthemomentumandspeedFig.II 3
acquiredduringthe motion;in short,let abbe a measureof
thevariousphysicalquantitieswhichenterthisdiscussion.

Havingagreedarbitrarilyuponab as a measureof thesethree
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threedifferentquantities,namely,space,time,andmomentum,
ournext task is to findthe time requiredforfall througha[z88]
givenverticaldistanceac,alsothe momentumacquiredat the
terminalpointc,bothofwhichare to be expressedin termsof
thetimeandmomentumrepresentedbyab. Thesetworequired
quantitiesare obtainedby layingoffad,a meanproportional
betweenabandac;inotherwords,the timeoffallfroma to c is
representedby adon the samescaleon whichweagreedthat
the timeoffallfroma to bshouldbe representedbyab. In like
mannerwe may say that the momentum[impetoo gradodi
veloci_]acquiredat c isrelatedto that acquiredatb,inthesame
mannerthat thelineadis relatedto ab,sincethevelocityvaries
direc°dyas the time,a conclusion,whichalthoughemployed
as a postulate in PropositionIII, is hereamplifiedby the
Author.

This point beingclearandwell-establishedwe passto the
considerationof the momentum[impeto]in the caseof two
compoundmotions,oneof whichis compoundedof a uniform
horizontaland a uniformverticalmotion,whilethe other is
compoundedofauniformhorizontalanda naturallyaccelerated
verticalmotion. If both componentsare uniform,andoneat
rightanglesto theother,wehavealreadyseenthat the squareof
the resultantis obtainedby addingthe squaresof the compo-
nents[19.257]aswillbeclearfromthe followingillustration.

Letus imaginea bodyto movealongthe verticalabwith a
uniformmomentum[impeto]of 3, andon reachingb to move

a toward c with a momentum[veloc#Red

irnpeto]of 4, 8othat duringthe sametime-

intervalit willtraverse3 cubitsalongthe
verticaland4 alongthe horizontal. Buta

c [_particlewhichmoveswiththe resultantve-
Fig.II 4 locity[velocitY]will,in the sametime,trav-

ersethediagonalac,whoselengthis not 7 cubits--thesumof
ab(3)andbc (4)wbut5,whichis in_otenzaequalto the sum
of3 and4, that is,the squaresof3 and4 whenaddedmakezS,
whichisthe squareofac,andisequalto thesumofthe squaresof
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ofabandbc. Henceacis representedby thesidc orwemay
saytheroot--ofasquarewhoseareais25,namelyS-

Asa fixedandcertainruleforobtainingthemomentumwhich
[2891

results.fromtwo uniformmomenta,one vertical,the other
horizontal,wehavethereforethe following:takethe squareof
each,addthesetogether,andextra(tthesquarerootofthesum,
whichwillbethe momentumresultingfromthe two. Thus,in
the aboveexample,the bodywhichin virtueof its vertical
motionwouldstrikethe horizontalplanewith a momentum
[for_]of3,wouldowingto itshorizontalmotionalonestrikeat
cwithamomentumof4;but if thebodystrikeswitha momen-
tumwhichisthe resukantofthesetwo,itsblowwillbethatofa
bodymovingwithamomentum[velocitaeforza]of5;andsucha
blowwillbe the sameat allpointsofthe diagonalac,sinceits
componentsarealwaysthe sameandneverincreaseordiminish.

Letus nowpassto the considerationofa uniformhorizontal
motioncompoundedwiththe verticalmotionofa freelyfalling
bodystartingfromrest. It is at onceclearthat the diagonal
whichrepresentsthe motioncompoundedofthesetwois nota
straightline,but, as hasbeendemonstrated,a semi-parabola,
in whichthe momentum[impeto]is alwaysincreasingbecause
the speed[velocita]of theverticalcomponentis alwaysincreas-
ing. Wherefore,to determinethe momentum[impeto]at any
givenpoint in the parabolicdiagonal,it is necessaryfirst to
fixuponthe uniformhorizontalmomentum[impeto]andthen,
treatingthe body as one fallingfreely,to find the vertical
momentumat the givenpoint;this latter can be determined
onlybytakingintoaccountthe durationoffall,a consideration
whichdoesnotenterintothe compositionoftwouniformmo-
tionswherethe velocitiesandmomentaarealwaysthe same;
but herewhereoneof the componentmotionshasan initial
valueofzeroandincreasesitsspeed[velodta]indirecCtproportion
to the time,it followsthat the timemustdeterminethe speed
[veloci_]at the assignedpoint. It onlyremainsto obtainthe
momentumresultingfromthesetwocomponents(asinthe case
ofuniformmotions)byplacingthe squareoftheresultantequal

to
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to the sumof the squaresof the two components.But here
againit isbetterto illustratebymeansofanexample.

On the verticalaclayoff:anypoetionabwhichweshallem-
ployasameasureofthe spacetraversedbya bodyfallingfreely
alongthe perpendicular,likewiseas ameasureof the timeand
alsoof the speed_gradodi velocitY]or,wemay say,ofthe mo-
menta[impet,].It is at onceclearthat if themomentumof a

[29o]
bodyat b, afterhavingfallenfromrest at a, be divertedalong
thehorizontaldirec'tionbd,withuniformmotion,its speedwill
be suchthat, duringthe time-intervalab, it willtraversea
distancewhichisrepresentedbythelineMandwhichistwiceas

great as ab. Now choosea
point c, suchthat bcshallbe

J equal to ab, and throughc

draw the line ce equal and
parallel to bd; throughthe
pointsb ande drawthe pa-d rabolabei. Andsince,during

.1_--./_ the time-intervalab,the hori-
zontaldistanceMorce,double
thelengthab,istraversedwithe othe momentumab,and since

_ ' duringan equaltime-intervaltheverticaldistancebcistrav-
ersed,thebodyacquiringat c

'./_ . - ¢_a momentumrepresentedby
Fig.II5 the samehorizontal,bd,k fol-

lowsthat duringthe timeabthebodywillpassfrombto ealong
the parabolabe,andwillreachewitha momentumcompounded
of twomomentaeachequalto ab. Andsinceoneof theseis
horizontalandtheothervertical,thesquareoftheresultantmo-
mentumisequalto the sumofthe squaresofthesetwo compo-
nents,i. e.,equalto twiceeitheroneof them.

Therefore,ifwelayoff:the distancebf,equalto ha,anddraw
the diagonalaf, it followsthat the momentum[impetoe per-
cossa]atewillexceedthat ofabodyat bafterhavingfallenfrom

a,



FOURTHDAY z69
a, orwhatisthe samething,willexceedthe horizontalmomen-
tum [percossadell'impeto]alongbd,in the ratioofaf to ab.

Supposenowwe choosefor the heightof fall a distancebo
whichis notequalto but greaterthanab,andsupposethat bg
representsa meanproportionalbetweenbaandbo;then,stillre-
tainingbaas ameasureofthedistancefallenthrough,fromrest
at a, to b,alsoasa measureofthe timeandofthemomentum
whichthe fallingbodyacquiresat b,it followsthat bgwillbe
the measureof the timeandalsoof themomentumwhichthe
bodyacquiresinfallingfrombtoo. Likewisejustasthemomen-
tumabduringthe timeabcarriedthe bodyadistancealongthe
horizontalequalto twiceab,sonow,duringthe time-interval
bg,the bodywillbe carriedin a horizontaldirecCtionthrougha
distancewhichis greaterin the ratioof bgto ba. Lay offlb
equalto bganddrawthe diagonala/, fromwhichwehavea
quantitycompoundedoftwovelocities[imperilonehorizontal.,
theothervertical;thesedeterminetheparabola.Thehorizontal
anduniformvelocityisthat acquiredat b infallingfroma; the
otheristhat acquiredat o,or,wemaysay,at i,byabodyfalling
throughthe distancebo,duringa timemeasuredby thelinebg,

[29z]
whichllnebgalsorepresentsthe momentumofthe body. And
in likemannerwemay,by takingameanproportionalbetween
the two heights,determinethe momentum[bnpeto]at the
extremeendof the parabolawherethe heightis lessthanthe
sublimityab;thismeanproportionalis to be drawnalongthe
horizontalin placeof bf,andalsoanotherdiagonalin placeof
af,whichdiagonalwillrepresentthemomentumat the extreme
endoftheparabola.

To what has hithertobeen saidconcerningthe momenta,
blowsor shocksof projecCtiles,wemustadd anothervery im-
portantconsideration;to determinetheforceandenergyofthe
shock[for_ edenergiadellapercossa]it isnot sufficientto con-
sideronlythespeedoftheprojecCtiles,butwemustalsotakeinto
accountthe nature and conditionof the targetwhich,in no
smalldegree,determinestheefficiencyofthe blow. Firstof all
it is wellknownthat the targetsuffersviolencefromthe speed

[veloci_]
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[veloci_]of the projectilein proportionas it partlyor entirely
stopsthemotion;becauseifthe blowfallsuponanobjectwhich
yieldsto theimpulse[velocit_delperc_ziente]withoutresistance
sucha blowwillbe ofno effect;likewisewhenoneattackshis
enemywitha spearandovertakeshimat aninstantwhenheis
fleeingwith equalspeedtherewillbe no blowbut merelya
harmlesstouch. But if the shockfallsuponan objectwhich
yieldsonlyin part thenthe blowwillnot haveks fulleffe&,
but the damagewillbe in proportionto the excessofthe speed
oftheprojectileoverthat oftherecedingbody;thus,forexam-
ple,if the shotreachesthe targetwitha speedof IOwhilethe
latter recedeswith a speedof 4, the momentumand shock
[impetoepercossa]willbe representedby 6. Finallythe blow
willbeamaximum,in sofarastheproje&ileisconcerned,when
the targetdoesnot recedeat allbut ifpossiblecompletelyre-
sistsandstopsthe motionofthe proje&ile. I havesaidin so
far as theproje_ileis concernedbecauseif the target should
approachthe projecetilethe shockofcollision[colpoel'incontro]
wouldbe greaterin proportionasthe sumof the twospeedsis
greaterthanthatoftheprojectilealone.

Moreoverit isto beobservedthat the amountofyieldingin
the targetdependsnot onlyuponthe qualityof the material,
as regardshardness,whetherit be ofiron,lead,wool,etc.,but

[z9z]
alsouponits position. If the positionis suchthat the shot
strikesit at rightangles,themomentumimpartedby theblow
[impetodelcolpo]willbe a maximum;but if the motionbe
oblique,that is to say slanting,the blowwillbe weaker;and
moreandmoresoin proportionto theobliquity;for,nomatter
howhard the materialof the targetthus situated,the entire
momentum[impetoe moto]of the shotwillnot be spent and
stopped;the projecCtilewillslideby and will,to someextent,
continueits motionalongthe surfaceof the opposingbody.

Allthathasbeensaidaboveconcerningtheamountofmomen-
tum in the projecCtileat the extremityof the parabolamustbe
understoodtoreferto ablowreceivedonalineat rightanglesto
thisparabolaoralongthe tangentto theparabolaat thegiven

point
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point;for, eventhoughthe motionhas two components, one
horizontal,the othervertical,neitherwillthemomentumalong
the horizontalnor that upon a planeperpendicularto the
horizontalbe a maximum,sinceeachof thesewillbe received
obliquely.

SAcR.Yourhavingmentionedtheseblowsandshocksrecalls
to myminda problem,or rathera question,in mechanicsof
whichno authorhasgivena solutionor saidanythingwhich
diminishesmy astonishmentor evenpartlyrelievesmy mind.

My difficultyand surpriseconsistin not beingableto see
whenceanduponwhatprincipleis derivedtheenergyandim-
menseforce[energiaeforzaimmensa]whichmakesitsappearance
in a blow;for instancewe seethe simpleblowof a hammer,
weighingnot morethan 8 or IOlbs.,overcomingresistances
which,withouta blow,wouldnotyieldto theweightofabody
producingimpetusby pressurealone,eventhoughthat body
weighedmanyhundredsofpounds. I wouldliketo discovera
methodofmeasuringtheforce[forza]ofsuchapercussion.I can
hardlythinkit infinite,butinclineratherto theviewthat it has
its limitand canbe counterbalancedand measuredby other
forces,suchasweights,orbyleversorscrewsorothermechanical
instrumentswhichareusedtomultiplyforcesin amannerwhich
I satisfacCtorilyunderstand.

SAnv.Youarenot alonein yoursurpriseat thiseffecCtor in
obscurityasto thecauseofthisremarkableproperty. I studied
thismattermyselffora whilein vain;butmyconfusionmerely
increaseduntilfinallymeetingourAcademicianI receivedfrom

[293]
himgreatconsolation.Firsthetoldmethat he alsohadfora
longtimebeengropinginthe dark;butlaterhesaidthat,after
havingspentsomethousandsof hoursin speculatingandcon-
templatingthereon,he hadarrivedat somenotionswhichare
far removedfromourearlierideasandwhichare remarkable
fortheirnovelty.AndsincenowI knowthat youwouldgladly
hearwhatthesenovelideasareI shallnotwaitforyouto ask
but promisethat, as soonas our discussionof projectilesis
completed,I willexplainall thesefantasies,or if you please,

vagaries
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vagaries,as far as I can recallthem fromthe wordsof our
Academician.In the meantimeweproceedwiththe proposi-tionsoftheauthor.

PROPOSITIONV, PROBLEM

Havinggivenaparabola,findthepoint,initsaxisextended
upwards,fromwhichaparticlemustfallinordertodescribe
thissameparabola.

Letabbe the givenparabola,hb its amplitude,andheits axis
extended.Theproblemisto findthepointefromwhichabody
mustfallinorderthat,afterthemomentumwhichit acquiresat
a hasbeendivertedintoa horizontaldire&ion,it willdescribe
the parabolaab. Drawthe horizontalag,parallelto bh, and

e havinglaidoffaf equal to ah,
I drawthe straightlinebfwhich
] willbe a tangentto the parab-
J it"ola at b, andwillinterse&the

/[_" horizontalagatg:chooseesuch
[ that agwillbe a meanpropor-

eq/ ! tionalbetweena/and ae. Now
__.._..._ a I saythat e is the pointabove

] sought.That is,if a bodyfalls
/__'_- It fromrestat thispoint e,andif

"" the momentumacquiredat the
Fig.If6 pointa be divertedintoa hori-

zontal dire&ion,and compoundedwith the momentumac-
quiredat h in fallingfromrestat a, thenthe bodywilldescribe
the parabolaab. Forifweunderstandeato be the measureof
the timeoffallfrome to a, andalsoofthemomentumacquired
at a,thenag(whichisa meanproportionalbetweeneaandaf)
willrepresentthe time andmomentumof fall fromf to a or,
whatisthe samething,froma toh;andsinceabodyfallingfrom
e,duringthe timeea,will,owingto the momentumacquiredat
a, traverse at uniformspeeda horizontaldistancewhichis
twaceea,it followsthat, the bodywillif impelledby the same
momentum,duringthe time-intervalag traversea distance
equalto twiceagwhichis the halfofbh. This istrue because,

in
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in the caseof uniformmotion,the spacestraversedvary di-
recCtlyas thetimes. Andlikewiseif themotionbeverticaland
start fromrest, the bodywilldescribethe distanceah in the

[2941
timeag. Hencethe amplitudebhandthe altitudeaharetrav-
ersedby a bodyin the sametime. Thereforethe parabolaab
willbe describedby a bodyfallingfromthe sublimityof e.

Q. E. F.

COROLLARY
Henceit followsthat halfthe base,oramplitude,ofthesemi-

parabola(whichisone-quarteroftheentireamplitude)isamean
proportionalbetweenits altitudeandthe sublimityfromwhich
a fallingbodywilldescribethissameparabola.

PRoPosrrioNVI, PROBLEM
Giventhe sublimityandthealtitudeof aparabola,to find
itsamplitude.

Let the lineac,in whichlie the givenaltitudecbandsub-
limity ab, be perpendicularto Fa
thehorizontallinecd. Theprob-
lem is to find the amplitude,
alongthe horizontalcd,of the
semi-parabolawhichis described
with the sublimitybaand alti-
tude bc. Lay off cd equal to b
twicethe meanproportionalbe-
tweencband ba. Then cdwill
be the amplitudesought,as is
evidentfromthe precedingprop-d -: c_
osition. Fig. xx7

THEOREM. PROPOSITIONVII

I_ projec°dlesdescribesemi-parabolasof the sameampli-
tude,themomentumrequiredto describethatonewhose
amplitudeis doubleits altitudeis lessthan that required
foranyother. Let
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Let bdbe a semi-parabolawhoseamplitudecd is doubleits
altitudecb;onits axisextendedupwardslayoffbaequalto ks
ahitudebc. Drawthe linead whichwillbe a tangentto the
parabolaat d andwillcut the horizontallinebeat the point
e,makingbeequalto bcandalsoto ha. It isevidentthat this
parabolawillbedescribedbyaprojedtilewhoseuniformhorizon-
talmomentumisthat whichit wouldacquireat binfallingfrom
restat a andwhosenaturallyacceleratedverticalmomentumis
that ofthebodyfallingto c,fromrestat b. Fromthisit follows

f

C , C

Fig. I:8

that the momentumat the terminalpoint d, compoundedof
thesetwo,is representedby the diagonalae,whosesquareis
equalto the sumof the squaresofthe two components.Now
letgdbe anyotherparabolawhateverhavingthe sameampli-
tudecd,butwhosealtitudecgis eithergreateror lessthanthe
altitudebc. Let /u/ be the tangent cutting the horizontal[29S1
throughg at k. Sele_a pointl suchthat hg:gk=gk:gl.Then
froma precedingproposition[V],k followsthat glwillbe the

height
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heightfromwhicha bodymust fallin orderto describethe
parabolagd.

Let gmbe a meanproportionalbetweenabandgl;thengm
will[Prop.IV]representthe timeandmomentumacquiredat
g.bya fallfroml; forabhasbeenassumedasa measureofboth
ume and momentum.Againlet gnbe a meanproportional
betweenbcandcg;it willthenrepresentthe timeandmomen-
tumwhichthe bodyacquiresat c in fallingfromg. If nowwe
joinm andn, this linemnwillrepresentthemomentumat d of
the projec°dletraversingthe paraboladg;whichmomentumis,
I say,greaterthan that of the projec°ciletravellingalongthe
parabolabdwhosemeasurewasgivenbyae. Forsincegnhas
beentakenasameanproportionalbetweenbcandgc;andsince
bcis equalto beandalsoto kg (eachof thembeingthehalfof
dc__)it follows__that cg:gn=gn:gk,and ascgor (hg)is to gk so__is
ng_ to gk2:but by constru_ionhg:gk=gk:gl.Henceng2:
gk_=gk:gl. But gk:gl=-gk_:gm_,since gmis a meanpropor-
tionalbetweenkg andgl. Thereforethe threesquaresng,kg,
mgforma continuedproportion,g-n_:_ =gk2:gin._ Andthe
sumof the twoextremeswhichis equalto the squareof mnis
greaterthan twicethe squareof gk;but the squareof aeis
doublethesquareofgk. Hencethesquareofmnisgreaterthan
thesquareofaeandthelengthmnisgreaterthanthelengthae.

Q.E.D.

[z96]
COROIJARY

Converselyit is evidentthat lessmomentumwillbe required
to sendaproje6tilefromtheterminalpointd alongtheparabola
bdthanalonganyotherparabolahavingan elevationgreateror
lessthan that of the parabolabd,forwhichthe tangentat d
makesan angleof 45° with the horizontal.Fromwhichit
followsthat ifprojec°dlesarefiredfromthe terminalpointd, all
havingthesamespeed,buteachhavingadifferentelevation,the
maximumrange,i. e.,amplitudeofthe semi-parabolaor ofthe
entireparabola,willbe obtainedwhentheelevationis45°:the

other



Z76 THE TWO NEW SCIENCESOF GALII,V.Ot

othershots,firedat anglesgreateror lesswillhavea shorter
range.

SACR.Theforceof rigiddemonstrataonssuchas occuronly
in mathematicsfillsme with wonderand delight. Fromac-
countsgivenbygunners,I wasalreadyawareofthe facetthat
in the useof cannonandmortars,the mnx_rnumrange,that is
the onein whichthe shotgoesfarthest,is obtainedwhenthe
elevationis45° or, asthey say,at the sixthpointof the quad-
rant; but to understandwhythis happensfar outweighsthe
mereinformationobtainedby the testimonyof othersor even
byrepeatedexperiment.

S_u,v.Whatyousayisverytrue. Theknowledgeof asingle
fa_ acquiredthrougha discoveryof its causespreparesthe
mindto understandandascertainotherfac%swithoutneed
of recourseto experiment,preciselyas in the presentcase,
wherebyargumentationalonetheAuthorproveswithcertainty
thatthemaximumrangeoccurswhentheelevationis45°. He
thusdemonstrateswhathasperhapsneverbeenobservedin
experience,namely,that of othershotsthosewhichexceedor
fallshortof 45° by equalamountshaveequalranges;so that
if theballshavebeenfiredoneat anelevationof 7 points,the
otherat 5, theywillstrikethe levelat the samedistance:the
sameistrueif theshotsarefiredat 8 andat4 points,at9 andat
3,etc. Nowletushearthedemonstrationofthis.

[2971
TaEOr.E_.PxoFosrnoNVIII

Theamplitudesof two parabolasdescribedby proje_iles
firedwiththe samespeed,butat anglesofelevationwhich
exceedandfall shortof 45° by equalamounts,areequal
to eachother.

In the trianglemcblet the horizontalsidebcandthe vertical
cm,whichforma rightangleat c,beequalto eachother;then
the anglembcwillbea semi-rightangle;let thelinecmbepro-
longedto d, sucha pointthat the twoanglesatb, namelyrobe
andmbd,oneaboveandtheotherbelowthediagonalrob,shall
beequal.It isnowtobeprovedthatinthecaseoftwoparabolas

described
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describedby twoprojecCtilesfiredfromb withthe samespeed,
oneat the angleofebc,the otherat the angleofdbc,theiram-
plitudeswillbe equal. Nowsincethe externalanglebmcis
equalto thesumofthe internalanglesrndbanddbmwemayalso
equateto themthe anglembc;but ifwere-
placethe angledbmby robe,thenthissame d
anglembcis equalto the tworobeandbdc: /
and ifwe subtraCtfrom each sideof this
equationtheanglerobe,wehavetheremain- [
derbdcequalto the remainderebc. Hence m
the two trianglesdcbandbceare similar. _
BiseCtthe straightlinesdc and ec in the /_/e
pointsh andf: anddrawthe lineshi andfg /JJ
parallelto the horizontalcb,and chooseI /Jj,_ f
suchthat dh:hl=ih:hl. Thenthe triangle_'hll _ "
willbesimilarto i/M,andalsotothe triangleor - ,"
_ andsinceih andgfareequal,eachbeing Fig.ii9

ofbc,itfollowsthat h/is equalto fe andalsoto fc; and if
weaddto eachofthesethecommonpartfh,it willbe seenthat
chisequaltoil.

Letus nowimaginea paraboladescribedthroughthe points
handbwhosealtitudeishcandsublimityhL Its amplitudewill
becbwhichisdoublethelengthhisincehiisameanproportional
betweendh(orc/z)andh/. Thelinedbistangentto theparabola
at b, sincechis equalto hd. If againweimaginea parabola
describedthroughthe pointsf andb, with a sublimityf/and
altitudefc, of whichthemeanproportionalisfg, orone-halfof
cb,then,as before,willcbbe the amplitudeandthe lineeba
tangentat b;forefandfcareequal.

[z98]
But the twoanglesdbcandebc,the anglesof elevation,differ
byequalamountsfroma 45° angle. Hencefollowsthe proposi-
tion.

TIIEORE_.PROPOSrrIONIX

Theamplitudesoftwoparabolasareequalwhentheiralti-
tudesandsublimitiesareinverselyproportional.

Let



278 THE TWO NEW SCW.NCESOF GALII,I_.O
.Let the altitudegf of the parabolafh bearto the altitudecb
oftheparabolaMthesameratiowhichthesublimitybabearsto
the sublimityre; thenI say the amplitudehg is equalto the
amplitudea_. Forsincethefirstofthesequantities,gf,bearsto

_'the secondcbthesame
e ratiowhichthe third,

ha,bearsto thefourth
re, it followsthat the
area of the re&angle

___ _.feisequalto that of

the re&_nglecb.ba;
therefore squares
which are equal to

g these re&anglesare
Fig.i2o equal to eachother.

But [byPropositionVIIthe squareof halfofghisequalto the
re&anglegf.fe;andthe squareof halfof cdis equalto the rec-
tanglecb.ba.Thereforethesesquaresand theirsidesandthe
doublesoftheirsidesareequal. But theselastare the ampli-
tudes ghandcd. Hencefollowsthe proposition.

L_M__AFOgT_EVm.TOWmOPRovosrrm_
Ifa straightlinebecutat anypointwhateverandmeanpro-
portionalsbetweenthis lineandeachofits partsbe taken,
the sumofthe squaresof thesemeanproportionalsis equal
to thesquareoftheentireline.

Letthe lineabbe cutat c. ThenI saythat thesquareofthe
mean proportionalbetweenaband acplus
the squareofthemeanproportionalbetween
abandcbisequalto the squareofthewhole
lineab. This is evidentas soonas wede-
scribea semicircleuponthe entirelineab,a t
ere&a perpendicularcdat c,and drawda Fig.i2i
anddb. Forda isa meanproportionalbetweenabandacwhile

[299]
db is a meanproportionalbetweenaband bc:and sincethe
angleadb,inscribedin a semicircle,is a rightanglethe_sumofthe
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thesquaresofthe linesdaanddbis equaltothe squareofthe
entirelineab. Hencefollowstheproposition.

TaEOREM.PROPOSmONX
The momentum[impetusseu momentum]acquiredby a
particleat theterminalpointofany semi-parabolaisequal
tothat whichit wouldacquireinfallingthroughavertical
distanceequaltothesumofthesublimityandthealtitude
ofthesemi-parabola.*

Letabbe a semi-parabolahavinga sublimitydaandan altitude
ac,thesumofwhichistheperpendiculardc. Now
I saythemomentumoftheparticleatbisthesame d
asthatwhichitwouldacquireinfallingfreelyfrom e
d to c. Letus take the lengthof dc itselfasa 2 a
measureof timeandmomentum,and layoffcf

/

equalto the meanproportionalbetweencd and
da;alsolay offcea meanproportionalbetween
cdandca. Nowcf isthemeasureofthetimeand
of the momentumacquiredbyfall,fromrestat
d, throughthe distanceda;whileceis the time j
andmomentumof fall,fromrest at a, through_
the distanceca;alsothe diagonalefwillrepre-_'(_* c
senta momentumwhichisthe resultantof these Fig.122
two,andis thereforethe momentumat the terminalpointof
theparabola,b.

And sincedchasbeencut at somepointa and sincecfand
cearemeanproportionalsbetweenthewholeofcdanditsparts,
daandac,it follows,fromthe precedinglemma,that the sum
ofthe squaresofthesemeanproportionalsisequalto thesquare
of the whole:but the squareof ef is alsoequalto the sumof
thesesamesquares;whenceit followsthat the lineef isequalto
dc.

Accordinglythe momentumacquiredat c by a particlein
failingfromd is the sameas that acquiredat b by a particle
traversingthe parabolaab. Q.E.V.

* In modemmechanicsthiswell-knowntheoremassumesthe following
form: Thespeedofa projectileatanypointis thatproducedbyafall frora
thedirectrix. [Trans.]
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COROTJ.ARY

Henceit followsthat, in the caseof allparabolaswherethe
sumofthe sublimityandaltitudeis a constant,themomentum
at theterminalpointisa constant.

PROBLEM.PROPOSITIONXI

Giventheamplitudeandthespeed[impetus]attheter-
minalpointofasemi-parabola,tofinditsaltitude.

Letthegivenspeedberepresentedbytheverticalllneab,and
the amplitudeby the horizontallinebe;it is requiredto find
the sublimityof the semi-parabolawhoseterminalspeedis ab
and amplitudebe. Fromwhat precedes[Cor.Prop.V] it is
clearthat halfthe amplitudebcisa meanproportionalbetween[3ool
thealtitudeandsublimityoftheparabolaofwhichtheterminal
speedisequal,inaccordancewiththeprecedingproposition,to

_t_the speedacquiredby a bodyinfalling

//_ fromrestat a throughthe distanceab.CThereforethe lineba mustbe cutat a
J_/f I".p°intsuchthat thereCtangleformedby
A \ I its twopartswillbe equalto the square

/ \ _ [ ofhalfbc,namelybd. Necessarily,there-
/ _N_] _ fore,bdmustnot exceedthe halfof ba;

/_ forof all the rectanglesformedby parts

ofastraightlinetheoneof greatestarea
isobtainedwhenthe lineisdividedinto
two equalparts. Let e be the middle

_ point of the line ab;and nowifbdbe,¢_ equalto betheproblemissolved;for be
willbe the altitudeandeathe sublimity

Fig.I_3 of the parabola. (Incidentallywe may
observea consequencealreadydemonstrated,namely:of all
parabolasdescribedwith any giventerminal speedthat for
whichthe elevationis 45° willhave the maximumamplitude.)

But supposethat bd is lessthan half of bawhichis to be
divided
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dividedin sucha waythat theredtang|euponitspartsmaybe
equalto the squareofbd. Uponeaasdiameterdescribeasemi-
circleefa,in whichdrawthe chordaf,equalto bd:joinfe and
lay offthe distanceegequalto re. Thenthe rectanglebg.ga
plusthe squareofegwillbeequalto thesquareofea,andhence
alsoto the sumofthe squaresofaf andre. If nowwesubtracCt
the equalsquaresoffe andgethereremainsthe recCtanglebg.ga
equalto the squareofaf, that is,of bd,a linewhichis a mean
proportionalbetweenbgandga;fromwhichit isevidentthat
the semi-parabolawhoseamplitudeis bc andwhoseterminal
speed[impetus]is representedby bahasan altitudebgand a
sublimityga.

If howeverwelay offbiequalto ga,thenbiwillbe the alti-
tudeofthesemi-parabolaic,andiawillbeitssublimity.From
the precedingdemonstrationweareableto solvethe following
problem.

PROBLEM. PROPOSITIONXII

To computeand tabulate the amplitudesof all semi-
parabolaswhichare describedbyproje6tilesfiredwiththe
sameinitialspeed[impetus].

Fromthe foregoingit followsthat, wheneverthe sumof
the altitudeand sublimityis a constantverticalheightfor
any set of parabolas,theseparabolasare describedby pro-
je_ileshavingthe sameinitialspeed;allverticalheightsthus

[3o ]
obtainedare thereforeincludedbetweentwoparallelhorizontal
lines. Letcbrepresenta horizontallineandaba verticalline
ofequallength;drawthe diagonalac;the angleacbwillbeone
of45°;letd bethemiddlepointoftheverticallineab. Thenthe
semi-paraboladc is the onewhichis determinedby the sub-
limityad andthe altitudedb,whileits terminalspeedat c is
that whichwouldbeacquiredat bbyaparticlefallingfromrest
at a. If nowagbedrawnparallelto bc,thesumofthe altitude
and sublimityfor any other semi-parabolahavingthe same
terminalspeedwill,in the mannerexplained,be equalto the
distancebetweenthe parallellinesagandbc. Moreover,sinceit
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it has alreadybeenshownthat the amplitudesof two semi-
parabolasarethesamewhentheiranglesofelevationdifferfrom
45°bylikeamounts,it followsthat the samecomputationwhich
isemployedforthelargerelevationwillservealsoforthesmaller.

Let us also assumeIOOOOas the
• greatestamplitudefor a parabola

whoseangleofelevationis45°; this
thenwillbe the lengthof the line

o baand the amplitudeof the semi-
parabolabc. This number,IOOOO,

a'is sele_edbecausein thesecalcula-
tionsweemploya tableoftangents

_in whichthis is the valueof the
tangentof 45°. And now,coming
downto business,drawthe straight
line cemakingan acute angleecb
greaterthan acb:the problemnow
is to draw the semi-parabolato
whichthe lineec is a tangentand

tr _ forwhichthe sumofthe sublimity
Fig.x24 and the altitudeis the distanceba.

Take the lengthof the tangent* be fromthe table of tan-
gents,usingthe anglebceas an argument:letf bethe middle
pointof be;nextfind a third proportionalto bf and bi (the
half of bc),whichis of necessitygreaterthan fa.t Callthis
fo. Wehavenowdiscoveredthat, for the parabolainscribed

[3ozl
in the triangleecbhavingthe tangentce and the amplitude
cb,the altitudeis bfandthe sublimityfo. But thetotallength
of bo exceedsthe distancebetweenthe parallelsag and cb,
whileour problemwas to keepit equal to this distance:for
both the parabolasoughtand the paraboladc are described

• Thereaderwillobservethattheword"tangent"ishereusedina
sensesomewhatdifferentfromthat of the precedingsentence.The
"tangentec"isa linewhichtouchestheparabolaat c;butthe"tan-
genteb"isthesideoftheright-angledtrianglewhichliesoppositethe
an - - -gleecb,a linewhoselengthisproportionaltothenumericalvalueof
thetangentofthisangle.[Trans.]

t Thisfactisdemonstratedinthethirdparagraphbelow.[Tra_.l
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by proje_ilesfiredfromcwiththesamespeed.Nowsincean
infinitenumberof greaterand smallerparabolas,similarto
eachother,maybedescribedwithinthe anglebcewemustfind
anotherparabolawhichlikecdhasforthesumofitsaltitudeand
sublimitythe heightha,equaltobc.

Thereforelayoffcrsothat, ob:ba=bc:cr;thencrwillbe the
amplitudeofa semi-parabolaforwhichbceisthe angleofeleva-
tionandforwhichthesumofthe altitudeandsublimityis the
distancebetweentheparallelsgaandcb,asdesired.Theprocess
is thereforeas follows:One drawsthe tangentof the given
anglebce;takeshalfofthistangent,andaddstoit thequantity,
fo,whichis a thirdproportionalto the halfofthis tangentand
the halfofbc;thedesiredamplitudecris thenfoundfromthe
followingproportionob:ba=bc:cr.For examplelet the angle
ecbbeoneof5o°;itstangentis11918,halfofwhich,namelybf,
is 5959;halfofbcis5o00;thethirdproportionalofthesehalves
is4195,whichaddedto bfgivesthevalue10154forbo. Further,
asobisto ab,that is,as 10154isto IOO_,soisbc,or IOOOO(each
beingthe tangentof45°) to cr,whichis the amplitudesought
andwhichhas the value9848, the maximumamplitudebeing
bc,orIOOOO.Theamplitudesoftheentireparabolasaredouble
these,namely,19696and2cx:x:x).Thisisalsotheamplitudeofa
parabolawhoseangleofelevationis4°0, sinceit deviatesby an
equalamountfromoneof45°.

[303]
SAca.In orderto thoroughlyunderstandthisdemonstration

I needto beshownhowthethirdproportionalofbfandbiis,as
theAuthorindicates,necessarilygreaterthanfa.

SAT.v.Thisresultcan,I think,beobtainedas follows.The
squareofthemeanproportionalbetweentwolinesisequalto the
rec°cangleformedby thesetwolines. Thereforethe squareof
/z/(orof bdwhichisequaltob0mustbeequaltothe re(tangle
formedby fb andthe desiredthirdproportional.This third
proportionalisnecessarilygreaterthanfa becausethe rec°cangle
formedby bfandfa is lessthanthesquareofbdbyanamount
equalto thesquareofdr,asshowninEuclid,II.1. Besidesit is
tobeobservedthatthepointf, whichisthemiddlepointof the

tangent
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tangent eb,fallsin generalabovea and onlyonceat a; in which
casesit is self-evidentthat the third proportionalto the half
ofthe tangent and to the sublimityb/lies whollyabovea. But
the Author has taken a case where it is not evident that the
third proportionalis alwaysgreater than fa, so that when laid
offabovethe pointf it extendsbeyondthe parallelag.

Now let usproceed. It willbeworth while,by the use ofthis
table, to compute another givingthe altitudes of these semi-
parabolasdescribedby projectileshavingthe sameinitialspeed.
The construfftionis asfollows:

[3o41
Amplitudesofseml-parabolas Altitudesof semi-parabolasde-

describedwiththe samein- scribedwiththe sameinitial
itialspeed, speed.

Angleof Angleof Angleof Angleof
Elevation Elevation Elevation Elevation

45° 1oooo 1° 3 460 5173
46 9994 44° 2 I3 47 5346
47 9976 43 3 28 48 5523
48 9945 42 4 50 49 5698
49 99oz 41 5 76 50 5868
50 9848 40 6 lO8 51 6o38
51 9782 39 7 15o 5z 62o7
5z 9704 38 8 194 53 6379
53 9612 37 9 245 54 6546
54 9511 36 Io 3oz 55 67IO
55 9396 35 11 365 5_; 6873
56 927z 34 12 432 57 7033
57 9136 33 13 5o6 58 719°

58 8989 32 14 585 75o259 8829 31 15 670 _ 7348
60 8659 30 16 76o 61 7649
61 8481 29 17 855 62 7796

62 829o 28 18 I_ 63 793963 8o9o 27 29 64 8078
64 7880 26 2o H7o 65 8214
65 766o 25 zz 2285 66 8346
66 7431 24 zz I4oz 67 8474
67 7191 23 23 I527 68 8597
68 6944 22 24 I685 69 8715
69 6692 21 25 1786 70 8830
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Amplitudesof semi-parabolas Altitudes of semi-parabolasde-

describedwith the same in- scribedwith the same initial
itial speed, speed.

Angleof Angleof Angleof Angleof
Elevation Elevation Elevation Elevation

7°0 6428 2o° 26° I922 7l° 8940
71 6X57 I9 27 2o6I 72 9045
72 5878 x8 28 2204 73 9144
73 5592 x7 29 2351 74 9240
74 5300 I6 3° 2499 75 9330
75 5°00 15 31 2653 76 9415
76 4694 14 32 281o 77 9493
77 4383 13 33 2967 78 9567
78 4067 12 34 3128 79 9636
79 3746 xl 35 3289 80 9698
80 342o IO 36 3456 81 9755
81 309° 9 37 362x 82 9806
82 2756 8 38 3793 83 985x
83 2419 7 39 3962 84 9890
84 2079 6 40 4132 85 9924
85 1736 5 41 43o2 86 9951
86 x39I 4 42 4477 87 9972
87 lO44 3 43 4654 88 9987
88 698 2 44 4827 89 9998
89 349 I 45 5oo0 9o xoooo

[305]
PROBLEM. PROPOSITIONXIII

Fromthe amplitudesof semi-parabolasgivenin the pre-
cedingtableto findthe altitudesofeachof theparabolas
describedwiththesameinitialspeed.

Let bcdenotethe givenamplitude;andlet ob,the sumofthe
altitudeandsublknity,bethemeasureoftheinitialspeedwhich

understoodto remainconstant. Next we must findand
determinethealtitude,whichweshallaccomplishbysodividing

that the recCtanglecontainedbyitspartsshallbe equalto the
squareof halfthe amplitude,bc. Letf denotethis pointof
divisionandd and{be the middlepointsof obandbcrespec-
tively. The squareofib isequalto the rectanglebf.fo;but the
squareof do is equalto the sumof the rectanglebf.foandthe

square
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squareoffd. If, therefore,fromthe squareof dowesubtract
the squareof biwhichisequalto the recCtanglebf.fo,therewill
remainthe squareoffd. The altitudein question,bf, is now
obtainedby addingto this length,fd, thelinebe{.Theprocess

isthenas follows:Fromthe squareof halfof bo
i_whichis known,subtractthe squareof bi which
• is alsoknown;take the squarerootof the re-
mainder,andaddto it theknownlengthdb;then

youhavetherequiredaltitude,bf.Example.Tofindthealtitudeofa semi-parabola
describedwithanangleofelevationof55°. From
the precedingtable the amplitudeis seento be

c. i _ 9396,of whichthe half is 4698,and the square_ 22o7Izo4.'When this is subtractedfrom the
Fig. Iz5 square of the half of bo, which is always

25,ooo,ooo,the remainderis z928796,of whichthe squareroot
[3o6]

is approximatelyI7IO. Addingthis to the halfof bo,namely
5oo%wehave67Iofortheakitudeofbf.

It willbeworthwhileto adda thirdtablegivingthe altitudes
andsublimitiesforparabolasin whichthe amplitudeis a con-
stant.

SACg.I shallbe very gladto seethis; for fromit I shall
learnthe differenceof speedandforce[degl'irnpetiedelleforze]
requiredto fireprojectilesover the samerangewithwhat we
callmortarshots. This differencewill,I believe,vary greatly
withtheelevationsothat if,forexample,onewishedto employ
anelevationof 3° or 4°, or 87° or 88° andyet givethe ballthe
samerangewhichit hadwithanelevationof45° (wherewehave
shownthe initialspeedto be a minimum)the excessof force
requiredwill,I think,beverygreat.

SALV.Youarequkefight,sir;andyouwillfindthat in order
to performthisoperationcompletely,at allanglesofelevation,
youwillhaveto makegreatstridestowardan infinitespeed.
Wepassnowto the considerationofthetable.
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[307]

Tablegivingthe altitudesandsublimitiesof parabolasof
constant amplitude,namelyIoooo,computedfor

eachdegreeofelevation.
Angleof Angleof
Elevation Altitude Sublimity Elevation Altitude Sublimity

I ° 87 286533 460 5177 4828
2 175 14245o 47 5363 4662
3 z6z 95802 48 5553 45°2
4 349 71531 49 5752 4345
5 437 5714z 5° 5959 4196
6 525 47573 51 6174 4048
7 614 40716 5z 6399 39°6
8 7o2 35587 53 6635 3765
9 792 3H65 54 6882 3632

IO 88I 28367 55 7141 35°0
II 972 25720 56 7413 3372
IZ XO63 23518 57 7699 3247
13 II54 21701 58 8002 3123
I4 I246 20056 59 8332 3°°4
15 1339 I8663 60 8600 2887
I6 I434 I7405 6I 9020 277I
I7 I529 I6355 62 9403 2658
18 I624 15389 63 98X3 2547
19 1722 14522 64 XO25I 2438
ZO X8ZO 13736 65 10722 233I
2X 1919 13O24 66 II230 2226
22 2ozo I2376 67 II779 2122
23 2123 ii778 68 i2375 2020
24 2226 II230 69 I3025 I919
25 2332 IO722 7° I3237 1819
26 2439 10253 71 I452I I72I
27 2547 9814 72 I5388 1624
28 2658 9404 73 I6354 I528
29 2772 9°20 74 I7437 I433
3O 2887 8659 75 X8660 H39
3I 3°o8 8336 76 20054 I246
32 3124 8OOX 77 21657 X_54
33 3247 7699 78 23523 lO62
34 3373 7413 79 _5723 972
35 35oI 7141 8o 28356 881
36 3633 6882 81 31569 79z
37 3768 6635 82 35577 7o2
38 39o6 6395 83 40222 613
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Angleof Angleof
Elevation Altitude Sublimity Elevation Altitude Sublimity

39° 4049 6x74 " 84° 4757z 525
40 4196 5959 85 5715o 437
4x 4346 575z 86 7x5o3 349
4z 45oz 5553 87 95405 z6z
43 4662 5362 88 14318I I74
44 4828 5x77 89 286499 87
45 5°oo 5°oo 9o infinita

[308]
PROPOSITIONXIV

Tofindforeachdegreeofelevationthealtitudesandsub-
limitiesofparabolasofconstantamplitude.

Theproblemis easilysolved.Forif weassumea constant
amplitudeof IOOOO,thenhalfthe tangentat anyangleof
elevationwillbethealtitude.Thus,to illustrate,a parabola
havinganangleofelevationof3o°andanamplitudeof xoooo,
willhaveanaltitudeofz887,whichisapproximatelyone-half
the tangent.Andnowthe altitudehavingbeenfound,the
sublimityisderivedasfollows.Sinceit hasbeenprovedthat
halftheamplitudeofa semi-parabolaisthemeanproportional
betweenthealtitudeandsublimity,andsincethealtitudehas
alreadybeenfound,andsincethesemi-amplitudeisaconstant,
namely5oo%it followsthatifwedividethesquareofthesemi-
amplitudebythealtitudeweshallobtainthesublimitysought.
Thusinourexamplethealtitudewasfoundto bez887:the
squareof5ooois25,ooo,ooo,whichdividedby_887givesthe
approximatevalueofthesublimity,namely8659.

SALV.Herewesee,firstof all,howverytrueisthestate-
mentmadeabove,that,fordifferentanglesofelevation,the
greaterthedeviationfromthemean,whetheraboveorbelow,
the greaterthe initialspeed[impetoe violenza]requiredto
carrytheproje_ileoverthesamerange.Forsincethespeedis
the resultantof two motions,namely,onehorizontaland
uniform,the otherverticalandnaturallyaccelerated;and
sincethe sumof the altitudeandsublimityrepresentsthis
speed,it isseenfromtheprecedingtablethatthissumis a

minimum



FOURTH DAY _89
minimumforan elevationof 45° wherethe altitudeandsub-
]imit_are equal,namely,each 5ooo;and their sum ioooo.
Butifwechooseagreaterelevation,say5o°,weshallfindthealti-
tude5959,andthesublimity4196,givingasumo{1o155;in like
mannerweshallfindthat thisispreciselythevalueofthespeed
at 4°0elevation,both anglesdeviatingequallyfromthemean.

Secondlyit is to be notedthat, whileequalspeedsare re-
quiredforeachof twoelevationsthat areequidistantfromthe
mean,thereisthiscuriousalternation,namely,thatthealtitude
and sublimityat the greaterelevationcorrespondinverselyto
the sublimityandaltitudeat the lowerelevation.Thusin the

bog]
precedingexamplean elevationof 5o° givesan altitudeof5959
anda sublimityof 4196;whilean elevationof 4°ocorresponds
to an altitudeof4196anda sublimityof5959-Andthisholds
true in general;but it is to be rememberedthat, in orderto
escapetediouscalculations,no accounthas been taken of
fra_ionswhichare of littlemomentin comparisonwith such
largenumbers.

SAc_.I note alsoin regardto the two componentsof the
inkialspeed[irnpeto]that the higherthe shotthe lessis the
horizontalandthegreaterthe verticalcomponent;ontheother
hand,at lowerelevationswherethe shotreachesonlya small
heightthe horizontalcomponentof the initialspeedmust be
great. In the caseof a projecCtilefiredat an elevationof9o°,
I quiteunderstandthat all the force[forza]in theworldwould
notbesufficienttomakeitdeviateasinglefinger'sbreadth{rom
the perpendicularandthat it wouldnecessarilyfall backinto
its initialposition;but in the caseofzeroelevation,whenthe
shotis firedhorizontally,I am notsocertainthat someforce,
lessthaninfinite,wouldnotcarrytheproje_ilesomedistance;
thUSnot evena cannoncanfirea shotin a pedec°dyhorizontal
dired_don,oraswesay,pointblank,that is,withnoelevationat
all. HereI admitthereissomeroomfordoubt. ThefacetI do
not denyoutright,becauseof anotherphenomenonapparently
no lessremarkable,but yet onefor whichI haveconclusive
evidence.Thisphenomenonis the impossibilityof stretching

a



290 THE TWO NEW SCIENCESOF GALILEO
a ropeinsuchawaythat it shallbeat oncestraightandparallel
to the horizon;the fac°cisthat the cordalwayssagsandbends
andthat no forceis sufficientta stretchit peffecCtlystraight.

SALV.In this caseof the ropethen, Sagredo,you ceaseto
wonderat thephenomenonbecauseyouhaveitsdemonstration;
but ifweconsiderit withmorecarewemaypossiblydiscover
somecorrespondencebetweenthecaseofthegunandthatofthe
string. The curvatureof thepathoftheshotfiredhorizontally
appearstoresultfromtwoforces,one(thatoftheweapon)drives
it horizontallyandtheother(itsownweight)drawsitvertically
downward.Soin stretchingtheropeyouhavethe forcewhich
pullsit horizontallyanditsownweightwhicha&sdownwards.
Thecircumstancesin thesetwocasesare,therefore,verysimilar.
If then you attribute to the weightof the ropea powerand

[310]
energy[possanzaedenergia]sufficientto opposeandovercome
any stretchingforce,no matter howgreat, why deny this
powerto the bullet?

BesidesI musttell you somethingwhichwillboth surprise
and pleaseyou, namely,that a cord stretchedmoreor less
tightlyassumesacurvewhichcloselyapproximatestheparabola.
Thissimilarityisclearlyseenifyoudrawa paraboliccurveona
verticalplaneandtheninvertit sothat theapexwilllieat the
bottom and the base remainhorizontal;for, on hanginga
chainbelowthe base,oneendattachedto eachextremityofthe
base,youwillobservethat,onslackeningthechainmoreorless,
it bendsandfits itselfto the parabola;and the coincidenceis
moreexac°cin proportionas the parabolais drawnwith less
curvatureor,so to speak,morestretched;so that usingparab-
olasdescribedwith elevationslessthan 45° the chainfits its
parabolaalmostperfe&ly.

SAQR.Then witha finechainonewouldbe ableto quickly
drawmanyparaboliclinesuponaplanesurface.

SXLV.Certainlyandwithnosmalladvantageas I shallshow
youlater.

SIMv.Butbeforegoing,further,I amanxiousto be convinced
at leastof that propositionof whichyou say that there is a

rigid
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rigiddemonstration;I referto thestatementthat it isimpossible
by anyforcewhateverto stretcha cord8othat it willlieper-
fecCtlystraightandhorizontal.

SAcR.I willseeifI canrecallthedemonstration;but inorder
to understandit, Simplicio,it willbenecessaryforyouto take
forgrantedconcerningmachineswhatisevidentnotalonefrom
experimentbut alsofromtheoreticalconsiderations,namely,
that the velocityof a movingbody[velocithdelmovente],even
whenits force[for_] is small,canovercomea verygreatre-
sistanceexertedbya slowlymovingbody,wheneverthevelocity
ofthemovingbodybearsto that ofthe resistingbodyagreater
ratio than the resistance[resisten_a]of the resistingbodyto
theforce[forza]ofthemovingbody.

SIMP.ThisI knowverywellforit hasbeendemonstratedby
Aristotlein his _uestionsin Mechanics;it is alsoclearlyseen
in the leverand the steelyardwherea counterpoiseweighing
notmorethan4 poundswillliftaweightof4ooprovidedthat
the distanceof the counterpoisefromthe axisaboutwhich
the steelyardrotatesbe morethanonehundredtimesasgreat
as the distancebetweenthisaxisandthe pointof supportfor

[3II]
the largeweight. This is truebecausethe counterpoisein its
descenttraversesa spacemorethanonehundredtimesasgreat
as that movedoverby the largeweightin the sametime;in
otherwordsthe smallcounterpoisemoveswithavelocitywhich
is morethan onehundredtimesas greatas that of the large
weight.

SAcg.Youarequiteright;youdonothesitateto admitthat
howeversmallthe force[forza]ofthemovingbodyit willover-
comeany resistance,howevergreat,providedit gainsmore
in velocitythan it losesin forceandweight[_igoree gravi_].
Nowletusreturnto the caseofthecord. In theaccompanying
figureabrepresentsalinepassingthroughtwofixedpointsa and
b; at the extremitiesof this linehang,as you see,two large
weightsc andd, whichstretchit withgreatforceandkeepit
truly straight,seeingthat it is merelya linewithoutweight.
NowI wishto remarkthat iffromthe middlepointofthisline,which
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whichwemaycalle,you suspend:anysmallweight,sayh,the
lineabwillyieldtowardthe pointf andonaccountofitselonga-
tionwillcompelthe twoheavyweightscandd to rise. This I
shalldemonstrateasfollows:withthepointsa andb ascenters
describethetwoquadrants,eigandelm;nowsincethetwosemi-
diametersaiandblareequalto aeandeb,theremaindersfi and
fl aretheexcessesofthelinesaf andfboveraeandeb;theythere-

q .... t'

Fig.xe6
foredeterminetheriseoftheweightscandd,assumingofcourse
that the weighth has takenthe positionf. But the weighth

[zIz]
willtake the positionf, wheneverthe lineefwhichrepresents
the descentof h bearsto the linefi--that is,to the riseof the
weightsc andd--a ratiowhichis greaterthan the ratioof the
weightofthetwolargebodiesto thatofthebodyh. Evenwhen
theweightsofcandd areverygreatandthat ofhverysmallthis
willhappen;fortheexcessoftheweightscanddovertheweight
ofh canneverbe sogreatbut that the excessofthe tangentef
overthe segmentfi maybe proportionallygreater. This maybe
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be provedas follows:Drawa Circleof diametergai;drawthe
linebosuchthat the ratioof its lengthto anotherlengthc,
c>d,isthe sameasthe ratiooftheweightscanddto theweight
h. Sincec>d,theratioofboto d isgreaterthanthat ofboto c.
Takebea thirdproportionalto obandd;prolongthe diameter
gi to a pointf suchthat gi:if=oe:eb;andfromthe pointfdraw
the tangentfn; then sincewe alreadyhaveoe:eb=gi:if, we
ShallObtain,by compoundingratios,ob:eb=if:if. But d is a
meanproportionalbetweenobandbe;whilenf is a meanpro-
portionalbetweenif andfi. Hencenf bearsto fi the same
ratioasthat ofcbtod,whichisgreaterthanthat oftheWeights
candd to the weighth. Sincethenthe descent,or velocity,
ofthe Weighth bearsto the rise,or velocity,of the weightsc
andd agreaterratiothantheweightofthebodiescandd bears
to the weightof h, it is clearthat the weighth willdescend
andthe lineabwillceaseto be straightandhorizontal.

Andnowthiswhichhappensin the caseof aweightlesscord
abwhenanysmallweight/_isattachedat thepointe,happens
als6whenthe Cordis madeof ponderablematterbut without
anyattachedweight;becausein thiscasethematerialofwhich
the cordis composedfunctionsasa suspendedweight.

S_a,. I am fullysatisfied.So nowSalviaticanexplain,as
he pi_mised,the advantageof sucha chainand, afterwards,
presentthe speculationsof ourAcademicianon the subjectof
impulsiveforces[forr_della_ercossa].

SAa_v.Let the precedingdiscussionssufficefor to-day;the
hourisalreadylateandthetimeremainingwillnotpermitusto
clearupthe subjec°csproposed;wemaythereforepostponeour
meetinguntilanotheraridmoreopp6rmneoccasion.

SAoR.I concurin youropinion,becauseafter variouscon-
versationswithintimatefriendsofourAcademicianI havecon-
cludedthat thisquestionofimpulsiveforcesisveryobscure,and
I thinkthat, upto thepresent,noneofthosewhohavetreated[313]
thissubjecthavebeenableto clearup.its darkcornerswhich
liealmostbeyondthe reachof humannnagination;amongthe
variousviewswhichI haveheardexpressedone,strangelyfan-tastic
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tastic,remainsinmymemory,namely,"thatimpulsiveforcesare
indeterminate,ifnotinfinite.Letus,therefore,awaitthecon-
venienceof Salviati.Meanwhiletellmewhatis thiswhich
followsthediscussionofproje_iles.

S_v. Thesearesometheoremspertainingto thecentersof
gravityofsolids,discoveredbyourAcademicianinhisyouth,
andundertakenbyhimbecauseheconsideredthetreatmentof
FederigoComandinotobesomewhatincomplete.Theproposi-
tionswhichyouhavebeforeyouwould,he thought,meetthe
deficienciesof Comandino'sbook. The investigationwas
undertakenat the instanceof the IllustriousMarquisGuid'
UbaldoDalMonte,a verydistinguishedmathematicianofhis
day,asisevidencedbyhisvariouspublications.Tothisgentle-
manourAcademiciangavea copyofthiswork,hopingto ex-
tendtheinvestigationtoothersolidsnottreatedbyComandino.
Butalittlelatertherechancedtofallintohishandsthebookof
thegreatgeometrician,LucaValerio,wherehefoundthesub-
je&treatedsocompletelythatheleftoff:hisowninvestigations,
althoughthemethodswhichheemployedwerequitedifferent
fromthoseofValerio.

SAcg.Pleasebegoodenoughto leavethisvolumewithme
untilournextmeetingsothatI maybeableto readandstudy
thesepropositionsintheorderinwhichtheyarewritten.

SALv.It isapleasureto complywithyourrequestandI only
hopethatthepropositionswillbeofdeepinteresttoyou.

END OF FOURTHDAY.



APPENDIX

Containing some theorems, and their proofs, dealing with
centers of gravity of solid bodies, written by the same Author at
an earlier date.*

* Followingtheexampleof theNationalEdition,thisAppendixwhich
coversI8 pagesof the LeydenEditionof I638is hereomittedas being
of minorinterest. [Trans.]

[FINIS]
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